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POREWORD ^' -• 

The increasing contribution of .lhatheiiktics to the' cultxire of 
th€ modern world, as weH. as its importance as a vital part of * 
scientific and humanistic educati6h, *-has made it e.ssential that 
the mathematics . in oux* schoolns be both well selected and well 
taught. ' ^' ' . ~ , ^ . • ^ ' 

With this in mindi the various mathematical organizations. in 
the United States cooperated in the formation 'of the Sphool ^ 
Mathematics '"^Study Group (SMSG)>, SMSG includes college and univer- 
sity mathematicians, teachers qf .mathematics at all levels, experts 
in education, and representatives 'of 'science and technology^. The 
general abjective of SMSG is the .impro^fement of th^ teaching of . / 
mathematics in .the schools of this country. The National Science 
Foundation has provided substantial funds for .the stipport of this 
endeavor. ^ ' \ • 

One of the prerequisites for the improvement of the teaching 
of mathematics in^our schools is an improved eaarriculum^-one which 
takes account of the increasing use of mathematics in science and 
technology and in other areas of knowledge. ,and at the same time 
one which reflects recent advances i,n' rijatriematics its61f*. One^of 
the first projects undertaken by .SMi^G .was to enlist a/grojiap of, 
outstanding mathematicians and ma^ematics teachers to prepare a 
series of textbooks whicih v(Ould illustrate such an improved 
ciirriculuin. ' ? 

The professional mathematicians in SMSG believe that the 
mathematics presented in this text is valuable for all well- " 
Educated citizens in our society to know and that it' is important 
for thQ precollege student to' learn in preparation for advanted 
wo^*k imthe field." At the same time, teachers in SMSG believe, 
•that it is pres-ented in such a form that it can be reajdilj^ grasped 
by -students. ^ i ' ' 

In most instances -the materiall will have ^ fami3,iar note, but 
the presentation and the point of view wiiJ be differe/it.. Some 
material will be entirely, new to the traditional cvirriculvmt. ' This 
is as it .shoulfi be, for mathematics is a living and an ever-growing 
subject, and not a dead and frozen product »of antiqui^ty. This ' 
healthy fusion of the old^ahd the new should lead students to a 
better understanding of the basic concepts and. structxire Qf ^ 
math^matixjs and provide a farmer foundation for uhderstandiaig^and 
use of mathematics in a scientific society. * , ' 

It.>ls not intended that., this book be regarded as the only- 
definitive way, of presenting good mathematics to students at this 
level. Instead, it shotild* be thotight of as a sample of the kind ♦ 
.of improved cxH'rictilum that we need and<as a source of suggestions 
for the authors of commercial texthooks. "it is 'sincerely hoped" 
that these texts will lead the way toward inspiring a more meaning- 
fyxL teaching of Mathematics, the Qi]^en and Ser^vant of the. Sciences. 
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. ^ PREFACE 

/ As* one of Its contributions to the impfov.ement of. mathematics in 
'.the schools' of thl^country, 'the'School Mathematics Study Group 
•has prepared a. se^ries of sample text materials for grades ^ 
through 6. 'These are designed to^ illustrate a kind o'f.^mathe- 
* - ma tics curriculum that w'e believe appropriate f or'-elementary 
sphbols . * o * ' ^ • 

jThis volume Is^ jDortion of the'be ^iate.rials which were preparedt 

by -a group af 30 individuals, divided almost -equally between 

^distinguished college and university matliematiciaps and mister 

elementary teS^chers and consultants. ' A ''strong ,e^f fort has been 

made on'the part of all to make^ the 'content of this text material 

. mathematically sound, appropriate and teachable. Preliminary 

versions were usee} in numerous classrooms both to strengthen 

^ V -a ' . 

and to modif,y these Judgm^ts. 

*» 

The content* is designed to give the pupil a much broader c^oncept*, 
. ^ than .has been traditionally given at this level, of what*mathe-» . 
"•'^matics really is. Th^r^s less emphasis on rote le'arningi and 
more einphasis oh the construction of models and symbolic repre- 
* serttation.of ideas and relationships from which pupils can draw 
/important mathematical generalizations. 

The basic content is aimed at the development of some of the, 
fundamental concepts of mathematics. These include ideas about: 
number;^ numeration; the operations of •arithmetic; and intuitive 
'geometry.' The simplest treatment of ,these ideas is introduced , 
early* They are "frequently re-examined at. each succeeding -level 
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^ and*opportmiltl-^s are provided throughout the texts .to explore . 
O them more fuUy.' and apply them effectively ±h solving problems.,- • 
These basic mathematical unjlerstanding^^ and^skiils ar^-con- 
tinualiy developed and extended throughouT; the entire mathematics 
' curriculum, from grades, K tiip^ugh 12 and .beyond. . ' ' 



^ ) 



We firmly believe mathematics can and should be studied with • *' 
success and enjoyment. It is, our hope '"that 'these texts may 
greatly assist all pupils-. and teachers wh<3 use ^them to a-chieve 
this goal, and' that they 'may experience something of^ll^joy of 
discov^r^ and accomplisiment, that oan be realized through .the 
Study ^f^jna thematic s. . . . • ' , . • 



Chapter 1 

. ' EXTENDING SYSteMS OP ^NUMERATION 

, PURPOSE OP UNIT ^ * , . ' 

This unit is a^h extension the work of- Chapters 2 and'lQ' 
,of Fourth Grade. / ' * • - 

(a)' The decimal system of nvuneration, with its principle 
r ^ of place-value, is /extended to involve numerals for • 

I • ^ whole numbers larger: than those considered in ^Chapter 

J , ; (b) The decim'al system of numeration, with its principle 
or place-value. Is extended to the right of- the ones* 
5^ ' column to embrace the writing^of numerals in decimal 
form for* tenths, hiindredths, and thousandths. ^ ^ - 

\^ ' . ^ ' ' , 

^ .(c) Non-decimal systems of numerati6n, .with a principle 

^ , of place-value*, are extended' to^'cover the writing of 

thr^ee^platje humerals/ This is intrdduced primarily aS 

^ . a means to a gr^eater iinderstanding of 'the decimal 

syst^ particularly arid th^ ndture of nvoneration 

generafly. . Only when the decimal sys*tem is studied 

in the context of place-value systems do certain of ^ 

\' i^s properties em^ge c], early. . ' ^ \ * 

In addition to the mathematical background j^ch follows, ' 
' you will find it helpful t6 study. Chapter 2 (pages 17-^9) of • 
Number Systems (,SMSG* Studied in Mathematics Volume VI). ' 



'4 



ERIC 



MATHEMATICAL BACKGROUND 

'Principles of numeration cannot be developed ef f ecti^^ely if 
confusion exists' regarding the .terms, number and numeral, THefte 
are'not synon^ous , «j^,A number Is a concept, an abstraction. A 
numeral is a' symbol; a " name ,f or a Aumber,. A numeration system' 
is. a numeral system (not a number system)^ a system for naming ■ 
nunlbers* . « 6 " * 

t t r ' ' A ■ 

/ ' , - 

Admittedly, there are times wh^ making the distinction 
between '^number" and "numeral" becomes s.omewhat cumbersome. 
However,, an attempt has-been madg,*.in this unit to use Jberms such 
as number-, numeral, and numeration with precise mathematical 
meaning. 

This may be 'an appropriate t-lme to comment on ^vr use o^ 
the equals sign (=). For example, when we .write ■ -* . " - 

^ 5 + 2=8-1- 

we assert that the symbols "5 +2" and "8 - l" are each 
names for the same thing - the nimiber 7. :^ general, when we* 
' write ■ * 

we do" not mean, that the letters of symbols "A."' and "b" are ' 
the same. _ They very evidently are not! 'what we do mean is that 
• the, letters "A" and> "b" are synonyms. That is, the equality. 

A= B ' ' ' V 

asserts precisely thkt the thing named by the symbol "A" is ■ ' 
Identical- with the thing named by the symbol "b". The equals 
sign always should be used only Irt this sense. ' - 

- The naming pf numbers, is a problem 'that hgis received atten- 
tion oyer a period of many, maiiy years. *Spur:aes such as the one 
mentioned earlier ( Studies in Mathematics. Vol;3me VI) gjve 
interesting and helpful information in this connection.' "For our 
immediate purposes it will suffice to ^consider onl^the under- 
lying nature of the scheme for naming numbers tllat we use 
commonly today. ' . • 

We are so familiar with our decl^ial syst_em of numeration 
t;hat -we i?iay fail td sense clearly "that it is .only one instance' 
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of*^lhe class -of numeration system^.' These are called place-value . 
systems. because they use the same Idea of place-value. 

Wd" learn, fof* example, that^ the- Symbol 213 (-read "two one 
three") pieans* . . , \ ' 

^ - ^ 2(-ten X ten) + '1 tern + 3 'One^. 

It Is because the\base of our nximel?ation system is by convention 
ten and not nine thalx we give 213 this interpretation and not 

^ ^ . ^ 2^ninelx nine) 4 l(nine) + 3(ones). 

Both inteipretations l^elong to what can "be called place-value , " 
numeration , systems. . In any Such system 213 would designate 

2(n X n) H-\l(n) + 3(ones)^ 

The diffei»eht systems, correspond 1;o .the possible choices of the 
number n, called the base of the. nimieratlon s^^tem. . " 

Because the numeral '213 has different meanings in" different/ 
place-value systems, it is necessary to indicate the base of the 
system v^ich is Intended. We dd this by writingN<he word name 
for the base as a subscript if the base is not tenN Thus 

' 213 = 2.(ten x ten) (hvindreds) + l(ten) + 3(ones), 
^•^^nine ^ 2(nine x nine) + l(nlne) + 3(ones), 
^^^elght = 2(eight x eight) + l(elght) + 3(ones), 
(The symbol 213^^^^ is read "two one. three, base nine"-,) • 
In emy place-vaiuer system arbi-traiy symbols are needed as 
numerals' for vrtiole. numbers less than the base of ,the system,* 
Ihese numbers are' called the digits of the numeral system, . Since 
there are available conventionfp. symbols for the digits of the 
decimal system, we can adopt these as the'nvunerals for the*dlgits 
jjjf ^^ther systems. -^No neW symbols will b^ needed provided we 
•restrict .consideration' to systems with bases no greater than ten. 
Thiis in the base eight system we name the digits, 0, 1, 2, 3, 4, 
5, 6, and ?• ♦in the base five system we name the digits ^0, 1, 

2, 3, ^. ' * ' . 

Since ai^y symbol such as, whenever used as the,r\umeral 
•for a digit will name^ the same number in every system^ln which 
it appears, this convention is unambiguous, The nmeralQ fpr 



digits therefor^, require no subscript.; As Is often done in this 
chapter the subscript „may, however,, be added as a reminder of the 
system vuider consideration. ■ ^ ' " \ 

In giving the interpretation of a place sj^stem numeral likl 

.^■"■•^nine confusing to use numerals from another place 

system. Thus . 

. ^^^nine = ><• +-.(1 >^"9) + 3 ^ . ' 
involves the decimal;numerals. 9 and 8l,*aiTd the latter re- 
quires for its interpretation tlie very idea it is assisting to' 
explain. This' difficulty arises because all pl^ce, systems deriv^ 
from the 'same principle' of construction and because' one of these' 
systems, the decimal system, is our "native" system. ^ | 

In such a situation it seems preferable to restrict the 
explanatory use of' numerals to' the single digit numerals common 
to .all place -systems under consideration. The other jiurabers 
involved are nained "by Words vftiich are not part of any of the 
systems being ^discussecj. /Thus we plrefer ,to write ' ' ' , 

• 2^\'ine " ^('[^"® ^ ■+ 3(pnes) ' ^ 

°^ ^^"^nine-^ 2( Jighty-ones) . + l(nine) + 3(ones). • 

Thi9 is of course ljust the sort of explanation we are com; 
Del-led to give for deciMl numerals, and it therefore has the 
•idded advantage' pf reveling without bias the common as-pects of 
•aai place systems. . > ' ' . . 

A word -about the distinction between symbols and names may 
•be In order. In any ^jo^text where a symbol is used in morfe than 
one way it is Ijigjortant to distinguish the symbol as an object , 
in .itself from the symbol as a name of something^ . Tnat is why " 
the symbol 213 is 'read "two one" three" and not "two hundred . 
thirteen'*. Tne letter is appropriate only v*en tne symbol is' 
employed as a ''decimal nun^al. Similarly, to read " '213^^^^ as 
"two hundred thirteen, baseline" would oe to suggest a decimal- 
interpret,ati:'on which is hot intended.. Tha,t is why we read,, 
^■■■•^nine- thred', base nine.". It .is importiant that ' . ' " 

such distinctions be made from the beginning in any discussion • 
of nvaneral systems. 



A charts such as the follovdpg one is helpfiil Iii' sensing 
better the numeral sequende for place-value nxameration systems 
vfitti- (^iif f erent bases. • • ^ ' 



Ten • , 


Nine 


Eight 


Seven 


Six 


Five 


Four 


'Ihii'ee 


1 


1 


1 


1 


1 


1 


^ 1 


1 


o 
c 




o 


o 


•o 

d. 


Q 


Q 




'5 
O 








o 
0 








It 


ii 


il 


*T • 


*T 


♦ *T 




TT 

, JLx - 










c 


X V/ 


TT 

XX • 




i 


i 


• g 


I 


10 


TT 

XX 


IP 

X 


PO 


7 




7 
1 


10 


TT 


IP 

xc 


X \J 


PI 

^x 






10 


•TT 


12 


13 


I PO 


pp 


Q 

y 


10 


IT 


12 


13 


14 


PI 

^x 


100 

X \J\J 


10 


IT 


, 12 * 


13 


14 


20 


22 


X wX 


u 


12 * 


13 


14 


IS 


21 


23 


102 


12 


13 


14 


IS 


20 


22 


30 


110 


13 


14 


15 


li 


21 


23 


31 


111 


ih 


15 


16 , 


20 


22 ^ 


24 


32 


112 ' 




16 


17 


21 


23 


30 


33 


120' 


^16 




■ 20 


22 ' 


24 • 


31 


100 


121 


17 


18 


21 


23 


25 


32*^ 


m 


122 


^8 


20 




24 


30 


33 


102 


200 


19 


21 


23' 


25 


- 31 ^ 


.34 


•1^13 


201 


20 


2? 


24 


26 


32 


40 


- 110 


202 


21 


23 


25 • ^ 


. 30 


33 


41 


^111 


; 210 


22 


24 


26 


31 


34 


42 


112 


211 


23 


25 


•27 ° . 


32 


35 


43 


113 


212 


24 


26 


30 


33 


40 


- 44 


120 


220 


25 


27 . 


31 


34 


41 ; 


100 


121 


221 



As, seen from' the chart, the base nxameral aflLVays appears . as 
10 wHjjgi written in that particular base system. Similarly, in 
a particular base system, the rgjoneral lOQ always designates the 
base squ£ired i*e., the base times, itself.. In the chart, all 
numerals in the same row name the same number. 

Ejcfcension of a place value system of j^umeratlon. to the right 
of the ones' column is not restricted to, a system whose base is 
ten. As before, a numeral Buch as 13.24 may be interpreted in' 
various ways depending yxpon the base used. 




13.24 •• = 


(1 X 10) 


+ (3 X 1) + 


(2x^) 


+ 






.(rx.9) 


+ (3 X 1) •+ 


(2 xi) 
y 


+ 


(4 X gU) 


' I3.24^^j^^ = 


(l.x 8) 


+ (3- X 1 )• + 


(2 X i) 


+ 


(\x^) 




(l.-x 7) 


-f"(3 x'l) + 


(2 X i) 

1 


+ 


X ^) . 


13.243^ . 




+ ^ X 1) + 


(2 X ^) 


+ 




•13.24^^^^ = 


(1 X 5) 


+ (3 X 1) + 


(2 x|) 


+ 


(^ x^) ' 



r Notice -that, for. symbolic slB5)licity, we have used decimal 
numerals •.in explaining otfeer place-value numerals. In some 
respects it may be clearer to write . • " . .• 

^•^•^^nine -l(nine) + Sfones) + 2(one-ninths>+ 4 (o?ie-eighty ^first's), 
and ^ • * 

13.24 = i'(ten) +3(ones) +2 (one-tenths )+ 4(one-hundredths).' 
^ "Steice the decimal •system is in" nearly universal \ise the 
.value in introducing any other base may be questioned. The 
principle abject in doing so is to injprove understanding of the 
properties of the decimal system by relating it to a general 
scheme. This ^provides a perspective which should promote useful 
insights such as: 



•hi 



^ (1) the distinction between properties of/ numbers , And 

properties of numerals . For example t^e statement 3+7=7+3 
reflects a number property which is Independent of the language 

. (numel^l system)- in which it is expressed. 

(2) the distinction between general properties of all 
place-value systems and particular decimal' properties. For 
exanQ5le, the statement 3 ,+ 7 = 10 is peculiar to the decimal 
system, while the procedures for adding, subtracting, multiplying, 
and dividing ape the same in any place system. 

- Such insj^s should help to reinforce the learning of both, 
number properties' and con5)utatl9nal. ^skills. 



TflACHINO PROCEDURES 



UNDERSTANDING OUR SYSTEM' pF .NUMERATION / . 
Objective; To review- the stru'o-ture of the decimal numeral system 
Materials:. Place -value chart ; * . 

.Exploration; . * * * , ' 



The numerals used in the f 9liowing discussion 
should^be witteQ on the chalkboard and a ' place- ^ 
Va^lue ch^rt should be ^used'. . ■ * ' 

In a numeral suieh as ^36, there are two 
things to be stressed in relatJLOn to 'the idqa of . 
place-value. ' One of these deals only with the 
place-value associated with each digit. For 
.example, in - ^36 the " k is ^in the hundreds^ place, 
th6 3 i^ in the tens' place, and the 6 is in 
the oije^* place. otheV- thing to be stressed is 

the number represented by each digit in relation to 
Piace-value* For example,, in ^36 the, ^\ repre- 
sents 4 hupd'reds, or ^00, the ' 3 represents 
3 tens or 30, and the 6 represents 6 ones 
or 6^ Both, of these ideas are stressed in J:he 
following* discussion. 

Let us review our decimal system of nuraera'^on. Look at 'the 
numeral 936,^^27. In what posi.tion is the. 9 located? 
(huxlSfred-thousand^s place) In what position is th^ 3 locate4? 
(ten- thousand's place) In what position is the 6' located? 
(thousand's place) In what position is the ^& located? ^ . 

' (hundred ^s placfe) In what position is the 2 located? (ten'**s 
place) ^Iii what position is the 7 located? (one's place) 
VJhat is th^ value of^ the place in which the 3 is written? 

* (ten, thousand) What is the 'value of the place in which 'the 2 
is^written? (tdn) What is , the value of the place in, which the 
4 is written?. (One hundred) ,.What is the value of the place in 
v*iich the 9 . is written? (One hundred thousand) 'What is the 
value of the p3^ce in which the 6 is written? (One thousand) 
Wh^ is the value of the place in v^ich the 7 is written? 

Wi»ite the numeral, IhKykkk on the chalk- 
board; PolSit to each four and ask: "What number 
is represented by this 4?" (^; ^0;' ^00; 4,000; 
40,000; 400,000) Point to two separ^ated fours, 
for instance, ^ the 4 in the^thotisandst place ahd . 
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^ means 
nt to the k 
^ ' In the 



tens« place. Ttie number represented by this h 
. is how many times as large as ,the number repre- 
sented by this. ^? (100) Follow this with other 
examples. 

Suppose we write a 1 to the left of the numeral 936;427. 
Can you read this numeral? (One million, nine hundred thirty- 
six thousand/ four hundred twenty-seven) In what place is the 
digit -1? (million) V/hat number is represented by this 1? j 
(1,000,000) If you had 936,^12? and wrote a 1 to the ^ight 
of the numeral (9,36^,271')^ or wrote a 1 to the left of ''the . 
numeral (1,936^^27), which numeral would r^epresent the larger 
number? (9,364,271) Why? (When the 1 is written to the left 
of the numeral, it is in the millions' place, and the place- valtte^ 
*f" the rest of the digits remain the same value. When the 1 is 
written to the right of the numeral, all the digits represent 
numbers that slvb ten time^t as large -as they wej^Jzrfef ore. ) 



Proyide further practice in analyzing other 
seven-place numerals. 



8 
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/ / • Chapter 
EXTENDING SYSTEMS OP NUMERATION/ 



UNDJ^STANDING. OUR SYSTEM OP NUMERATION 



/ 



/ 



Place Value 
Marae 



o ^ 

-H o o 

S -H nH 

H H 

'SJ H H 

0) H 

^ S S 

S ^ O 



^ cQ ca 

o a a 

TJ o o 

s ^ o 



0) 

g a 0) 



Digit? 



1, 



2 3 4, 





567 



la ovir decimal system ^ffch place or positio^n in a numeral 
has a name. This name tells its^ value - orjes, tens, hundreds, 
etc". For instance, in 24, the 4 means 4 ones. In 421, ' 
the 4' means 4 hundreds. 



Look at th^ chart above. Tell what number is represented ^ 
by each digit in the numeral 1,2,34,567. 

If the 5 in the numeral abov^ is changed to 9, how much 
was added to the original number? (^^^) ' ' 



wRat happens .to the number, if the 3 is replaced vfith 
a 0? L?^^ a 



c^c .-^x^^S.«eA<ai--^ 
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^ ( ' ' ' ' ' ' ' . . 

READINO LARO]§ NUMBERS \ ' 

- Objective: 'To learn the reason for the'^use of "periods" in ' 
marking off groins -of oned<and thousands • 
Vocabulary': Period' * . » / 

Exploration: . ' ^ ^ c . 

\ 

When" we^ read small numerals as in "one hundred ..^ixty- seven" 
we use the place -value name with each digit. ^ 

However, this is not convenient with* very large numerals. ; 
, To make the reading of large numerals easier, we gpoup the' 
numerals in sets of three. These' groups of three digits are 
.called perioiie and are separated by commas ^as shown: ' * : ^ 

' ' * ^ " ' ^ 12,406^037. 

To malce reading easier and clearei; this numeral is Interpreted 
•as ^ ; v>V * 'V' 

12 ipllll^s and 4q6 thousands and ^37 ones. 

In^the reading of the numeral this is modified slightly to: 
* * 
'"twelve million, f our hiindred six thousand, thirty- seven'-'. 

f , Mrlte 1834695 -on the chalkboard without ' ' 
commas." ^Ask a chil d to read it. Rewrite the 
numeral, using 'commas. Ask a child to read it. 
Discus3_vrtii_ch_ik_easier to read. . ^ 



CZ 



10 



21 
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READING LARGE NUMBERS 













*• 

Period 


Million 


.thousand 


' Units 




Blstce 










Name 


03 

•d ' 

0) 

03 CQ 

; q G 0) 


vJ 
<U 

•d 03 ^ 
C G 0) 


Hundreds 

Tens 

Qpes 


» * 






Digits 




2.7 


3 6 5 • 



To make- it easier to r,ea!i iiumerals- for large hijmbers, the " 

names o£ the" 'digits, the place-value name, and th.e periqd 2iame' 

are used.' To, read the numetal in the *table above b'fegin with the 

period on thel'^left;. Read the digit .or digits in thie first period • 

as one numeral, followed by the name, of the period,/ as "one 

million ". " ' ' . . * . ' 

• . • . / 

' Then read'^the second group of digits as one 'r^pieral , followed 

by the name of the period, as '4;wo hundred seventy--f our 'thousand ". 

Now read the third group of dibits as 6ne numeral without 
'the period name, as "three hundred sixty-five", ' ' \ 



The complete numeral is read, "one million, twc^ hundred 
seventy-four thousand, three hundred sikty-f ive". . 



s. 



^2 ■ 




P3 ' . ■ \ , 

♦ ■ \ 

' ■ . \ /•• 

In what pla^ 

-r . Hoi^^^many conunas were used In^writing this numeral ?(i>?; 
Why is each period separated by a comma? ^^-e-.a^ 
Explain how to place the commas to help you read a- numeral. 

^ • ' Read eaciv of the followihg numerals. 

^ . ^ ■ . ' ' • • • . . . - 

^ 7, 86s, 419 18,771 5,440.,103 ' 

■ 275,002' ^,030,210 




jys^acj^:, ^^izc^ ^x^Mjt^ xiitW-^^ ii*i4»*tJiiizt*4^^ 
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Exeyclse Slet 1^ 

7 



WhaV number is represent^* by the symbol 3 in each numerjal 



below? 

* '4 ^ ' 

a) . 234,600 (jo^oooj d) .413/062 ' C^o^*?-^ 

b) ♦ 98,532 '' -C^o) . 6) 6,371,524 Yjoo,.boo\ 

c) Z,Q2:j ,12S(3:aoolaoo). t) ^' 9,317 C'S^'^J 



»2. Wr-ite the decimal numeral for each of these.. _ . " • 

a) Six thousand,, nine -hundned -thirty-seven ' ' ^ 

' b) Nine hundred eight thousand, thirteen 

(9ar,a/^J ■ ' ' • 

«c) Pour hundrfed thirty thousand, nine hundred ninety-nine 
- • . • (^0, f99j 

• dy Eight million, three hundred five thousand,, two hundred 

e) Two million, eight hundred 'twenty thousand, one 

/ 

3. Write the name, of each numeral in -Exercise 1.- 

i 

^XNTWISTERS. . . • ^ . ' ' ' 

k. Write the-decimal numeral for each of these. 

a) Twenty-two 'million* fbiir hundred' seven thousand, three; 
. r hundred* si3tty-one//l.?^^''V'<>:^ J^/J 

b) ieven hundred 1;lTirty-six million, five hundred 
twenty*»f ive thousand . ^•two hundred* thirteen 

c) Three "hvindred million, forty tnousand> six j 
* ' / 

.5I Wrjrte ^ largest possible nine-pl^e" decimal niameral using 

' the digits 3, 5, and 6 Just onc€, and as many zerofif.as 

necessary, ^V^^. ' . / 
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'EXP*ANDED NOTATION 

Objective-: To Introduce the' writing of^^numerals in expanded. 

notation * . • M 

Vocab.ulary: Expanded notation^ 

Exploration: . 



I . You learned In the fcsurth- grade tliat 634 medns ~. . ■ 
600 + 30 +, 4. . V/hat Is the meaning of 600, 30, ano. k? \ ' 
1600 means 6 -htthdreds^ ,30 means 3 tens, and .4 means 
4 ones.) Six hundred Is thei^product of 6 .times wFfat? (lOO) 
30 -fs the product of. 3! times what? (10) 4 is the .product 
of 4 ' times" what> * (1) 

'IVrite on the chalkboard each part "as i-t is 
discussed. , Ihe complete chart wiM be as follows. 

oOO*= 5 ^hundreds ^ (6 x 100) 
30 = 3 tens = (3 x 10) 
4' = 4 ones = j(4 x i) 

> 

^ IVhen we write 634*= (6 x lOO) + (3 x 19) + (4 x l)] we 
are, writing 634 in expanded potation > - - - 

Let us see how^ we would write a four-place Jiumeral such as 
8,172' in expanded notati,on. - ^ i» f • 

8,172 = *(8 X 1000) (1 X 100) + (7 X 10) ^ (2 :^l) 

Su^ose we are writp.iryg the expanded nptation for 3,2o6. / 
We will Hrst writfe '(3 X 1,000) + (2 xlOO). What will^be 
vritten next? fo x 10) Is- It^^lways necesssiry to-write . • 
(0 X 10)? -(No) , Why?" '(0 X n O) We' could 'wit e 

' ' 3,206 o ,(3 X ibOO) + (2 X 100). + (0 X 10) + (6 X 1) or * 
3,206 =^ (3 X aOOO) + (2'x 160) + (6 J< 1)\ ' . . 

Pupils 'should have practice in -writing other 
fourr-placa numerals in this way*. Additional ' 
practice in writing numerals in expanded notation 
should include five-, six-, and seven-place > 
numerals. ^ 



EXPANDED NOTATION . . . ^ 

To better 'understand a number, we learned to add the niinil)ers 
represented by each digit 'in the numeral for that number. For 
example,' we learned that - '352 can be tnought of as 300 + 50 + 2. 

Since * 300 means 3 hundreds, we can write It as (3 X 100 ). 
50 means 5 tens, which can' be written as (5 x 10). '2 ones 
can be written as (2 x l)} i^riting 352 as , ' - . 

\3 X lOO) + (5 X 10)''+ (2 X 1) is called expanded notation . 

liOok at the numerals in the chart 'below. / Place values are 
written at the top oS the chart. Use the chart to help you see 
haw these iSlimersrigi are written in Expanded notation. » 
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= (4 X 1000) + (2 X 100) + '(8 X 10) + (3 X l)' 

• f . , . ' ^ 
= (2 X 10,000) + (3"x 1,000) + ("^ X lOO) 
+ (8 X 10) + (4x1). \ ^ \ 

= (6 X 100,000) +\(2 X 10,000) + (8 X l/OOO) 

+ (7 X.100) + (3 X 10) + (9x1) y .,'-* 

= (7 X 1,000,000) + (9 X. 100, Coo) 

+ (4 X 10,000)' + (3 X 1,000) + (2*x.l00) 
+ (1 X 10) + (5 X 1) . 



* Exercise Set 2 ^ 

W?ite the decimal numeral for e^ch of these following in 
expanded notation. 

a ) * 8 , is^fr^^'^M^;'"^*^^''^^''^ d ) vB, 591 , 62 2^^' 

b) ' 2,236 ^ . / I / I e) 4q.525 

c) , 14, 092 f ) " 83*^ 7l?i 

. • \ ' 0"") 

Write the deqlmal nmeral for each.)of these^ 

a) (4 X 1,000) +.{2 X 100) + (2 x 10) + (3 Xl^^y^^^J - 

b) (5 X 1,000) + (8 X 100) + (1 .X 10) + (7 X ^i^.^fyJ 

c) (2 X'l0,000) + (2 X l,<)00) +^ X lOOO -+'(6 X IO) ^ , 

/i) (9 X 10,0000 + (3 X 1,000) +1(7 X 10)^ + (4 X l)(^hOTty 
_e) (8 X 100,000) +. (L x 10,000) "+ (S^^x 1,000) + (5 x lOO) 

+ (9 x'lo) .+ (2 X 1) . ..-.^ (m.cfi) 

Write the decimal humeral for each of Bhesp. ^Looii carefully 
at this exercise. 

a) (6 X 10) + (3 X 100) + (5 X 1) \ 

b) \(4 X 100) + (1 X 1,000) + (7 X 1) + (3 X 10) 

c) (6 X 1)' + O-X f,000)' + (2 X lO) / (f,o4(J 
'd) , (4 x'lO,000) + (8 X 10) + (2, X 1) + (2 X lOO) % 

+ (7 X 1,000) • . - . - ' -Q,^.^,^) ' 

e) . (8 X l,000)' + "(3 XUO),«+ (4 x , 100,000) + (5 x I) 

+(6xioohU Ofot.^jsj 
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4. ' BRAINTV/ISTERS, , ^ill In .the blanks so these mathematical 
sentencj'ea are true.. , ■ 

a) ,(J^xjbo) + (5 X 10,000) +• (6 X 1,000) + (8 X l) +((7//")) 
= ■56,478. ' ^ ■• • _ 

b) , (9 X 1,000). + (8 X 1). + (1 X 10,000) + (8. x.io) 

= 19,588. ■ • ' / • 1 

•c) (9 X 10) .+ ({3Xf'>oo)) + (8 X 100) + (6 X 10,000) +T( ^// )J 

+ (2 X 100,000) = 263,897. 
df (5 X 10) (2 X 10,000) f({J)!/^)j+ (8 X li 

= 420,-358. 



RENAMING LAEGER NUMBERS 



Objective: *To provide practice in renaming five-, six-, a 
seven-place numerals in ^ variety of ways 

Exploration: 

Discuss with the children that in grade four 
they les^rned that a number has ma^ny nanves, !Ihey 
should be able to express three- and fwr-place 
numerals, in a variety of ways. ^ 

Begin by writing l-,000 on the chalkboard. 
^Ask the pupils *to give some of the ways it can be 
renamed./ For example, . ^ 

/ / . 1,000 = 1,000 ones 

//, / 1,000 = 100 tens 

1,000 = .10 hundreds 

Continue renaming these powers of ten: • 
10,000', 100,000, 1,000,000. - ' * 

Practice renaming multiples of the powers of • 
ten such as 60,000, 490,000, 5,000,000, 
2,700,000, etc. , , . , 

Nqw consider' the four-place numeral, 8,456. 
Ask the Qlass' to give some of ithe'ways it can be 
3:^named . For . example , ^ 

8-,456 = 8 thousands +4 hundreds + 5 tens + 6 ones 
'8,456 = 84 hundreds + 5 tens + 6 ones i 
8,456 = 845 tens + 6 ones 
8,456 = 8,456 ones' 

8,456 ='8,000 .+ 400 + 50 + ^ • , 

8,456 = 8,406 + 50 + 6. ^ 

Ihen. discuss various ways to express five*- 
and, six-place" numerals. Although' it is 'importan€ 
to explore the numerous ways for renaming a number, 
it is not necessary to exhaust all .possibilities. 
You might, however, point oUt thafean interpreta- 
tion like 7,000 + 1400 + 4o + 16 is often tiseS' 
in sxibtraction'problems. ^ • • 



RENAMING nLARQER NUMBERS 



Below are examples showing some of the ways a nvunber can 
be named, * < ~ , » 



A. 


25,000 


SI 


2 ten thousands + 5 thousands 






. 25i000 


= 


25 thousands 






25/000 


SI 


25,0Ct0 ones 






25,00Q 




« 

250 htodreds , ^ 






25,000 


= 


2,500 tens 






* 








f 

B. 


426,315'' 




4 hxondred thousands + 2 ten thousands " + 








6 thousands + 3 hundreds + 1 . 


ten 4- 5 ones 




426,3l5 




42 ten thousands + 6 ttiousands 


+ 3 hundreds + 








L ten + 5 ones 

> 






426,315 




426 thousands + 3 hundreds + 1 


ten' + 5 ones 




426,515 




425 thousands + 13 hundreds + 


15 ones 




426,315 




400,000 + 20,000 + 6,000 + ^00 '4- 10 + 5 




Exercise Set ^3 

Writ§ four different pames for each of these numbers. 

14,651 ' . * . c) '230,000 < 

, b) 27,748 ^ d) 632,110 ' V m 

>Wrlte the decimal numeral ^for each of the following. 

a) Twelve thousands + thre"e hundreds + seventeen ones ' 

b} Ihlrty-eight ten thotisands + eight" thousands + 

ninety-four tens + two ones 
c) Pour ten thousands + twenty-eight hundreds + 

fifty-three ones 

. * Write each of the following as a decimal nmeral* 
a) 365 tens + 7 ones \ 

bj ^ 40 hundreds + 2 tens + 5 ones " - - ■ 

c) lb thousands + 12 hundreds + 14 tens ^ 

d) 29 ten thousands +^3 thousands + 73 tens + I6 ones 

te?ite each of the answers in Exercise 3 in e;q)anded notation. 
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DECIMAL NAMES FOR RATIONAL NUMBERS 

Objective: To develop understanding and skill in reading and 
Interpreting decimal nxanerals corresponding to 
fractions with denominators »J0 or 100 

Materials: Place-value chart 

Vocabulary: Rational nimiber, fraction, decimal, decimal po^t 

It is iiT5)x>rtant at the outset for you to 
" un(ferstand clefitrly the way in v^ich certain terms' 

* €tre used *in this and subsequent chapters* 
> There are two methods of naming ratipnal 

numbers in common use. The first uses fractions 

(symbols of the form ^) and has already been 

• introduced in Chapter 10 Grade Pour. The Second 
is an extension of the place-value concept in the 
decimal system and uses nvimerals like .47 amd 
31.8 which we will call decimals ", Slnce -we pre- 
fer the term 'fraction" to "common fraction" -the 
term "d'^^imal" is preferable to "de'cimal fl^ao- 
tlon", because the latter in our' terminology does 

3 

not nam^ a fraction. Thus the numeral and ' 

the numeral 1.5 both name the same'^'rational 
number. TSie former is a fraction name amd the 
latter a decimal name for that number. Bptlji are 
names for numbers and therefore numerals . 



Exploration: ^ . ^ . 

Let us consider the part of the number lijjps from 0 to a ^ - 
little beyond 1. We can^divide the segment of length A by 
10 joints from 0 to l' into ^10 segments of the^same lengtfi.^ 
Wha»t are the\ names for these^ points? (-j^, 



< — \^ 

o ; 



/ 



■4— > 



Ttie length 1 is how many times the length 
We shall therefore say that the number 1 is 



^? ^(10 timesj) 
10 times 'the 



number ^« 



Ohis amounts to anticipating, in this case, 
the way multiplication will later be defined for 
rational numbers: . t 

At this st^ge, however> there is** no need to intro- 
duce this product notation. 

With the^e facts in mind, let us try to think how our place- 
value system of notation might be made to include a digit with 
place-value If we still- wish each digit in a numer>d:'to 

have place-value Just 10 times the place-value of the digit to 
^its right, where should, a digit with place- value ^ appear? 
(Just to the right of the digit with, place- value i.)^ Why?- (l* 
is the same as 10 times j^.) A digit v/ith place- value — 
a numeral is in the tenths ' place > 

Another way to name the niamber ' ^ is to use the decimal 
.1. Both are read* "one tenth". .The dot in the decimal Is ^ - 
called the decimal point . It is needed so that we do not con- 
fute ♦or .01 with . 1 . \ ^ ^ * 

At this point, the teacher ral^ght write on 
the cl^lkboard several decimals involving tenths 
(but not ye-t hundredths or thousandths) and ask 
"the chlldjfen to read them aloud. 

In talking about decimals keep in mind tha€ 
,we are using this word as an abb3*evlation of 
"decimal numeral". Any numeral ^n the place- 
valuQ, base ten, numeration systefra will be called 
a decimal. Thus th'e nurlterals 25, 6, 4.3, and 
.17 are all decimals. 



How would you write a dec imal name for the number three 

tenths? (.3) Wl^a"**- ■P■n^sr/%+•^r^n t.f/%i-il 

The j^erals 
rational num))er 



What frgctlon woxild name this same^nmber? (^) 
3 and ^ are Just two ways of naming the same 



TBiat is. 



.3 



3 

T5 



How would you write .4 as a fraction?^ 
write ^ as a d'eclmfiil? (.7) 



How would, you 



We are now goliig to talk abput decimals vdil^h have a digit 
with place- value Let us first draw tne* segment of the 

number line from 0' to ^ and divide it by poj^nts into 10 
segments of the same length. We label" these points 
-^Q, ' and so on. ^ * ' • 

A B ' . ' C ' 

—I \ i— — \ 1 H 1 « » • ^ 

± 1 ,L ± ± ± ^ JL Si ± 

100 100 100 iOq 100 100 100 100 100 too 100 > 



to 



Jl 

10 



is how many times %ne length of IE? ^ (10 

10 ' 



Tne length of AC 

times) We shall therefore say that tne number 
times the. number ^ ■ 



i is 
10 ^ 



100* ^ 

Again this amo\ints to anticipating the wajr. 
multiplication will later be defined; 

f ^ 1 

Where should a digit with place-value appear?^ (Just 

to the right of a digit with place-value j^.) Why? (^ is 
10 times A digit with place-value ±n a numeral is 

in the hundredths » place . We wite in aecimal form as .01. 

We read the decimal as "ope hxandredth". " Why must we writp on^ 
hundredth as .01 and -not as .1? 

At this time .the teacher might" write or^ the 
chalkboard several decimals involving h\indredths 
and ask the childreij to read. them aloud. 

How do you read the fraction (Twenty- three h\in- 

dredths) How wotild you write th6 decimal name for this number? 
(.23) The numerals .23 and ^ are two ways of represe^tting 
the same number, twenty-three hundredths, so " 

" OT: 

In the decimal ' .23 .the 2 is written in the tenths' 
place and the 3 is written in toe h\andredths« place. 
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- ' vttiBw would you read .47? ^Forty-seven hundredth^) How ' 
mvld you write as a 'fraction^ (^^^) ^ 



Continue giving examples of fractions and 
^sk the children to write the decimal name. 

Also give particular attention to the fact 
^that numerals such as and .40 name the 

same rational riimiber. Have pupils explain why 
such nianerals name the 'game hianber. 
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DECIMAL NAMES FOR RATIONAL NUMBEAS . 
* We have learned how to name rational numifers uslng^s^bols 

• ^ 

2 11 

^such as and j^, called fractions^ When a' f ractioa h^as a 
denominator 10 or 100, as in 'or -^^^ there is another ' 
way in which we can write it^name, • , ' ' = f 

The chart below shows how we can extend the^^r^a of place- 
value, to ^;he right of the ones* place^_ Using/Wiis idea we cstn 
name rational numbers like ^ and in a new way. 
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x: 


^^ 
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to 
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On 








.7 



.5 '3 



Hie name .J' and the name are names f^i* the' same 
rational number. Both names are read in the same* way: "seven- 
tenths". ' . ^ ^ 



The name * . 53 and the name are names for the saifie 

rational number, Bot'h names are read in the s^e way: "fifty- 
three hundredths". 
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•Names like ^ 

called fractions ^ Names* like 
♦ 7 and ^53 ai^ new examples of decimal numerals. Be > will 
usxially shorten "decimal numeral "i;o "decimal^* ^ 

The dot (.) in a decimal is cajled the decimal points 
k-. " ' • ■ 

^ In .7^ the. 7 is written in the tenths* place. In \53, 

the 5 is written in the tenths' place and the 3 is written 

in the hundredths' place, 

1» Are ,7 and^ X names for the same number? (^^j 

a) Which name^ is a decimal? (.7) 
"\ b) Which name is a fraction? ^.-X-y 

2. Are -and . 53C names^ f or the same 'number? (^^i^y 
^ Which name is a deciijml? ^i-jr; 

b) Vftiich name is a iferaction ?/,.££— I 

i 

3. /Are .3 and .03 navies! for, the same number? 



CJheck your answer by writing each name* as a fraction. 

4. Are^ .7 and .70 i^es f or ,the. same number? ^e^^ 
Check your' answer by wriljing. each name as a fraction. 
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Exercise Set 4 



1. 



2. 



3. 



Rename each of these as a decimal. 

1 _g2_ ^ _8_ J_ 2 " 30 
100 100 10 .100 10 lOQ 



^Rename each/ of these as a fraction, 

•15 .9 .1 .82 .05 .4 .60 « * 

^ \7^^ Cy^^ (3^^ (/S^J (jT^J Cg^-^ 

Copy^ and/finish the following cpunting qh^rt using 
decimal 



.01 




.03 


(,64 J 


(.or) 




.07 


.08' 


.09 


.10 


.11 ' 


,12 


(. , 3) 










.18 


.19 


.20 


.21' 




















6 J/; 




1,33 






















'.44 






















.55 








<• ^-/^ 




(.{./) 










.66 


0^7 J 








(•7/) 












.77' 














Wj 








.88 • 






1: 9/ J. 




{■93j. 




L-9rj 


l:9^j 


(:9?J 




.99 i 





4. ^JCook at the jdeclmais In the last colymn of the chart you 
just con5)leted ' (.10, .20, .30, etc.) Each of these ' ^ 
^iglmals maj^ b,e replaced by another decimal. (For example, 
* ' .1 Is QiTcrtkher hame for To the right of the' chart, 

; write another (Jeclmal fot eacht decimal in the last column. 



P13 



/ 



If 

- V 



5i CoifflBlete each of these. 

.. a) .16, .18, ,20, (^jiSi.) , ■ (.^^h U6J . 

^ b) .24, 27, \30, ' (.3^ i39X 

c) .37, ".39, Al, (.^3) , 6 ^i-j , Jj^,' 

d) .43, .48, .'53,' U^, {, ^3) , 

e) ^ .90, .80, .70, (.^oj , C-rOj , I 

f) ..85, ..75, .65, , j.s's-j , CfS-J , C3^Zi . 
Z) ■ .68, .64, .60,^ CiTt^j^ j.fJ^J , C-^^rJ . 

.58, \55, .52, GV9J , Q^^j , CM_, 

Write' T if the mathematical sentence is true. Write P 
if it is false. . " / - ' 

„. . a) .'50-= .5 Qr) e) 'J^< .54 CT) 

b) .7 < .07 Cf) ■ f) .72 > .8 {f) 

' ^c) ^3^>.23(^;. ' g) ^<.65/^; 

<i) ife^ (T) ■ h) .05(r;' • - 

BRAINTWISTERS , . • ^ 

"» " 2 ^ " ^ Q ' 

Can we rename ^ as a deplmal?^ Can we rename ^ as a 
decimal? We can if first we are able to rename it as a fraction 

with a ^denominator of 10 or 3,00. • 

2 4 * p 

We can rename ^ as We can rename ^ aa- the .decimal 

Also, we can rename ^ ^ as So we can r^ni^e ^ 

as the' decimal, (>iC>) . 



*.Now renaihe each of these as a 4eclraal. 



28 

39 



f ^ 
.JiENAMING DECIMALS < ^ 

' ; ^ 

^We'hafte learned to think about a decimal like .73*^ as 73 
hundredth^; We also know that in .73, the 7 *is ^ the tenths' 
'place eind the 3 Is In the hundredths* place. 'This gives us 



another way ^t^ name • . 73 f 



.73 = 7 tenths and -3 hundredths. 

♦ 

In the same way^ 



,4grg /^/ tenths and ££^un^edths. 
8 tenths and '2 hundredjbhs = .82. 



In the same way> , ^ . r 

3" tenths and 6 -hundredths = 



r 



^ 4 

We also can say • . ' ' > 



■J 



Exercise Set 5. 



^^ish each of these; 



a) 

b) 
■c) 
d) 
e) 
f) 



^•29 = (c3) tenths and t9j hundredths. 
•58 ffy tenths and._^ hundredths. 
.41 = ' ^ r W tenths and (/J hundredths. 
.80 = ■ rS^. tenths and (oj hundredths. 
.'04^= /"aj tenths and . {^J hundredths. 
.36 ° ^ f(^J hundredths and (3 J tenths. 



Write the decimal for each of these. 

a) - -5 t^n?hs and 7 ' hundredth^ = .L£2L 

b) 9 tenths and 3 hundredths = Ji^. 

c) ^ 1 tenth and 6 hundredths^ - . 

d) ' 2 tenths and 0 hundredths 

e) ^ 0 tenth^s apd 4 hundredths ^ 

f) 5 .hundredths and" 3 tenths' = (l^~^X 



DECIMALS WITH THOUSANDTHS ^ • 

Objective: To extend the understanding "of decimal fractions 
' ^ ' to include thousandths^ * ^* .. * 

Materials : Place-value ' chart ^ ' 

* ^ -< 

•^Vocabulary: Ihousandths ' - ' ^ 

Exploration: 

What are the names of the places to -the right of the ones' > 
place? (Tenths* place and hundredths* place).. What value does 

have in relation to (j^ is 10 'times' -j—) Vfliat do 

you think the name of the third place to the right, of the ones* 
place, is? (-Ihousandths) Is ten times .j;g5pt /Yes)^ ,How 

do you know? (In the decimal system of numeration ,each dii^t has 
a place- value ten times the place- value of the digijb to its right. )^ 

We can write the fraction as the decimal^ .001. 

Both ar'e :?»ead "one thousandth": - o ' . ' 

:ind . 003 are t'wo ways* of naming the same rational 
number.. What number do they name? (Three th»ousandth§) 
I Read these decimals. . ^ c 

i . 0(^ (five thous.andths) ' ' , ^ 

'.01 4^ (fo\irteen thousandths) ^ 
.297 (two hundred ninety-seven thousandths). 

.Use counting at di/*ficult places so thatf^ the 
pupiis will become more . -familiar with three-place 
decimals. Such sequences a3 .0<)8, i009, .010, 
.011; .098, .099,. .100, .101, efc. are hard and 
^ need csu?ef\Ll teaching. 

Coiant by thousandths from 1 thousandth to ^ 10 thousandths. 
Wj?ite the decimals bn'^'the chalkboard. 

Jtnt from 35 thousand^ to 45 ^ -thousandths.* Write the 
s> . ^ - ' y 

Count from I'SS thousandths to >42 thousandths. Write t 
the decimals. 
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DECIMALS WITH THOUSANDTHS 



• Vfe have learned how to extend place,.value for de.clinals from 
tenths to hundredths. Uging what we have learned, let us extend 
the place-value chart another .place to the right. , This Is called 
the thousandths* place. 



I . 



CO 

+> 
c 



(0 

s: 
-a 
u 

C 
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ihe name .421,. and the n^e gre names for the same 

rational number. Botli names are read as "four hundred twenty- 
one thcmsandths". 



In .421 the 4 is written In the tenths' place, the 2 ^ 
Is written in the hundredths' place, and the. i Is written In 
the thousandths* ^^jplace ♦J • ' " ^ 



'^^ tSUj "-^^l for the same number? ^^^^^^^ 

a) ^Vttilch naune is a ^dec±mal7X^/J " * 
, b ) Whlpfi^ name is a fraction? fdS^) / 



2. Which is ^ largest, /2, .02, j>r^ ?002? Checlc your 
answer by naming each number as a fraction. » ^ ^ 

3. Are .2, .20, and .'2OD alj names for the same ^ 
rational number?^ Check your answer by wri/ing each 

as a fraction. .^^i- ^ ^^-^ ) * .'v 

Another way to think about and name .-421 is 4^ tenths 
2 hiindredths and ^1 thousandth. . ». * 

In the same way, 

.582 = is) tenths and' g hvmdre'dths 
and (Vi thousandths. J 

Finish each -of these. ,^ - 

a) .138 = Y W tenth and ( hundredths and ( thousandths. 

b) .140 = // J tenth and ^-^6^ hundredths and thousandths. 

c) .306 = tenths and hundredths and C(^J thou^ndths. 

d) . .374 = ^37)^ hundredths and M .thousandths. 

e) .009 = Co) tenths arid hundredths and Ctj thousandths. 
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2. 



3. 



Bxerclie Set 6 

Rename each of these as- a decimal. 

32 5 ^ 9 492 18 174 8 18' 

■ loso Toos To im im im im^-ws 

Coi:^)C^ccrj C.9J io/,^ ,(^.,^yj ^^^J. 

Rename each of "these as a fraction. 

.475 .011 .8.- .023 ,62 .729 .007 

^Write T if the mathematical sentence is true, ifrite 
P Xt it is false. 

5^^.052 cry 
- CF) 



a)' 


.6 = 


.600 Li J 


> e) 


b) 


•9 > 


.009 [ Tj 


f) 


c) 


23 
1000 


> .23 {F) 




d) 


^< 


.85 (Tj 


h) 



.072,,< .72 I T) 



4. 



Arrange the three numbers in each group in order" of size. . 
Name the sm'allest number first in each case. 

.03 (,aci^ .as . 3 ) 

„ t 

* .O5S (Ai-i,^ 



a)- 


.003 


• .3 


b) 


.37 


. 037 


c) ^ 


'.402 


.42 


d)' 


.560 , 


.506 
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45 



Complete each of these. 








a) .058 


•.060 


• G62 












^ 017 ^ 






f. C3^) 


'cj .550 ■ 


.450 


.350- 








.d) .755 


.760 


.765 




I / / 0 1 




e) .042 


.142 


.242 








Complete 




f 








a) .729 = 




thousandths and 


(p-J hiindredths and 



^77 tenths * 

b) .402 =' CVJ tenths and ,C^J hundredths and 

G^J thousandths. 

c) .519 = tenths and C^J hiindredth and 

^ thousandths. 

d) .052 = thousandths and YS^J hundrej^ltl^s and 

^ C tenths. , , 
e-) .530 = C^J tenths and C-^J hiindredths and 
(<^) thoifssuidths. 

Write the decimal for each of these. 

a) 5 . thousandths and 3^ hundredt^ and 4. tenths ='(40 ^"1 

b) ' 0 thousandths and 2 hundredths and 3^ tenths =^3 2^>). 
' c) 6 thousandths and 4 hiindredths atnd 8 tenths 

d) 5 tenths and 0 hundredths and 5 thousandths » C^*^^^. 
'e) 4 thousandths and 2^* hundredths and 6 tenths 
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OTHER DECIMALS 



Objective: To leai»n to read,h«?ite, apd analyze decimals" 
with 'digits on l^oth sides Qf^the decimal 
^oint ' " , * ^ ^ ' 

Materials: Number^lines drawn on the chalkboard, place-value 
. chart 



Exploration: 
\ 



Draw. the number line on tha board and record 
the numeral a^ a cMld counts by tenths from zercf 
to 1.3. • 



^0 
< — h- 



./ 



.2 

— I— 



A- .5 .6 .7 ,5' ,5 



.-H 1 »- 



As soon as the child counts -ten tenths, ask 
for another name for ten tenths, (l) Since w€ aije 
to continue counting by tenths, indicate that 1- 
may be written "l.Q" to show there are no tenths 
in the- tenths* place. "When v/e count, by tenths, 
what is the rtext number?" (one and one tenth) In 
decimal form this is written -L.l, The \ to th^ 
left of the decimal point is in the ones* place , 
and the 1 to the fight of, tihe decimal poiigit is in 
thai tenths* place* Ihe decimal point is read "and }^ 
(N.B^ 1.1 should be read "one and one tenth" and 
not as "one point ope ".). Continue counting an^ 
recording to give practice in readfng similar 
.decimals with tenths. 

^e same, development may be followed ^to Intro- 
duce the reading of other decimals. Draw other 
number lines on the chalkboard. Put the first^ 
numeral on it and 6^k the child to count by hun- / 
dredths and record the numeral as he counts. Use 
these nijmbei? lines and others if needed. - 



Z.Ok 3./^ 3.// . 3./i 3./31 3./4 JL/S ^ l/tf 377 ,> 3./^ ' 37^ 3.20 3.2/ 
<^ 1 1 1 -— < H- 1 H * \ 1 1 — 



47.5.7 f7.5f 47.59 47.40 47.^/ -t7.tfl 47.tfJ 47.«4 47.4S ^tU 47.«7 >47.4e 47.45 

<^ • H \ 1 1 H-^ \ 1 1 1 1 h->' 
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After countirig and rebording on 'number lines 
write l4.6 on. the chalkbdard-* Ask children to 
re^d it 'and analyze according to place-value. 
(l4,6 is read fourteen and six tenths* 
l4.6 = 1 ten," 4 ones, and 6 tenttis, ) If it is 
difficult for the ^^hildren to analyze these deci- 
mals, use a place-value chart. Also intro^iuce 

the mixed form for l4.6(l4^) a&id ask the chil- 
dren for similar translations* Continue reading, 
analyzing, and renaming decimals like the fal- 
lowing: ' , . . ' ' 

72.af5 • 64.003 
19*72 '182 '.294 

85 .781 

. Pages 20-21 in the pupil ^text sxmiraarize 
this worK> Read them carefully with the px^)ils. 
Be sure to en?)hasize by the ^nd of thi? section 
that numerals like 35, 6.7, and *72 a^ all^ 
decimals. 
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OtHER DECIMALS - , . . \ 

" ** , * 

Vfe have been learning how to read and Interpret decimals 
such as .7 and .39 and .561. We already knew the meaning 
or decimal i?umerals such as 82/ 7, or 356.^ Many times, we 

' » " ^ ^ 

need to use rational numbers which are greater than one but ^e 
not whple numbers. We already halve fraction riataes for some of 
these numbers, names like i^/' f§, fi, or ^ ^nce these 

all have denominators which are 10 of» lOO" we should be able 
to find decimal names for them and for nx;mibers like them,* • * 

We mig^t begin by thinking of counting "l^y tenths. 



IJie number line below shows 'counting by tenths with- 
decimals and with fractiops. We need decimal numerals to - 
complete the top line. " , ^ 

decimals , ^ .3 .4 .5 .6 .7 .8 .9 

f ^ * — • • • • • — • • • — • • • » — • — • — % % % % 

fractions" - llll;»jLZ£lJOiLi2i3i4»i«j7jti»2o' 
10 (0 la 10 10 to 10 10 10 10 10 10 10 K) ?5 10 u> 10 ' 10 To lo 

To = ^ . ' . - ■ 

' ^ ~ tenths = one and one tenth. ' 

We express this as a decimal-numeral by writing 1.1. The 
numeral i on'the left, stands' for 1 one. 'The numeral l 
on the right^stahdisAfor- 1 tenth. "''i'"" . 

^I'^^Use this idea to copy and con?)lete "t;he number line 
shown above. When we are thinking in. tenths we' 
. usualls^write l.V (one and 0 tenths) instead of 

1 and 2.0 instead of 2. ^ . , * 



.38 
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Write a decimal ^qt each ojT the. follewing: , 

a) 1 ten etnd 1 one (t/.o) 

b) tenth and 1 hxindredth //>* 

c) 1 one and 1 hundredth *(/*cO 



We read 2,3 'as "two and three tenths", and' 1*25 is * 
read as "one and twenty-five hiindredths"* The ch^rtjbelow 
should help us to read and interpret 'other decimals, ' 





< 












in 
■O 










■o 




Thousar 


ndrec 


c 


Ones 


nths 


S 
■o 

§ 


lousai 


Hu 




Te 




j= 



We read 26.345 as "twenty-six^ and three hundred 

forty-five thousandths". Ifi reading a decimal wi%h .digits , on 

< 

either side of the' decimal point, the decimar^oint is read " 



as "and". 
3 



Re^^^of l^e foUowing; 



*4 '"l^ '*^^^"' 



b) 



Sometimes a ^^|hd of num^raLJLs used».v^lch '<»mbines 
decimals arid, fract^^ns. The numeral 1 ex^inpl^l^- 



I 



I 



.It names one and tSmee tenths or 1.3 (decj 
« (fraction).* Such a numeral is called g/Ajfed^foAi.^ 

'k. ay Read 1 • . ^ ^ 

b) * Vftiat is ^ decimal name for this number ?• 

c) Write a mixed form for 1.5- . - ^-'^ 

- - ' , U 

^? * . , 39 . ' 
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Ex/rclse Set 



mi 



Cnoose the largest number In each colvimn. 





B 


C 


D 




3.4 


8.50 • 


.002 


45.405 


1 

.209 


3.8 

> 


• 8.56 


1.92 


35.405 


.2^7 ■ 


2.4 


CS) 


2.2 








•8.05 




^ 45.05 


/289 



Copy and\ complete each of these. 

a) 8.0 (ts) 9.0 ■i'^.S) 



Oo.s) (\to) 



3140 3.30 C3.ao) * f3./o; • (i.oo) ki.io) 

<20 .4b .60 .;o /.op / lao 

d) 4.75 4.8o ■^■ar " jLf2_ ' :4.'>ir / ^^jo 

Write these as deciinals.'' " 




78.39 J 



a) 72o.$i3(':r^) 



I5ife\ 32^;- 148 ^■752/^ 
(3.3) r/5".or} t (3^.6^; O'*^037) / (ki.iti^J 

I * 

Write a mixed' form name for each cif ^fiese. 
22.3 72,15, • 18.047 , /459.OO3 

i^^To)' (VX^) 0»&) '/(f^^lio) 
Tell Ijhe number^represented by each numeral 3^ 

Tell the number ijepresented yy,€4ch nviraeral.« 5^ 

a) "321.59 C^y*) b) fl.p3X.03) b) ' 421^ (.i) 

e) /4sr'.035 f:olr) . f) 795.309 0 



6, Write a decimal for* »ach of these. 

a) 27. and 9 - tenths Caz*?) / 

b) *364 and 57 hundredths (3(i4.S7) 

c) '70 and 4i th'ousandths (Vo.04/) 
,d) 38' and> 7 hundredths (3^8. or) 

e) 3 and 0 hiindredths ' ^3.oo o-t- 3) 

f) ' 5 arid ^29 thousandths (S.4X'}) 

g) 83 and 4 tenths r93:>) 

h) * 48cr and ^ hundredths /48o.Oi-^ 

i) 20-^and 64 hundredthi#« (^o.<:4) 
J) 6 and 7 thousandt^as (^6.c>o7^ 
k.) 75 and 2 .^enths Y^^'. a) ^• 
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BASE FIVE NOTATION 



Objective: To gain-increas^ed'understanding of the ^iecimal ' 
system by considering systems of notation using 
^ • bases, other than ten - * * • 

Mate2?ials-: 1. Flannel boaa?d and cut-outs ^ • ' 

2. Packets of twenty to thirty objects which can * 
^ be co\inted (A demonstration set should ^e large ^ 

enough sp it may be seen from all parts of the 
classroom, ihe students may have smaller 
objects suitable for work at their desks,) 

3. A place-value chart may i^e made that will show 
groupings of twenty-fives, -fives, and ones. 




decimal system uses groups of ten., However, the decimal 
.system lias not always been in 'use. Long ago the. Mayans of Yucatan 
counted by groups of twenty. Some tribes of Eskimos, used groups 
of five. Each Numeration system made use of grouf)ing in counting. 

Let us pretend we are Eskimos and count in gi?oups of five. 
What name could we give to our new system of numeration? (Efcise 
five sys^tem) How many symbols would we use in the base ^f ive 
system? (5) What symbols could we use? (o, 1, 2, 3, 4) Why * 
must we always have a symbol to represent zero?, (in using the . - 
idea of place-v^lue, there must* be a numeral to represent the . r 
empty set ov the set of-Jio members.) » . * ^ 

During the discussion the teiicher should^ make 
,a chart showing the numeral, the meaning, and a 
picture of each number. Poll'ow this form. ^ 



.Pi9ture 




XX 


A' 

XXX 


xxxx 




Meaning 


one one 


two ones 


three ones 


four ones 


one five 
and no ones 


Numeral 


■^five 


2 

"^five^ 


^l?i^ive ^ 


: f 
five 





^Let us ilse our objects to illustrate the base .five system. 
Start with a single object and write the symbol "ifive"* ^'^^ 
subscript "fivei^^ on digits is not reaaiy necessary. We it S^p^ 
emphasis as you wish,) Add one object. ' What symbol Would we 
use to^ name the- number of objects we now have? (^^^j^^^) /Add 



another; object to the set. What symbol would we ^^JyA^f^^Q) 
Add anoth^ object to the set. What symbol would we use?^ 
^^flve^ :Add ano'ther object to -Jbhe set. ^ow many do we have?- 



(one set of five) We have written j-f^ve^ "^flve' 



Tive- 



How do we write one five and no ones? 



five' 
(lOfive) 



'Ikke time to discuss the idea of "five ones*'' 
and "one five" as we .did earlier with "ten ones" 
and "one ten". The final 'notation should be 
"•^^five"*"^ (r^ad "one five and no on^s" OR "one zen^ 
base five"). Continue adding a slftgle object ea^ 
time and ;^rriting the rjame of the number represented 
using base five notation. ^ We can discover in this* 
way that the easiest way 1;o count large numbers of 
^objects is !to group tji^m first*, and then coiant the 
groups. 

NOTE : It might be advisable to limit the number 
of objects to twenty-four for this discussion, 
(to count twenty-five objects using the base five 
notation, we woulti need t^o Know about three-digit 
* numerals.) ' \ 

Ihe next st^p is^ to diccuss with the pupils 
the two examples in l^eir text. Read the examples* 
with the pupils and explain unfamiliar mathematics 
and vocabulary to. them. ' ; 
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BA§E FIVE NUMERALS 



At the beginning of this .cKapter, you reviewed grouping 
and regrouping by i;ens. This Is the^idea behind our" decimal 
numeral system: , However, there" are raany^ ways of grouping ' 
o6j«et's. ^ One of th3s6 ways is' grouping in sets of five. This 
gives u^ the idea* of a numeral system' based on gro\;5)ing by • • 
fives. ' . ' . , 

Here is a picture offset of thirteen X's. 
This set. can be grouped into 2 sets. of 
• five and 3 ones. We Shorten this to 23 
(read ."two thrge") to name the number "of 





✓X|s in the set. The set -can also be groined V 
■ Inta 1- set of ten and 3 bnes. We 'shorten - 
^ • this to .13 to get .oiH* ordinary decimal , ♦ 
nmeral. To show that ' 23 comes from 
grouping by fives and not by tens ^we will > 
. -write 'the word "five" to the iiight ' and ^ •* ^ 
•'Slightly belxjw the numeral. - . , 

r^^^^f ive ^^^^ i^ets of five arid 3 ^ ones. ' 
13 . means l^ set of and 3 -onea.*^ 
We call 23^^^g a base five nmeral and we 
read it Htwo thr^e, base five". * 

Look at this picture. • ^ 

H^w many sefts of five Vq aijie there? (4) 

^ How many x»s remain? /'2V • f 

How^ would you write the | Wise f ivey^numeral ?f*2^t;^ j 

How would you read*t|iis^.base five' numeral? 
, i^^^^ <^^2.^nu^, ^^^^ 
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Exercise -Set 8 



1.. Draw the following sets of X^^s* Group in fives and answei^ 

•s 

these questions for each s^et. ^ kI 

How many sets-' of five are there? " \ P * 

How many ones remain? ' , * ^ 



How would you write' the ♦base fi-ve.^ numeral ? 

» 



,Use this form. 

NinF^X«s ' (}6qCXx) ^ 1 ^flve and M ones V\^\ ^ 
r * VsZ^^ . . fJLve 



a) twelve X'a (^^Itr'} c) ^ f oui- X's f ^ ' 

b) nineteen "^i&f^i^J^f^) ' twenty-three." X-'s ('^■Z'^*;;,^^ 

2. ^ Draw a pictu re th at will represent X's "for *' / > * 



b') '»2f.V,,^ ^xx7 ^xxx:0 xx iv^ (Xxxxx) , 

3. Name'thfe largest nxairiber with a base ?ive n\imeral having two . 

digits. (44^) • • 
• ^ 

If. -Name, in- base five, the numbep? which- yill come Just Iwfore 

' — v^"^ ' * 

, eaph of these 'nurabersT i , 

a) Vive' 2°flve '■=' i^^lv^ :, 



PLACE 'VALUE IN BASE FIVE 



E^loration'j 



i^eviodsly we have been limi^ting our discus-- 
sion of base five to two-place nxuneral^* Now we 
are r^dy t9 introduce the third plac^in base 
flY6. Use a piace- value chart and ljundles of 
ca;rdboard strip^^ to show groupings of twenty-fiVje^, 
fives, and ones, - ' . ^ > / ' 



Twenty-fives 


Fives 


' .Ones 


» • 








-*» 


9 



' • Write the base ^ive notation bn -the^' chalk- 
board as the children co\mt the cardboai\i strips • 
.For example: ' ^ ^ 

'^atse Fiyj5 Countihg Charfc ' ^ ^ ' 



1 
11 



2 
12 
22 



••3 

13 
23 



4 

.14 
24 



'20 
,30, 



,etc. 



Notef^ When a title is used, ^the-vord" "five^, doe:s 
not have to be written b^aide each numeral • 

^. / Count out four cardboard strips, Vfritlng the 
base .five notation as you county, -and put them in 
the* ones ^'pl^'ce of your place-valUe charts Add 
one more. *"HoW inany sets of five are there?" 
(One) Bundle the set of five ones and put them 
in the 'fiv§s^ place ^/ "WhaV notation do wq use . 
to' show -one group of f'ive?":_^lO^^^^) Continue , 

, counting, grouping, and repording untij. you have 

put 4 rives and 4 ones: in the charts "What , 

base ^fJLve. numeral dq^w^ have?" (44^^ ) Add one 
' ' . ^ five 

more s,tripr in^he bnels^ place. You now have '4 

sets of five and, five ones., "I^ow many sets of five 

'do we^have?'-' (five) - There ape five sets of five 

' or r set «f twento'-five. Bundle the five fives 

and' put this set pr twenty-fiye. in'the twenty-fives « 

plaoe. , "Wluit notation .do we use to show 1 • ' 

group of twenty-Ave?" (100^^^^) . Biis Xb read 

"one twfenty-fiv^, no fives,, no ones, ".qr ."one. ^ / » ' 
zero zero^ baSe f 4.ve ". • * 



. Continue grouping, reading, and recording , 
other three-place numerals in the base five system. 
Note thalj -^-^^five ^® ^^^^ twenty-five, 

one five, and one one-" or "ojpg one qne, base five". 
In bade^five 124 is read "one -twenty-five, two 
fives, and four ones", or "one two four, b^.se fi've". 
Avoid usin^.base ten numeJrals like '5 and 25-^ in ' 
discussing groi^ping by fives. 



PLA(5E -VALUE IN BASE FIVE .> . - ' ' • ' 

In the base ten, system, -the nun^er named 99 is the largest^ 
with- a two-place" numeral. This Is because ' 9 Is one less than « 
the base. . ' y ' ' 

In the base five system, the number named H^. \ is the 
' ^ rive 

large&t with a. two-place numeral. This is because k is one 
'less* than the base, as shown in the diagram below. 



Picture 



Meaning 



Notation 




if fives, &nd 4 • ones 



44 



five 



There is- no twcr^^^place ^^ymbol l;n ;otir base ten system, to 
mean ten tens , jie give t.en tens^ the name 1 hundred.' wWe 
wyite this ^as the^hree-place numeral 100. 

J When we are thinking In >ase five we think of five groups . ^ 
of five .as 1 group of five fives\ > We can use the name twenty- 
five for five If Ives. 



How •would tft^ base five numeral f or vfi^f'e 'fives" or ,twenty- 



five be written? 

^ L 



Pictu» 



Meaning 

1 twenty-fiVe, 
1 0 fives, and 
I 0 ones 



Notation 



. lOQ 



'five 



48 ' 
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Exercise Set £ * ^ 



1. Copy the X's below and group .them In fives and five fives 

Write the number of X's in .base five notation. ' 
a) XXX b) ""XJDDOCXX c) .XXXXXXXXX 

•' XXX - XXXXXXX XXXXXXXXX 



XXX - - (^/^,-^^) * ' XXXXXXXXX 

2. Copy and complete the following; ^ . * ^ f^^^J 

a) , 33five (3) fives and (3) ones, 

. ' ' ' i ''^^^.ive "^i^^^-"^^ and (^) fives 

' anH" on^sV' >^ ' * a ^ ^ 



\ 



r 



"Vy-^ -^^Vive ^^^^ ("/J twenty-fives and (6). fives 
/ and /4) ones. 

, 3. Write the base five nvmieral for the niafflber "^that is one 
larger than e^ch of -these. • - ' * 

4. Write these numbers in base 'five notation 

a) The number of this page in this book (lOZ ^ \ 

b) The number of codkies in ^ dozen (/¥^fr/e^^ 

c) The totaj number of pages in this book ^l^^^4^i^f^ 

Make a base five chart of the numerals froirt 1^. ^^^^ to 
^ • five 



20Qfive- 



* dt/ 3^ 

/5/ /7S ^'-J V </ o 

yip if.oj ff^ ^ 

' JAAi /-iV 



BASE FIVE AND BASE a?EN ITOMERALS 



Exploration: 



At first the child compares base five and 
base ten numbers by grouping objects in base, five 
and then grouping these same objects'' in base ten. 
He repeats the same process with drawings; 

Another way to see that we are using differ- 
ent numerals to represent the scime number is to 
write in a column the first few counting numbers 
in base ten i\otation^ and then ^ in a^parariel 
column, the seime numerals in base five notation. 



&se Ten &se Fivis * 



1 


1 
J. 


2 


2 


3 


3 


*t 


ji 


c 


x\> 


6 


XX 


7 


; 12 


8 


• 13 


d 


lU 

J-^ > 


10 




XX ^ 


C.X 


X c 


cLd. 


13 4 


. ' 23 


\\ . 


, '24 


15 


■ -30 


16 


31' 




32 




33 


19 


34 


.20 


40 


21 • 


'41 


22 , 


42 


23 


43 


, 24 


44 


25 


100 


26 


101 


% 


102 




103 


29 


. 104 


30 


110 



Notice that the ,^ 
numeral written "13" in 
the base ten system is * 
quite different. in mean- 
ing from the numeral 
written ^'13" in the base 
five system (which is 
actually a name for the 
number "eight").' Let us 
therefore agree that when- 
ever we write just "13"^ 
base ten will automatically 
be undeijstoodj.and, when, we 
want, base five to be tmder- 
stood instead/ we shall 
^Iways write "13^^^^^", 

re^d "one five and three 

ones or one three*, base ' 
ffve". 'We then know that 
this .stands for one 'five 
and three ones, i.e., the 
number "eight".- The decimal 
numeral 13 Is of course 
read "thlrte^en" although 
"6ne three base ten" has 
certain advantages lA 
showing how base ten fits 
the general pattern. 



ERLC 



50 



'4> 



< r 



Ttie pupil can chaoge from b^se five to base 
ten if he knows how to read the base five numerals. 
He should be- able to think through the transferring 
.from base- five to base ten in nfcch this way. For . 
e^mple, , 

^^f ive (2 fives + 3 ones) 
= (2 X 5) + (3 X 1) 

= 10 + 3 • c . 

= 13^ . 

'•^•^Vive " (1 , twenty-five) + (l f ive) ^+ (4 ones) 
= (1 X 25) + (1 X 5).+ X 1) ' * . 

25 + 5 + ^ ^ 
= 34 ' . 

X Some children, may want to show in writing how 
this change is made. If •so, they may use the above 
form. 



51- 

'62 
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BASE FIVE AND BASE TEN NUMERALS 



Nmeral in 
Base Five i^ystem 



Picture In 
Base Five System 



Plctvire In 
Base Ten System 



Numeral in 
Base Ten System 



a) ' 22; 



five 



XX 



XX..- 



12 



b) 33 



five 




^xxxxpcxxxxx ) 
xxxxxxxx * 



>18 



c) . 114 



five 




Cxxxxxxxx}qC > 



( mxxxxx3q) 
3bocx 



(xxxxx ) 



34 



Study the chart above. What does the numeral 22^^ tell us? 

^ five 

VJhat does the numeral 12 tell us oju^ ^ Ji'^d^a^^^^nM^i^^ 

^AA^, j&^V 

Are 12 'and ^2-.„^ names for the same number? 
Why are 33^^^^ and 18 names *f or* the same number ?(jjyulc, 
Why^are ll^^^^g and 34 names for the same number? 
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Ihe procedure^ below shows how we may thlrik to change a. base 
five numeral to a base ten niuneral^ 

a) 22^ive ^ 'fives + 2 ones) . * . • 4 
= (2 X 5) + (2 X Jj ' = , - 

= 10 +2 ' y 



I 

I 

I 



'=12^-- 

b) 33^^yg = (3^^fives + 3 ones) 
->_;^*(3' X 5) + (3 X 1) 
=15+3" 

* = 18 V ' 



c) ll'^five ^ ^twenty-five + 1 fivfe +''^ vxmes) 

. = (1 X 25) + (1 X 5) + (1 X 4) 

,=25+5+f 
= 34 



^3 



MORS ABOUT BASE FIVE AND BASE TEN NUMERALS 



•Exploration: 



In changing base ten numerals to base five 
numerals, select the, largest place-value of base 
five (that is^ power of five) contained in the 
number. Divide the number by this power of five 
and find the quotient and remainder. This quo- 
tient is the first digit in the base \f ive num- 
.eral. Divide the remainder by the nebct smaller 
power of five. The quotient is the second digit. 
Continue to divide remainders by each succeeding, 
smaller power of xf ive to determine all the re- 
maining ^digits in the base five nmeral/ 

For. example, to change 113 ^o a base five 
numeral, we must first see that ]a3 is less* 
th£^ five t\ienty-fives. Then "we -find how many 
groups of twenty-five are in 113; We can 'do 
this by division or repeated subtractjLon. In 
either case we find there are 4 twenty-fives. 
This 4 becomes 'the first digit In the^base' 
five ntaneral. There aire^l3 ones left to be ^ 
grouped. ' . 

Now find how many groups of five there. are 
in 13. Ve find there are* fives and 3 * 
ones. Ttie two becomes our secqnd digit atnd the 
3- our third digit. Therefore, 113 « ^23^^^ . 



4 

25 rnr 



113 ^ 



100 

5 prr 

10 



■ 12. 



(4 X 25) + 13 

(4 X 25) + (2 x^5-) 

4(twenty-fives) + 
2{fives) + 3 

423. 



+ 3 



■'five 



If a grot?) is not contained in a remalndet, 
•remember to put a zero In that place in the 
resultlng^numej»l.__por. example, when changing 
104 to- base flye we find •there ave 4 twenty- 
fives, no fives, and 4 ones. Therefore, 



104 « 4o4 



five • 



54 



6^ 



1 
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MORE ABOUT BASE FIVE AND BASE TEN NUME^ 



4-/ 



9 


* Twenty-fives 


Fives 


Ones 











to a base five numeral. 



So far, when we have written niMerals, in base five, we havd 

used the place-values, that are sho>m above. , Can you tell v^t^ 

the next place- value will he? (It^/tu^M^ /^ 

For nmerals we will be usiAg right now, the oniy place- 

/ T ' * * ^ 

values we will work with are tiyeniy-fives, fives, pid ones. 

Suppose we want to change ill 

kow many grdups of twenty-five are there in 111? f4) 

What is the remainder? Qi) 

Write the mathematical sentence for this div,i6ion process. 

■Find how many five^ the^re are in 11,*(2) 
How many ones remain?/]/^ 

Write the mathematioal sentence for this division ^process-. 

Put both mathematical sentences together 3^ a mathematical 

^ / * 
sentence ^iph sl^ws how 111 can be grouped by fives and 

tWenty-fives. (j^j f4xAr) + r4xjr)+/) ^ ^ 
/ * 
What is the basie five numeral for 111? ( AXl^i^) 

/ ' * * 

Try changing /the following base ten numerals to b^se five. 



numerals. 



i \ ^ 

each part write the mathematical sentence i^lch 



shows why your answer is correct. 



b) 
{ill 



•36 



c) ^^4 



d)- 52 
^202/.-.) 



55 

66 



} 



i 
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Exercise Set 10 



Draw a set of 21^^^^ ^*s. Separate these X*s Into — 

d. , ^ - 

groapjj of ten*. How many X's are th ere? Write your 

answer as a base ten^numeral, ((^xxxxy j 

2. Draw a set of '134^^^^^ X»s^ Separate these X»s into 
• .... 
groups of ten. How njp^ny .X's a;re thepe?. Write your 

answer as a base tVn numerA. 



' C^XXXXX XXXXX^ XXX X 

Qxxxx xxxxxj YA4) " ^ 

QCXXXK XXXXX) ' 

3-. * Change the following base ten numerals to base five 

numerals. ' ' ^ ^ ^ 

•a) l^^i-y^) ,c) 221"^^^) : e) ° 42(/5^^)^ 

b), 5l(zo/^) d) 6oV*"*J^) f) 

4,, Change the following base five numerals to base ten 
numerals.. * • * ^ * • . 



a) '23 



b) 141 



five 



five 



5. Which is greater? 



i 



c) ; 33 




56 
6/ 




USiNG aROUPING By FIVES 
^Exploration: * ' . ^ 

Sjrnce our system of money uses groupings « of , 
'five, some experience in this area will help 
develop this idea more* completely. At first the 
' teacher njay need'^b use play^mo^ey with som4 
children. Proceed from these experiences to 
expressing the groupings in^ table as follows. 
Encourage the children to \xs^ the. smallest number 
of cbins in Separating the miney into quarters, 
nickels, and cents. Draw trie chart on the chalk- 
board. Complete the chart /rith the childrerj. 



How much . 


How many 


How many 


How man^ 




money? 


quarters? 


.nickel §? 


pehnl^es? 


notation 


7 cen^s 


(0) 


■ (/) 






12 cents 


«(o)- 


, (2) 


(2) 


(^^^^). 


34 cents 


(') 


(1) ■' ■ 


(4)- 




58 cents 


•(2) 


'(f) 


(3) • 




87 cents 


3 ■ 


z 


2 




122 cents 




4 " 


2 





USINQ QRCfUPING B5f FIVES 

'We use some groupings of five inborn* everyday. life. , Lef 
us -look at our system of money^ Suppose we^ve 34 c^is. 
If we use only quarters, nlckel'g', *knd pennies and th^ fewest 
£olns , we liave one quarter^, one nickel > and f our^ennles . > How 
could -we w^te this using base five natatljpn?^"^ 



- * Exercise Set 11 

Separate the ^9^1owlng amounts of* money Into quarters, 
nickels, and cerjts. Use the smallest number of coins. — 



How much 
money? 


How many 
quartej^s? 


How many 
nickels? 


Hpw maj# - 
pennies? 


Base five 
notation 


14 cents 
sExamplesj * 

43 cents 


0 / ' 


0 

2 


: ^ 


2^flve 


1 . 


3 • 


3 


>33f;ve 


l) 23 cents 


. (0) 


- W. 






2) 26 cents-* 


0) 


to) ^ 


• 0) 




3) '29 cents 


(I) 








4) 33 cents * 


(1) 






• //^ 


5) 42 cents 


(1)- "• 


0) 


/'(T.) 




^) ' 57 cents 


(i) 




(2) 




7) 73 cents 






■ (^\ 




8) '97 cents 


(3) - 








9) 124 cents 






'(A) 





-58 



69 



miNKING ABOUT NUMBERS IN OTHER BASES 

V 

Exploration: • ^ \ ^ j 

' We are nov/, going to discuss number bases o^her-' 
thanrten and five* Thg next experiences inv^illvfe 
fabts that may be deduced from a definite pattern 
that you' hell) ^children to discover, ^e following 
is one of ma^ny- procedures that may be used. Again, 
the students will need their manipulative materials. 
The teacher may wish' to duplicate Exercises Set 12. 

1. * 'Ask th^ students to cotini; out fifteen objects, 

2, Separate tjie set of fifteen objects into groups of nine, 

^ a) How many groups of nine are there? > ^ (one) ^ 

b) How many objects remain? (six) 

c) How would you express this number using. ' 

, base nine riotation?' > ^"^^ine^ 

3., Separate the get.^of f if teen^ objects into groups of eight 
\ a) How many groups of eight 'are <tnere? • (one) 

b) * How many obJect^s remain? (seven) 

c) How would' yoiT express this number using - ( 
base eight no1;ation? ^ '^•^'^eight 

4. S€pa:>^te tfte set of fifteen objects into groups of seven, 
a) ''How many grou't)s of 'seven are there? * (two) 

- -b) • 'How many olpjects remain? ^ (one) 

c) How'woulfi you^ express this number using 

base seven notation? (21 

5, Separate t^e set of fifteen objects into groups of six. 



seven 



^^a) h3W many groups of six are there? • (two) 



^ b) How many objects remain? . Xt^rq^^) 

^ 6 \ . How would you pxpress 'this numtys?s^sing 

. base six notation?. • ' ) '''^^3^^) 
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THINKING ABOUT NUM'BERS IN OTHER BASES 

Exercise Set 12 



Copy'aild complete this chart, 



♦ 


Arrange in 
groups of 


,How many 
group s ? 


- . How many 
remain? 


dotation 


JExample : 


X 
X 


> • 

' three 


2 


2- 


22 

three 










four 




J 


(20/^) 


2. 1 


(x~x)^ oc)x X 

I" V \ ■ 


r 

four 








3. /XX X X' 

* Vx X x/} 

»v 


)x 
c 


, seven 




(2) 




if. 


'x X X 


)/Tx\ X 
(x ^x 
)Vxxy X 






^ 




5."'/irx^oc J 

Vx_x^^? 


c]x X • 

^X X ' 


' f ivp 


(1) 






6. / 

V 


'iTxxX) 
^.^xj^^ 


c x<= 

X 

C X, 


• 'eight 
y— ^ 


to 

, 0) 






7. . 

/ 


\ xj^ 


■^x 


three 


— / ' 

(z) 


. 




8. 


X 

X X 

Lx X X 




— ' ■ — 7~ 

'eight ' 









f ■ 



60 



ERIC 
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10. 



-Draw, a iet of SOgj^ objects. > Separate thqse objects into' ' 
*groups of ten. How many objects 'are there? Write your * 
ansOer in base ten notation. C/2) 




Draw a set of 34^^^'^^ ^ objects-. Separate th^se objects 
into* group,s 6f ten. How many 'objects are ther e? Write . 
your answer in base'.ten natation. (2^) l^;<. 




LI, Each mathematical sentenjce below shows how to change a 
decimal numeral into a numeral in another base. Write 
thatt^ntaneral in' the blank as shown in a). 



a) ^- 


21 = 


(■1 X l6) + 


(1 




+ 1 




21 = 






•> 




50. = 


(1 X 36) -+ 


(2 


X 6) 


+ 2 ^, 


4 * 


50 = 










c) 


26 = 
26 = 


(1 X 16) + 

CnolO tiut,\ 


(1 




+ (1 X 2K ' 


d) ' 


82 = 


(l">x 8l j + 


1 







■nine 



•three 




61 

72 




r 



PLACE VALUE IN OTHER BASES 



Exploration \ 





Group Names 


" Ten 


Hundreds 


Tens 


Ones 


Five 


yve^ty-fives- 


Fives 




Ihree ; 








Pour 


' r ^ 







We will now develop ^he i-dea o£ a thj^ee-digit 
humeral in bases other than five or- ten. ?lace on 
the chalkboard the chart shown above. Pill in the 
group -names of base three and ]>ase four as they are 
discussed. During the discussion use a place -value* 
box labeled with the group names of the base b^Ing 
studied. 

Review with the' children that in lia^e ten 'each 
successive place to the left represents a group 'ten 
tlm.es that of the preceding place. Ihe first place 
tells us how many groijps of one there areV The 
second place tells us how many groups- of ten, or 
(10 X 1). The third place tellS -Us how many groups 
of ten times ten there .are, (iO X 10), or one- 
hundred . ^ * • 

Continue with base .five> noting, tfiat-the first 
place tells ugJadTf m^ny- groups of one there are. 

secon^^'-place,, tells, us how m^ny groui)s 6f^ five 
i:^er^^^j?€. The* third place tells los how many 
'groups. of five-|im6s five there ar^ Each 
successive plsLce to the lef 1 37epresdhtB a group 
five times that of the jy?eceding place. 

Using the plape-vaTue box and -the bundles of 
cardboard strips, develop place,.value in base , ' 
thrfee. ' ' , r . 

nThe teacher should lead the pupils to discover 
that, when numerals represent -whole numbers, th^' 
last digit oavtHe right indicates the number 

ones (or units) in base three, .the 'second difi, 

from the right indicates the -number of grour/s of 
three. Ihe third digit from the right ind^atefi 
th^jiumber of 'group s of nine. * In wj?iting 
in b4se three, the value of each place In 
• niimeral-is three times the value of the pl{ 
its right. ^ . 



iiimerals 
ice \to 



62 

73.- 



O 



0) 



12 2\ 



three 



Continue with, base four. 



CO 

c 
o 
o 

CQ 



CQ 
O 



CQ 

o 



In base four nota- 
jbion, the value of 
each place is four 
times ^the value of 
the place/ tOL its" 
right. / - ^ 



2 3 



four 



Ttie number of basic symbols necessary to write 
numerals in a numeration system depends upon the 
base used. For example, base three/uses thred 
symbols, base ten uses ten symbols/ base five 
uses fiv6' symbols^ etc. 

The base we use will deljermirie the value of 
each place i.n the numeral. As ti?e number increa«ses 
in size, the number of places^ir 
increases faster when one uses 
wheri^one ufees a larger base. 



Sxan^le: , 17 



ten 



= 32 



its numeral . 
small base than' 



five 



IT. 



= 122* 



teno ■"*"*"three ' , * 

The child should ' be able to compare numeralB,/ 
in other bases with base ten numerals. For 
examine, ^^e±ght -^^^^ e±§ht| and five ones, 

^ which is 13 in the decimal System. Likewise, - 

43 ' .is rekd four sevens and. three ones which 
seven » r • ^ ? 

, is 3l in the dedimal system. * 

. ^fliefn the children count in different 'bases-, 

tJ^gy will discover many' interesting facts. 

Ihe' following chart. Exercise Set 13, may . 

'be duplicated by the teacher. 



♦ r 



. ■ '63 

/ 74 



Exercise Set l3 • 



Copy this chart; Wrlt^ the niomieral for'the first twenty-four 
counting numbers, using base eight > basfe six^ base three, an^i 
base four* 



E&se Ten * 


&se Eight"" 


r%«e six 


Efe.se Ihree 


•I&se Pour 


X 




{' r 




f/r 


o 


(2. 5. 


(2) 


(2) ■ 


(2). 


o 
o 


. (3 ) 


* '(3) 


(10) 


(3) 








ill) 


\tO} 








( 




' 6 ' 






( 




7 ' 

1 


if) 


UL! 






• 8 


(jn\ 
i*/ U ) 


/in \ 






Q 

»^ 


(n) 


J Hi) 


1/00} 


(2/) 


10* 




U'r) 


l/Qi) 








, [IS) 


/ r ft ff- 1 




12 t / 




- (ZC/; 


( 1 tn\ 

{ // 


^(30) 


13 / 


J 




(/n J 


(31 J 


14 / ■ 


I /«? / 




( / ij^l 




15 /'■ 


f/7> ■ 




. C/2-o) 




16 , , . 








. Ooo} 


•17 


' (21) 






(lOl) ' 


la 


(zz) 






(lOX) 


19 


- (23) 








20 • . ' 








(no-) 


51 


(25) 


(33) 






22 

'■ 


. (26) 




(-3.11) 


; r//2) ^ 


. 23 


(2.7) ' 


(35) 






<Jr 24 ' 


(30) ; 









-9-^ ^ 1 



Complete the table. 



I6.se Ten Numeral 


Sixteens 


Fours 


Ones 


E&se Four Numeral 


31 


(i) . 


■ C^) 






17 


0) 


Co) 


or 


C'O'iruA,) ■ \ 






(z) 


Cs) 




Efe.se Ten Numeral 


Thirty- sixes 


Sixes 


Ones 


E&se Six Numeral 


' ■ 

34 




Cy) 


C^) 


Csi^) 


90 




(3) 


Co) 




215 


■ . 


Cs-) . 


C^l 




Bsise JSBh Numeral 


Nines 


Threes . 


Ofies 


E&se "Riree Numeral 


■ . ■ i 26 






C2.) 


C-^^^-xJU^ 


9 t 


' ' (1) 


' Coy 


Co) 


C-y-o^i^L^ 


, 22 ^ 




■Cil 


CO 


C^" 't^) 


E6.^ Ten Numeral 


Forty-nines 


• Sevens 




• ' . 

E&se Seven Numeral 


60 . 


(/) 


■ (1) > 






290 ' 




•CO 


(3)- 


CSt'i^u^) " 


99. 


.(2.) 


. Co)- 


CO 




Efe.se Ten' Numeral 


Twenty-f ives 


Pive,s 


, Ones 


Ease Five Numeral 




CO , ' 


C4}' 


..CO 


, C'^ipf^) • 


103 , 




Co) 


(3) 




89 




(2.) 




(3^4-^) 


EfeLse T&n Numeral 


sixty-fours 


Eights 


Ones 


E&se Eight Numeral 


■ 31 \' 




(P) 


Ci) 




' 80 


0) 


Cz) 


C<i) 


C^^tU^) 


54 


CO), ' 


(c) 


(6) 


- CCS, jt^) 
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]&ce^lse Set 1^ 



J? 


1. Fill in blanks 


as shown li). 


the 






'/ - . 






"hive 


The numeral 


4 


stands for 


4 


fives . 




a). 




The niimeral 


3 


stands for 


3 






• - 'by- 




The nwaerai 


v4 


stands f6> 


'4 








63 

• 'Seven 


The numeral 


6 


stands for'- 










^5nin'^ ■ 


The numeral 


.8 


stands for'."^ 


8 


■) 


y 


e) 




The numeral 


3 ' 


stands for 


3 





Chan^ these nmerals into base ten. nmeasals. .as shown 
in' a/,--: • ' ' .-■ , 

0 .^?five =(2x5)+-:3 e) 18.. 



= (2 x 5) +-^3 e) 
, = 10 + 3 ■ - 



= ..13. 



'c). 106 



sev^n ' ■ .• 



V '^ •; 



nine . j 

'34^ight 



C6pjj-and cpmplete^this coJUting chart. ' ^ ; 



b) 
c) 



Btse- seven* 



Base four 



d) .►-JEfe-s^-six^ 
• 



' " 66 

•'•77 



f 



P38 
4. 



5. 



In what- base are we counting? 

a) l,.2/3, 10, 11, 12, \Z»^i,,, ('^^rf^^ 

b) 14, 15, 16, 20, 21,. 22; 23, 24, 25/26, 30,.*. . /A**"**^) 

c) -' 1, 2," 3, 10, *11>; 12, 13, 20, 21,y22, , (^U^j*^) 

d) 11, 12, 20, 21, 22, 100, 101, i02, 110, 

Copy the work below, \ Use 'the "greater than">- "less than", 
or "equals" sign to complete a ^r\xe mati>ematical sentence/ 

a) 44^,^^^ C>I 102three ' - ' ' " , 



e)' 77eight 223^^ 

\ 

6, A place value sye^'tem of numeration has twenty' digits. 
What is the base? 

7,. Count W tens in base five from 20^^^^ Jo ^OO^iyg*' 
8^ Are these' odd or ev^ TiiJmbers? 



a) 



12 



three 



21 



three 



c) -101 



three 



' d) / ill 



three 

three (jt><x^^ 
l^three /'^> : 



121 



V 



ERIC 
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'BRAINTWISTERS" 

9; CQpy and fill ii\ the blanks. 



10. 



11. 



12." 



a) 


f five = 


— seven 


b) 


14 


three 


°). 




— :^ — ^four 


d) 




^ive 



ii/hat is n in each of these- mathematical sentences? 



a) n'-fi^g + 2^^^^ = 11^^^^ ^^^^ ay^) 
c) . n 



d) 



'eight ^^eight - 25elght^'*i^» ^7-/^) 



Suppose a base three system used trffe symbol A - for the 
number zero J' B for one, smd C for two, . In this 
•numeral syi^tem covmt from zero through t^n, 

J? 

Change each of the following 'to decimal numerals., 
aj BBB (13) ^ ' c) CBA (3lI) 

■I , 

d) ABC (£) 



b) CAB Of) ^ 



. CKapter 2^ * 
FACTORS AND PRIMES 



PURPOSE 10P UNIT 



" The most fundamental objective of this unit is to investigate 
what might be ceaiecf the lTfultiplica^ive structui:e- of th'e jco\mting 
numbers. We try *o find out something about how new numbers ^are 
"constructed" as products of given jixinjbers and how a) given number 
can be "broken \tf>" into products of sraa!ller numbers Because a 
given number does not 'have every smallen number as a factor, the 
situation is not as simple as it is in addition where every 
smaller 'number is an addend. Ther$ ajfe, in fact, simple state- 
ments about multiplicative' stinicture which remain xinsettled. 

While^ the study' af multiplicative structure can be approached 
as a gajne^^f intrinsic interest, it should, also "be of substantial^ 
valyie in reinforcing the learning of multiplication facts by 
emphasizing their interrelations. * * 

'The immediate aim of this unit is (l) tb develop the 
techniques of expressing a number a^ a product of prime numbers ^ 
and to put this ^to use in .(a) finding all factors of a number, 
and (3 ) finding the greatest common factor of two numbers . 
These ^techniques will be used^ later as*"^maAipulative tools in 
operating -V^th fractions. At that time th^y can be reviewed 
and- the necessary proficiency devHoped. 

' ■ . • \ ' 

Special Note to the Teacher: If this is the first time that you 
have:' taught , this unit, you will find it m6st helpful, before ycu 
present, the unit, to atudy first all of the pupil. pages and the 
backgroumd accompanying them. Then your stydy of the Mathematical 
'Summary at the end of the chapter will be raucl> more. rewarding.> 
After jrpu have seen the • arrangement of the chapter as a whole, 
-your -/teaching of the material will be m^ore effective. 



ARRANGEMENT OP CHAPTER 

The ^ master ials of this ^anit afe organized and presented 
somewhat differently than in other Units. The basic pattern 
for/each section of the unit is ag follows: 



) 1. Background material for the teacher including 

comments on ideas and possible lines of discussion / 
.^a. An outline of suggestions for classwork . 

, 3. Pupil pages containing examples and a summary of the 

language, ideas, or techniques which have beenyv ^ J 
developed in classj/ork ^ 

^ 4. Pupil pages, containing exercises involving the ideas 
of the section 

A* the end of l?he janif the mathematical ideas .which appear 
in.it are summarized brief<iy j.n a' section headed Mathematical ' 
Sumnarj:. In this summary, more attention Is paid to deductive/ 
explanations than ih tbe baSkground material in the body of the' 
unit. ^ 




TEACHING TSS. UNIT- 



FACTORS' ANSU PRODUCTS 



Objective: To review some of the basic ideas involving factors 
and products . , ' - - 

Materials:*. Five arrays (l by 10, 2 by 5>. 1 ^y 20, 2 by 10/ 

Vocabulary: Factor, product, multiplication sentence, * product 
expression, commutative property, associative 
, ^ property*- 

Background: * *> • ' ^ 



Special Note: It is imperative that children have 
a strong knowledge of the basic multiplicatjtpn 
facts through 9x9. If the^r do not, then you 
spend some time in review, using both mential 
arithmetic and written wor4c. [ 

It is important also that theJIHk>w the 
division algorism. ^ In this unit ^^Be one developed 
in Chapter J, Qrajde Four; but if the class did not 
study SMSQ in the fourth grade, then the, algorism ^ 
they know will be sufficient. 

For your own information, you will want to 
rSview thp 'basic properties of multiplication and 
division as^they are presented in Chapter 4, Grade 
Four. ThisMoes not mean to go back and teach all 
these ideas to the children, bui each teaol^er needs 
an understanding of »that --xinit. * * 

From the outset of this unit It is important 
for you to keep in mind thfe distinction betwQ^n - 
prjAie and composite numbers, even though this 
distinctign is not needed specifically andltexplicit- 
ly until the later* section on "Prime Numbers." 
A prime number is. a counting number greater 

l"^ that has no factor (among the counting 
irs) oth§r than itself and 1. (e.g.: 2, 3, 
11, 13, 17 > and 19 are the prime 
less than 20. ) : " > 

ycomposite number is fi counting number 
greater than 1 that has factors (among the 
counting ntunbers) other than itself and 1. 

' • 5y^ 'definition, 1^ is neither a prime number 
nor a composite number. . ' ^ ' 




51 
numb 



It is well to keep in mind that we areulffker- 
ested in factors that are counting numbers' and not 
Just any factors. Per" example/ although '5 can 
.be factored (since S x 2 = 5) it cannot be 
factored using oiU.y counting ntunbers. 

let us use"^^Tie numbed ' 24 to illustrate 
several different kinds of things children may be 
asked to find i^i terms of factors associated with 
a composite' number. - , ^, 

, » 1. . Children may be asked to fiqd a product •' 
expression for a composite number such as 24. — 
' a. The product may be 'expressed as two" 
factors; e.g., , ^ - ^ 

" »' - 24 = 3 X 8 ' . 

: 24 = 4 X 6 
24 = 1 X 24 - 
etc. 

.b. The product may be expressed as three 
(or more). factors; e.g.^. 

24 = 2x3x4 
t 24 =. 2 X 2 X 6 / 

24 = 1 ^ 3> X 8^ • 
etc. , ,. , 

■ 2. Children may be asked to express a com- • 
posite number such as 24 , as a product of prime • 
ISgS^s (i.e. .• as a product Qf factors whicK^k 
pHmTnumbers). Without regard for the order in 
which the factors are stated, there is only one 
way in which a particular composite number carTbe " 
Sror 24? ^ ?^ P^i^ne factors. In the 

24 = 2 X '2 X 2 X 3 . ' 

^' ^ Children may be asked'to find the set of 
Iji factors of a composite number, m the "^e" f 
^4 this is {1, 2, 3, 4,-6, 8, 12 ■ 241 
Each member of this set is a" factor 6f ■24' : 

-fiS** Special mention should be made 'of the use of 
1 a? -a factor in connection with each of the three 
preceding situations. ' ® 
1 nir^niJo comieotion with' la and lb , beginning work 
1 ?« ^^l of 1 as a factor. Ultimately it " 

f is shown that writing i as a factor in many 

?e«£^^nf the'f^^?^.? ""r" ^° additional, information 
Jot^e J^itten ^ niynber; hence, i-t'need 

In connect'ion With situation 2 (expressing a" 
6ompp^ite number a^^ a product of irjije factors )?^ l 
is never included as a factor si nce • l is nnf ^ 
a prCar-number (by definition). " 



In connection with situatibn 3 '(listing the 
set of all factors of a nusiber) / 1^ i'S always 
included, along^with the number, itself. Both 
^nd y J2^ are factors^ of ji. (a composite number), 
but neither is a prime factor. * ^ ' ^ 

Some -childien will need^your help at times 
ia^ sensing clearly which one" of the three preceding 
'Situations is under consideration. " * 



Every 'whole number has many names. In this chapter, v/e will, ,^ 
use this idea*, again. Take the number^ 20^ Many names can be- 
given for 20 (lO -r 10, 22 - 2; 2 10, 1 x 20, ' 4 x 5i etc.).^ 
«If we list only Barnes which show multiplication for • 20, we include 
only product expressions . (l x 20, 2 x 10, ' 4 x 5, 5x47 10 x 
2, 20 X I.) It will be T)Oted in the next'section that if we 
" remembeV the commutative property, three of these product expres- 
sions for 20 are sufficient. ^ 

By u*sing *the commutative property, we get tJ^e last thre^ from^ 
the first three'. . ' 

'fit 

' ' 1 X 20 = 20 X I 

2 x' 10 = la X 2 ^ \* ^ 

4x5 =-5x4 

* * • 

Each product expression for a numb^ corresponds to an array. An 
array may be described by a^number pair like 5, 3. The first • . 
number named gives the number of rows, and the second rjiunber name^ 
gives the number of columns in the array. ^An ar/>ay describing 
5, 3 looks lil^e this: 
I. 



Suppose^ there^ are lb objects w^th which to construct arrays. 

If all 'Objects are used, how many different arrays^ e^an b'e formed? 

A 1 py 10, 2 by 5, ^ 5 by S,-!. or a ' TO by 1 arraf can be formed.^ 

1 * • 

Each of the arrays ,i9 different from the ot|iers if they are not 

to be moved about. - ' * . ' . ' 



li. 



73. 

84 



-Again ^oii will notice that we have considere.d every pair of factors 
whose product, is,^ 1(5. (l x 10, 2 x 5^ ' 5 x 2, and 10 x l) . 
Actually, ^we have used only two pairs of numbers, but have four 
dii*ferent expressions if we consider order.' » *. / ■ 

Take 36. l! x 36 is' a j^roduct expression for 36. Since 1 
is a factor of 'all nigjfoers, every number has .a produc^t' expression 
*«f this, type.' ^^'^^HQtt^^ expressions for 36 are 2 x l8, * 
3 *x^l2, 4 X 9^ and ^"^V. Here there are five different expres-- 
sions.' 5y app^Lying the commutative propeirty of njaitipficatlon to 
^ *them, we can arrive at four more: 9-x 4, 'l2^x 3, l8 ^''2, ahd 
36 X 1. I^ere are Aot' five more expressions bec^ause whjen the 
'commutative !?>roperty is applied to 6x6 we arrive at the same 
product expression. - , ' " • ^ 

For- a small number, Jqjowledge of the multiplica-t-i<^ facts 
enabltps us to find every product expression with two factor^ 
'the number. ' For ^ large number, another method, must often "bemused 
to find factory and product expressions- for the .number. ' % 

Suppose the problem is* to find whether a niomber'has a feiHpr 
3, ^and to write a product expression for%t if it .ha5>. - This^ 
might b^' done by two methods. ^ 



METHOD A; 



(1) 



Is 



3 a factor 
37? • w 



^ 3r3f 
6 



10 
2 



37 = (12 X 3) + 1- (a remainder; 
0? 1) - '. 

3 is not a factor of 37. 



(2) I^^Ji a factor 
of 57? 



)57 




^• 


. 10 


27 


9 


s 

'' * 


19 ■ 



57 = 19 X 3 (no. remainder) 
3 i£ a. factor of/ 57. 



s 
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METHOD B: .(H6re must use the multiplication facts and 
mathematical sentences.) ^ ' 

Is '7 a factor of '67? I*^know 9x7 = 63^ ^ 

' * . 67 - 63 = ^, 

therefore (9x7).+ ^= 63V ^ = 67. ' 

When we divide 67 by 7 there is a remainder , of 4.* The- pnly 
way that 7 could be a f^actor of ,67 would!l^be if there were no 
remainder. ' . , > 

Suggestions^ for Exploration: ^ * ; 

Review many names for the same numlper. 
( T^e V iew. mult 1^.1 ic at ion language and "ways or writing. ^ ■ 
Review arrays^ and their relation to product expressions. 
^ Find several product expressions fq»r several numbers. 
..Introduce Methd^s A and B to find whether a numljer has 
^ a factor, thereby making it possible tp writ^ a product 
expression. . . ' 



Chapter;* S 
PACTOPS AND PRIMES 



FACTORS AlJD PRODUCTS 



Let*s think of two niunber^/ for ^example 4 ahd 
5/ Use multiplication to ^et a 'third ntuntier^ / 2^5. 
•We -write this v ^ ' ' ^ . ^ ' * . 

^ is called a. factor of 20. 
• 5 is called a. factor of 20.— 
.20, 13-, called ther-produtft of k and, -5. 

If we use the nafne, x 5^ for 20,* we arel ji^iti^g 
20 ^ a product of two factors. SOme^imes^ we call , 
^ X 5 a. Adjigt expression for. 20. ^ ' 



\ ' The imiitipircation sentence/ 

30 '= 2 X 5 X 5 

says that 



. 30 is the^praduct of 2 and'-3/ and 5, 



'I 



It also aayVthaB - / - • - 

2 is* a factor of 30, and ^ is a/ factor ^|\'^q 
^.''\ ^ and 5 ^i*s a factor of 30. /'•.\'" 

' /. A product expression fof^^- .30 is 2 x'3 x 5. ■ • 



/ Exdrdise Set -1 ^ 

List three* different names for each of- the following 
^numbers: (Use preset expressions.)^ 




a. ten [f^^^j; s-x^J , ^ tWepty-one \^ni^^^^y 

b; twelve Uu.ixji ^ e.^ nine [3x3^ 9rh fry 

. « * * ' 

' c, sixteen /„; r \ * ^ 

2. ' Copy the following statements and fill in the blanks/ , 

-a. 5 is a fdctor of 15 because 15- = Iv^^y SotSxs \ 

b. 15 = 5 X 3 shows that ^ {3\ ' ''is another' factor ^ 
of 15. • J . ^ 

^'0. 24 is the product of 6 -and J ' ./* 

d. (^/^ is, a fac'toi* of eVery number, y ' • 



re. 



Every number greater than -1 has at least /(^) 

^ different factors. . ^ , . 

• , ' - ' ' • . ^. * 

3. */H0w many , different 'arrays can be formed with ^ 

^ a. .10 objects? 4- (^-^s-.^^z, /o^/Jf^^^) 

V b\ 20 ob'jjects?/ i (4xs',s^^4 /^^ ^ i Z^-^** ) ' 

Li§t the- number of rows ^and coliyrms in each array. 



' (Remember thai the number of rows ia afi'lwayS' named ' * 
first.). ' f . " : < 



4^ 
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v', ' Exercise Set. ' 2 



Ebcpress the^ following -Aumbers as a product of two fac1?ors. 
Find' three different ways for eaoh. ■ 

a. ■ 24 U ^ ^(.., 3 X e) ' * , 

b. ' 30 (s-xC / -?xxr^ 3^'^/^) 

c. 28 ^vx7 , / x a/,^ a? ■ 



Write thfe decimal numeral for each product. • ' 0 

.a. 6x9= (r^/-) ^f: 5 X 9 = ' ' 

. b. T.x'e ^- f>5/;j) ' g. -6 X 6*= (^f)' 

c. ,9,x ,7 = (^S) •. h.' X 8 = 

: d. 8x8--. [^-/) ■ i. 7x8yH^;^^ > 

. ^e. 7x7= (^0 ^ J. '6'x'6-= (^^t^* 

Compiete each mathematical sentence below. to- make a true^ ' 
statement. ^ .>' " - ° . ' ' 

a. 3^x .(7/° = 21 . f. (yj X.4 = 28 

b. r .(t^) X ,8 *=-''56 g. 8'x . (^y = 32- 
.c; . 4/'' '^ h.^' 4 X « 36 

^ d'. 9.x. (?) 81 'f. ./ i. • ^ -X 6 o 24 . " !' . 
e. -1. = 72-. , ' J. . 7 X Jtll = 63 • 

E^t-ess' each 6'f the~ J-ollo^kng -numbers' as a proiiup't of two* , 
factors in eyery possible ifey. ' • ^ ■' . 

" ^. ,12 (There are ; 6 ways'./'^ "^'^^ ^''''^ ^'V'/!^ 

b. J-5 (-Ihere are 4 waya.)(fx7; jy>^i/?xS'/ /.yysj 

' ' c. . 42 (There' are 8 . ways. )/^^« -""'^i ^"^'^ ^" 

' d-. '18 (There are '6' w^ys .)(/_;(/ ^, a*?; 3%l.j ^s^V'^^y's^l)' 

e . 45 ; ^ tS^®^® ^ ? • ') t' * ^ ' ^ "'•"^'^ * ^ ' ''^*^-'*f''l). 

f. . 24 '(There are 8 ' ways . * * ** > '^''^^''^x^t ) •. 



TESTING NUMBERS AS FACTORS 



Is 3 a factor of , 57? Is 3 a factor of 37? ' We may 



see using division (Methods A) 



3 ) 57 

27 


\ 

9 




19 . 



&7 = (19 X .3) 

3 i£ a fq^tor of 57. 



5 ) 57 






"10 




2 


■' 1 ■ 


12 


1 





37 X 3) + 1, - 

3 ^ i£ not a factor of 37. 



Here is another method we may use to see if one number is 
factor of another (Method b). is '7 'a.factoi» of 67? 



• I know 9 X 7 = 63 
- ■ and / ^167 63 + 4* 

'Therefore (9 x 7) + ^ =■ 65 + ^ = -67. 



Sjl^ceb..y*4 is less tKan 7, \ is the i:emainder when > \i 
i ^^6*? is divided by 7. This, shows that '7 is no^ a, 
. ' factor of ;67. 'i. . ' ' I- 



Exercise Serb 3 



1,? Use/ Method .'A "tor*. 'answer eacfi of these 



. ;''''.a;/,Is; 8 ' a factor ^df 8l? (t^^ 

br Is U a factor of .52? (^/^^^ i^'"*^^ 
, , J c^.' ,Is/ / • a. factor of .59.?' /^^^ 



2^^ Use Method -.B 'to answer each of these Wirijte yox^.-BxiaUer 

'in 'a\ complete gentewce. ' ^ ' 

• • • ' ' ' • '.'^ ✓ 

a. Is a factor ot'^i^^f ' A 

Is 9 a tB,p;ct>'t/rit' i^^^ 
0. rs . 8^ 'aj^s^CJtor of ■ 56? ^ ^'^^^ ' 



^ C*' f 






DIFFERENT PRODUCT EXPRESSIONS FOR THE SAME 'NUMBER . 

Oj^jective: To help children understand that one niimber can be 
.V * namecf by more than one p'roduct expression ^ 

Vocabulary:!. Product expression, associative property, 

' ! ' coimnutatlve property , 

Backgroimd-: • 

'•'.jaefore beginning this unit, t}^^ teacher 
snould study Cnapter 4, Grade P6u5?, particularly 
the materj-al on the associative and commutative 
properties of multiplication. 

In the; -review on^?46 and P47, we attempt to show that for 
our purposes, it is unnecessaiy to distinguish between 
(2 X 5) X 5 and 2 x .(5 x^5) or beti^eert. 2.x 3\ and 3x2 . 
in waiting product expressions. \ • / " 

Once I we, l^now*"-. , 

2x3 X 5 =i. 30, 

we also kno^ 'tha'trany rearrangement of 2., 3, and 5 : gives 
another produQ.t^ e^Kpression <for 30. . We may, .of course^ find it 
, helpful to think of the. rearrangements; • but we will .not regard 
them as different product ..etxpress ions for 30; and- we will^Wi^ 
any jf]^e as a representative of them. all. fhe essential poin"tj 
that, by rememb.e^ng the commutative and associative prqperti? 
v/e,c^n*get as much> information about factors and product expre^ 
slops of 30 ' f r^ ^ k - " " ' - ^ 

; --s'-- • 2 X 3 x5vt 30 ^^^-^ 

as^we can from all possible groupings andfreai*rangetnent:& of the 

factors 5hown-^ ^ • ' .-.^ . ^ ' 

. . ' ^ ' ' ' ' ' ^ -10^^ 

Suggestions for exploration': - m^-r^-- 

* . 1. Review' the associative pro'pe^^ty of* multiplication wit^' 

; .^t - tjie class before introdticlng' pupil page ^46. Upe ^x^ 

similar to'the one 'given^^on that p^age, ' • 

2.» .Review the commutative property in the same wa?' 
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THE/ASSOCIATIVE PROPERIY OP MULTIPLICATION 



A. -Starting from 6'x 5 ^ 30, , we can. get 

• ■ (2"x 3) X 5 = 30. 

B. starting from 2 x 15 = '30, we can get 



3) = 30."^ 



' ' : ; J.. 2 x_ x^) 
The associa'tive property arso shows us hoW to ge.t 



B from A. ^ " ^ ', 

6.x 5 = 30 

X 3) X 5 = .30 * ■. ^ ■ . •• 

2 X (3x5.) =30 (Ass6ciative Property) 

• - - ;t . ■ 2 X 3(5 = 30- ' - ■- "i 

If we shoyj ho gro>^ing*and Jus^ write 

^ 2 X ? ■;>< ^-^ 30, / . ' ^ ' ' 
%we see clearly that 2, ..3, and 5 *are factors of 50. 
VV:' By/- thinking o^hoth^ groupings , we* see that ^ 
'6 arid 15 are also factors or 50^ because we 

get . ^ 



ahd^ 



^'f* Writing the pr^dubt ^<sf*^alon of 3 or more faators 
^thout parentheses can giV.€^$ as much Urif oq;nnation as 
writing all possible. groupinj|^; . We' Wi:^l use parentheses 
only when we want* to show iflttioxilar groupings. ^ 
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THE COMMUTATIVE PROPEKTY '0Ii'.MUL'J?IKLiCATIO?f-" 



7 ' • 



. When we know"^' S k?-)^^ 3,' ^ we -also loiow :'. 



\ 



If we know that - 24 x 3^^'768, ^ thjWi N^e ;lmdw 
• 32 X 24' ^-768. 



If we know . 30 = 2 k/S k^S^ % then' we also know 
30 2 >< 5^ 3, 
^' . 3C> =x 5 X ^ >^^3, 

3C^.^>r2 X 5; 





f theajM/ays* of pxpres^sing^ :3o; as \a 
product of three factors te^lyS us, that \2, ■ '3, ank '/S'^ 
are factors of 30; Wh^n we'.krioW.'one way,.;vre .can list- 
en six; but.me will find notlUrtg'he^^/frc^ f.^, 
five ways* -«= ' v- vf'i'; ^'-•V..'/.r*r ^ , 

prom now on in .this tmit will not ^li^^two ways ; 
of writing a product expression a^»>> j(ilffj 



unless they show' a different set of factors. / 
m ' — X 




■V - 



V 




\ 
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B|icl<;groun*:;':v, • - - - ^ 

-. ' 

i/' IJfiBll page 47 six ways were, ./ound to -use the same factor^,- 
;• -^bcexpre^&'t;he .product, 30, They are all considered a $ one way of, 
exi)r.fes^ir)S--,-5C'; as a product.^ W'w.lll-'riot -pay that two ways of 
wi'4=l4'ng- 4' product expression are dlffe'rent wa^ unlea#* they' show 
' "cliTf erent factors. cT?or example:' 

6 = 1x6' ■ • 

.«•--■..••' -6 = 2x3. ^ . ■ 



•There- ixre two different ways of expressing 6* as a .product be6|s 
■■feach: product expression involves a different" set of .Sactors. 
'•ar^ five different ways to express ?Q as a product oS three.-.'-'- J 
.•.i^actors. ' ^ " v ' >','.-*k 

* 30i=2x3x5'' . •■ 'y-;.; 

= 1x5x6 ■ -'^^'^'-y' 
= 1 X 3 x-10 ' 

= 1x1 x'-30 ■ • ■^f'"'':' •' 

writ(^^e product' expres'sion for 12' using three factors 
and beginning with the expression 12 = 4 x 3, we have: 

, 12 = 4 x,3, ■ ^ ' ' 

12 = 2 x'2 'X 3, and ' ' . 

■ 12 = 1 X 4 X 3'. , ' . • 

If we begin with^^ 12 = 2 x '6, . then= 12 = 2 x, 2 x 3, and • 

12 ='1 X 2 x- 6. • ' . 

Each product expression^ ^hows cert^r^ factors of the number 
it •names. . other factors c^m'be obtained by multiplying twq factors 
or by multiplying three. factors, etc. 



.J. • 
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For exampif> from 12 = 2 2x5, 



weNknow^at 



^ 1 is ^factor of 12o 

2 is a factor of 12. 

5 is a,fa<^€or of 12. 
'h is a fae-tor of 12, 

6 is a faclWr of 12, 
12 3,s a factor bf 12, 



(1 is k Yacjbor of ev.ery 
. (Shown)/ * •• .n^^er") 

(shown) . V 

'(2x2) 

* (2 X 5) ^ . 

{4 x^2 X 5)^ ■ ' 



t'then, from this expression would have 



G 



We also know that, 12 is a faqtoiNof 12 "N because, every number 
has ita©lf as a factor. So,^ we know thab<: 1, ^2, 5, 4, 6 
and, 12 Are factors of 12. ^'Thifi happens'^a be the set of all 
factors of 12. ' v ' • ^ 

If v/e had written , 

^ * 12 =5 r,>^ 2 x^e^ ; 

only 

1, 2, 6,^ 1? a& factors**of .1:2. 

r " * ' 

We could have^ found out Just as much from 

12 = 2 X 6 ijas from 12 = 1 )< 2 x 6.^ 

This i& a good reason fpr . not\ always specifically including X * 
as SL factor >in a product e'xprea^sion; ' ; ; ^ , ^ . ' 

Expressing a number as a product* of 2, 5, ^,^5* or even more 
factors does not always give all factors .of the number^ In 'tl\i8 
sec^tion children are learning that different pr,oduct expressions 
for the same number may lead to, different- sets "^f factors. For 
example, these differerijj^produjL expres-slons far^ 6o lea'd' easily 



t 



-to redognition of different se^Bdf factors for* 6o. 

66* 4 Jrx''2 X 50 ^ 
Easily seen set of^.factors' o'f 60: [1, 2,, 50, 6o^^ ' 

' ' . 6o'= 2 X5 Vip \ 'A, , 

Easily 'seen of factors of 60: "pi, 2, 5, 6, la, 20, 50, 6or. 

' . * • 6o = 2 X 5 X 6 ' ^ i ' . ^ 

Easily seen' set Vf factors of ^60: {1, 2, 5, 6,, lof 12, 50/ 6ol 

' ^ V " # \^ ' , ^ 

Nothing assures us that the union or all theses sets Vof. factors of 

' ; ^ ^Cl' 

6o ,ls;the set of- all factors of 6o. Indeeoy from thS^ 



given factoriea.tlons U is clear that not all factors ^of 6o 
are dbtalnfed since ]l and 15 are n6t in the sets of factors 
and clearly they are factors of 60. ,.This .r4ise§ the folipwing * 
que&tion: Prom which product expressions can we find all 'factors? 
The answer depends on the idea of prime^ numbers and is given in 
the section FINDING ALL,PACTbRS» - 

• •■ . • , (• ^ . -. . 

Suggested Exploration: " - ^ 

Discuss the diff erent^ays a product expression having two 
factors majr be writte.n as a product expression with three 
. , factors... Emphasize the role of multiplicatibn facts* 

Discuss the way in'^whiph product expressions <Tan >e used to 
find factors. 

' Show by example that different product expressions for the 

same number lead readily to some factors of* the number. 
• Some of these faqtors- mi^ht not be seen -at all if we beg^' 
. with a^ dif|rerent product expression;. Th"is is qtiite evident 
'in our examplfe which msed different product expressions for' 
60. For example: . • * ■ • 



' 60 2 X 3 X 10 


60 = 2 X 5 X 6 


! get the fkctors: 


We get the factors: 


2 (given) 


2 (given) 


3 f given) 


6 (given) 


10 (given) 


5 (given) 


6. (2x3.) 


12 (2 X 6) . X 


20 (2 X 10) 


10 (2x5) 


30 (3 >< lOj - 


30^ (6x5) , 



1 is a' factor because 1 is* a factor of every number, 
i-s a factor because every nimib^r has' iti^elf as a factor. 



60 



If 60 = 2 K 3 X 10, 
the factors of , 60 ^re: 
i, 2/3, S, 10, 2G, 30; 60 



, " ■ If 60 = 2 6 X 5, 
^ ' the factors of 60 ^re: 
* ^^^^ 5, 6^, 10, 12, ^0, 60 
Show by example that using 1- as a factor to extend a pro- 
duct expression does not give Inore information about factors.- 
Discuss the answers to exercises 1, 2,»and3 in Exercise 
Set h in the light of thes^ ideas. % ^ ' ' 



•■ ■ . ' 'Si' 

WAYS TO WRITE DIFFERENT PRODUCT EXPRESSIONS^ FOR !tHE' SAME NUMBER 

There are two different ways to egress 6 
as -a pro'duct'of two factors. .We can' use the factors 
1 and 6, or 2 and 3. • . 

'■.6 = 1x6 
6 = 2x3 

There ai'e flye different ways to write 30 • 
as a. product of three factors. The factors of -r^.^]^ 
30' are 1, 2, 3, 5, 6, 10, '15> and 30. • 
Using these factors', name the 5 different ways'. . 
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The factors we g^t depend upon the way we write the 
product expression. Xf we writ^ 6b = 2 x 5 x 10, -we will 
find^ne set of factors. If we write 6o = 2 x 6 x.5, we ' 
will get a different set of factors:- 



.-60 = 2 X 5 x'lo \ 6o -'2 X 6 X 5 

The factors are: ' The factors are: 

2 (given) ^ , r ■ 2 (given) 

. X (-Sivert)'- ■/ , , , . .6 (given) 

10 (given) ■ .*■...•■*•'.* 5 (giVen) 

- 6 (2 X 3) '/ ■ • 12 (.2 X 6) 

• 20^ ,(2 X ip) ' ' •' ■ , \ • 10 (2 X 5)" ' 

30 (3 X 10) ■ ^ . ' 50 (6^ x 5) 



1 is a factor b'ecause" 1 ' is a f A'^tor of every niunber. 
• ■ . ■*»>•'*, 

60 is a factor because -every number has itself for a factor^ 
If 60 = 2 X 3- X 10, " If 60 = 2 X 6 X 5, 



't\ie factory are:'* ♦ " ' the Xactors are: 

1* 2; 3, 6, 10, 20, 36, ,60 .. l/'2, 5, 6, 10, 12, 30, 60 
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I ' ^ Exerclsre Set ^1 

1. Each number below Is written as a product* of two factors* 
Use this 'to ^rlte the numl^er as*a product ot t^iree* factors. 

' a/ 12 =s 4 X 5 ; * ^ ' 

\ Answer '; 12 = 1 X 5 or 12 '^= 2 x 2 x 5 
b. '8=4x2 e^lg = 6x5 

18 = 9 X 2 . - f. 36 = 6 X 6 i" 

d.' l6'= 4 X i| g. 56 =i i| x^q " . 

2. Write two different product expressions for each of. these 
\ numbers. Use three factors In ^ach product expression. 

Then use each product expression to Xind as mtoy different 
factors of*the number. as you can.' Part- a. Is done, for 
. you.. ^ 

a. 12 ' 

Answers: 12 ='2x2 x 5 , Factors we can flnci: 2, 5, >^ 6, 12 
12 = 1 X'2 X 6 Factors we c«n^ find: r, 2, 6, "^2 

' .b. 18 • ' . ' 

• ., c. 56 • . . 

d. 16 ■ ■ . . , 

3. ,In exercise 2/ when we used 12 = 2 x 2 x 5°, we find thkt 

• ♦ 

If we put ^ In our list we have all of th^ factors ijf 12. 
Find whether this is* true for each of the product expressions 
in exercrse 2. - . ' * ♦".4* 
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How we express a number as a product of , three ^ factors 

in all different ways? We might first express the niamber as' 

a product of two - factors in different ways. ^ . 

a. 10 ^ 

10 = 2 X 5, so 10 = 1 2 X 5 « 
10 = 1 X 10, so 10 = 1 X 1 X 10 . 

r , 

I can find two different ways.> 

• b. _ .12 _ • . , ' 

12'= 3 X 4, so 12 = 1 X 3 X _h, and 
) ■ - 12 = 3 X 2 X 2 . 

12 = 2 X 6, so 12 = 1 X 2 X 6, and . 

12 = 2^ x 2x3 ^already' found) . 
12 = 1 X 12, so 12 = 1 X 1 X 12, and 

, ^- 12 = 1 X 2 X 6; (already found) 
' and 12 = 1 X 3 X 4 (already found). 

I can find four diffe'rent ways'. ' . * • ' 

1x3x4 _ . ; . 

2x2x3,' 

1 X 2 ^ "6 * 

2, X 1 X 12' , 
Use the method shQwn In 'a and b to find as many* ways aB 
you can to -express these numbers as products* of thi^e factor's-. 
■ 0. ■ 16 ' ' f[ 11 • 

• d.. m8 ■ • . g*. 44 ' - ■ ^ < ' " ■ 
e. 20 ■ . h. 42 ■ ; * • 
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Answers Exercise Set .4 * , 





i 


X 




X 2, 


or 


2 X" 2 ^ 2 




'1. 


X 


9 


X 2 


or 


5'x 3 .X 2 


d. 


'1 


X 




X 


or 


2 X 2 X i^ -. 


e. ' 


1 


X 


6 


X 3 


or 


2x 3'x 3 


f . 


*i 


X 


6 


X 6 


or 


2 X 3 x''^ 




1 


X 




X 9 


or 


■ 2 X 2^x '9 



r '(possibly different order) 

** *^ II ^ n • II * 

• • If " - ' ft . » " 



% V II 



2/1?. l8 = 1 X 9 X 2 pr X 3 -^ii^ or .1 x 3^-x^6 r ^ 

1, 2, 9, 18.' \, 2^ 3, -6/9; l8f 1,.?, 6/^18 

c. '.^6' =1x6x6 or 2 X-5.X.6 • • - ^or-' 1 x ^ y. 

. 1^6, 36 •' 1,;2, 3, 6, 12, 18, 36; 9,^36 

f ■* > . .or -others ^ ^ 

.'d". 16 = :i^,x 4 X ' or 2 x*.2 x * or ;l x 2-x 8 ^ ' . 

^ . ♦ • • • . 

1.; 4, 16 1^ 2, 4,- 8, 16.; 1, -2, 8, 16 ' ^• 



7 




■erJc 



■ ; , 9.1 
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.b. If your ^answer was l8 = 3 x 3 -x 2, then by, adding 

to your^list of factors, yoii'wolild have the''«et-or all > 
'the factors of l8, "i.e. [l,.2y 5,*$, 9, -18}. 
a. Not true 'f and g.'^ * * * ' ' , 

d. If your answer was* 16 = 2 x 2 x ^, then by adding t 
to>your list' of factors, you .WQuld' have the'set of all 
. ' fac^tors -of. '16, , i.e. (1, 2, 8, l6)», ' 

There is no^way 'that 36 = if x *9 could.be expre§aed as 
• a prodiict of - 3 ' factor3£>»that would aid you in finding 
^ all the factors of '^36, ^Yoj^^^&t use 36.== 2 x 2 x 3 x* 

c. 2 X 2 X ^, X i| X 1,' 2 X 8 x-1^ 

d. , 3 X 3 X 2, 6'^ v3-x 1, 9x2x1, l8 x 1 x 1 . ' 

e. 2 X 2 X ^, Jl-x 5 X It - 10 X 2 X 1, 2'0 x 1 ^x 1 _ . ' 

f . • 11 X 1 X 1 ^ '~ ■ . " 

g. 2x2x1^, 4 x"ll X 1, -23 x,2 x 1,, 44 x l.-x 1 

h. 2 ><: 3 X 7, 6 X 7 X \, , lii X 3 X 1, 21" x l^ >^ 2, 
'42 X 1 X I . . , ■ ' . ' 

ft, " ' 



ONE AS A PAGTOR 



Using 1 as a factor'dn a pr,oduct expression 
tells us nothing v/e don't know about the faS't^rs ; 
of the niimber, •For example: ' • ' 

a. ' We know that 1 aiid 15 are factors of 
. 15, since every number has" as factors, 
'itself &nd J. Writ4.ng^ 15 = 1 x 15^ tejUA 
. ^ US nothing more about the factors of 15^ 

. b. If we wijite 12 « 4 x 5 .x 1, -we knoV^ ...-^ 

no more about the factors of I2'<^an \ 



if we write 12 =^ 4 >: 5/ 



c. 



If ,we Write 56 = 9 x 4 x^'l or , * 

36 « 1 X 4,x I'x 9/' we know no more . 
about the factors of 36 than if we 
write '36 =^-.4 X 9. . ' ^ 

^£i^ause ^of thisT, when we want to know more aboift the 
factors of a number, we look for fac't6r3 greater than - 
1 -but less than the number itself. 
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FACTOR TREES ' ^7 " " — — — . 

* . ' • ' J * 

Backgl^ound: * , * * - ^ 

' • ' ' ^ ^ % ' ' <^ 

The process used to express a number as a product of more'.'ihan 

two factors can be pictured in a diagram. This diagram ^jnay help 
chiWen see la9w.a number is "built up'' from smaller numbers by 
multipliqation. : » " \ \ 

A factor tree is a, way to picture factors . 36 * 4 x 9 .is 
repres^ented by drawing : . ^' <^ 

36 ' 



We picture 36 = (2 ^ 2) x 9 by extending this drawing to make: 

■ ■ ■ 36. - ,• ^ ^ 

2 X' 2 ' . ^ ' 
Finally 36 = (2 ,x 2) x (3 x.5) is shown as: • • • 

\ 

• ^ 




If „ fot example, >a different pair- of .factors had been choseri; 
such as, 36 = 2 X 18. The drawing wbuld have been started:' 

,1 ' 36 

• ' . 5 X- 18 . . • - ■ 

36 = 2 X (2 X 9) -would be added ^0 the diagram: -J 

' , 36 . • ^ ■ 

2 X 18 



Since 2 has only 1 and 2 as factors, i-t -woulti- not bh written 
as a product. To show this we would jiraw; 

^ 36 » * * . ^ 



The picture would be: 



X. 18 
X 2 X 9 



2 
I 

■ 2 



^6 
X 



.18 

X 2 X 9 



X 3 X 3 



I'his unit is good readiness for study of prime numbers. You 
wilj notice when a factor tree i^ completed, the last row Is a 
product ^jcpJession showing. all the prime factiprs of th6 product . 

Suggested 'Exploration: ^ , ' . * 

Use the examples shcrwn in the background for an explanation of' 
factor trees, ' - ' > 

Follow each^step carefully. Do not oi)}it &ny of, the procedure • 
Use several examples il6, 15, ^O) as' necessary for the class 



1G6 
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• FACTOR TREES 



A "fa'ctor tree": is a diagram* which shows factors of a 

• ' ' • \^ . . . • • 

givep nupber. Letts look* at the number we can give 

produot expressions, with two factors (cfach one greater than.l) 
as folloy*s: j.* . ' '.'//' 

r ^ 24'= 2 X IS , * " 

^ > • ' " ' ^2^ = 3 X 8. 

• * 2^. = 'if X 6 , ^ . ^ . 

These produc.t expressions can bd pictured by "facto^^^ees" . - - 
whi^V_look like this. * * ' ^ 



\ 


y 

24 = 2 X 12 


! ^ 1 

24, = 3 X 8' ■ 


,24 = 4 X 6 

• * 


o • 


• /\ -. , 

2 X , 12 



24 ' 
3- X 8 

/ 


. 24 



.teach > 1) by^;uMng. the "factor tree's." 



2.4 = 2 y/i2 .. 
= .^o< (2 X 6) 
OR = 2 X (*3-x 4). 

^4 • 24 



2 ;x 12 2 X 12 

r A'. I -A 

,2x6 2,x S'X,4 



B 



24 3.x 8- 

. = 3 X (2x 4) 



24 
3 .X 8 

■I - A 

3- X ^ X 4 



24 4 X 6 

= (2 X 2) .X 6 • 
OR . 4 x (2 X 3) 

. 24 ' 24' 

- /\ /\ 

,\ X ■ 6 4 x6 

■/\ -1 ■ 1 A 

«2x2xi6. 4x2x3 



E. 



, ,We can extend the factor tre.es at the bottom oil page 96 
to picture how- 2^ can be expressed as a product of 4- factors. ' 



'24 



24 



2 X . 12, 

-I /\- 

2x2 X 6 " 

1 I .A 

2 X' 2 X* 2 X 3 



2 . X 




2 X .3 X 4 

\ \-/\ 

2 X 3x2x2 



B 



24 

•A 

.•3 X 8 , 

I /\ 

3x2 X h 

I 1 ; A 

' . 3 X* 2 X 2x2 



24 



24 



4x6 . 4 • X 6" ' 

A -X -I A 

2*x2x6'* . % X 2 X 3 

IT A A k.l 

2x2x2x3 ' 2x2x2x3 



Ib it >c58Siblg to extend the factor tree to another* row 
K <fchat Vould "gti^ ^ 24 ka a product of. ^ factors' (not using 1 
, "as a factoV)? 7^ ' 

What* do yon notice al]^ut the last row^in the factor t3?ees 
\, B, C, d; mid E above,?' -^^^-''^^ ^.^^^^ ^ 



in A, 



. ■ Exeroiae Set; 5 ' 

1. Draw two-^factoi? trees^ (if there ^are two) i^or each of the 
i^olloWirig, nuflj^ers. Extend each, tree as far as possible. 
Do' not use ttie factor 1. * ' ■ ^ 

• " a. 2f ■ e.- 60 * ; ' ■ 

b. cjo f,- $3 ' 

2. List the smallest niimber which has ^all of these mmbers ' 
as factors. , ^ ' • ' 

a. .2,- 5, . 5 f3c) 

b. 2, 5, T'f/e^. ■ 'r 
■ c. 2, 4, .8 ' (f^ ' ■ 

d. 2, 6, 1? UPj . . > 

■ e. 2, 3, 4 (>/^J • - 

f. '4, 6, 8 (^'f') . ' i 

■ g. • 5, 7 * " ■ , . . - 

h. 2, 5, 7, 10 l^/^^j . " • ■■ A 

BRAINTWISTERS " . * ' ' 

3. - 6 is a factor of 678.' This means that 678 /must have ' . 
. . othe. . factors; «hai are the.V-^«^^,Sfciii'i^"y 

4. 12 ' is a fabtotr of 2,844. What other factolps must: ' 
2,844 have? fe, 3;^^(> ^f*^ttiu i4^i^-^a^ 
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■PRIME JWNBERS ^ . ' , ' * , 

Objective: To'^help children understand prime numbers and the role 
. ^ they play *in multiplication 

Vo^cabulary.: Prime number (prime), composite nuinber, Sieve of 



Eratosthenes 



Backgrbtind : 



Note: The process illustrated with factor trees 
always termi^iates, -perhaps after many steps, 
^ ^rhapSc.a.fter one or two. It may*" happen that it 
dannot »be begun, as 'for 5, 7 9 17* -25, since, 
♦numbers l^ke this cannot- be expressed eus a product 
of 'two iE(maller^ factors. In this chapter, factors 
shall ailways' be whole numbers. Of course, it is 
Just prime numbers ^uch ks these that appeatr in 
the last' lever of a\factor .trea. -They are ,the • 
"bricks'* from which all other numbers fu»e '^con- 
stinicted" by multiplication. If one 1^ to answer^ 
questions involv;lng factors or product^ expressions, 
we must become 'familiar with the properties of 
'€hese numbers, called prime numbers. Our study 
will also have some. very practical consequences 
for the 'computation of greatest common factors ' 
and least copnon jiiultiples. Least common 
multiples will be reserved for a later chapter. 



It is not possible for a number to appear, in the last leyel 
of a factor tree if it oan pe expressed as a prbduct'of two Whole 
numbers less tl^ itself. "Por example, 6 qannot appear, because 
it can be expressed as the product ^ )< 3a The numbers in the 
last level are those which^cannot be written as a pro^iict" of two . 
smaller factors. These numbers in the last ^level are cabled 
prime numbers . 

^ A prime number is a number which is-greitter ^han 1 but caxv^ 
not be written ^as the product of two smaller factors that are 
'whole numbers greater than 1« Take the, number 3. 3 tfe greater 
than 1 bulj cannot be written as the product of two smaller 
factors;* Therefore, 3 is a prime number. 

On the oth^r hand, the number , 4 is larger='than 1 but?* can 
be written as the product of two Smaller factors, 2x2. So 4 
is not a prime number. It is a composite number. 



Tlie-re ere other ways to def-l-ne prime numbers : v 

Cl) A prime is a number whic}ij.s greater tjian '1 ' but which 
. cannot be written' as a product without using 1 as a 
factor. (You may =use a prime 'to mean- a prime number . ) 

, ✓ - — 

(2) A prime (or, a.primejiumber ) is^a number with exactly two 
^ factors. Itself and one :~Pbr.instknce, 5 is primg (or, 

is -a prime number) because its only factors are 1 and 3. 
• , ^ i£ 22i prime (oj-, is not a pr.ime 'number ) because it has 
factors -"1, 2, and 4. • - • . 

f3) A prime numb^is a number with no factor which is smaller 
. than itself -but greater than 1. 37 is prime because there 
_ ^is no factor of 37 - that ia' smaller than 37 but greater 
than 1. 6- is not prime because it has thejfacfor 2 that 
. . is smaller than ^6. but greater than .1. , . ' - 

-^v^^sAil these definitions of prime numbers are saying the same 
thir/g: - "A prime number" is a number which ;Ls ^greater than 1 but 
cannot be written as the product , of two smaller -fkctors, each of 

. which is smaller than the number."' 

■ A whole nufber Which is not' prime and- is greater tharT" 1 is 
c{Q.led a composite numjjer. * • . • ' 

. • • . -4=2x2-/ 

. . . 6=2x3 ' ' ' _ 

■ • . . -9 ' = 3 X .3 ' 

, 8l|)w tt^at 6,^ and fs are -composi|;e numbers 



3 > 



100 

\ ■ . ... ,. 

Ill/ 



Su^ested Exploration: * 

-..Write several factor -trees on the tipa^^d, for example: 

18 • 



• ' "2x9 

2 X 3 X* 3 . 

Ask when we know we have finished-^a faptor'tree. 

Introduce the idea and terminology of prime; 'and composite 
numbers. Use many examples. ^ 

Define a prime number a« a number which is greater than 1 
but wh^ch cannot be written as' the product of two numbers, 
each smialler than the number. - * » 

, Define a' con^josite number as a niomber which is no^t prime and 
is greater than 1. It can be written as the product of two 
niunbers each' smaller than the number. 

After discussion> have children study pupil page 56. 
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VBim NUMBERS" > 



• V ^ Z Z ^ r-r-; 

A prime number is a whole ntunber which is greater 
than 1 but cannot b^ expressed as the product of 

■*. - ■ . 

two smaller factors. - 

2# 5# 7, -11 ' are examples of primes. 

. The name "prime number" ±& usually shortened to 
"prime". 

^ ' A whole, number which is not prime, and is greater 
than 1^ is called a composite ni^mber . 
\ ' , A composite nimiber is one whixjh can be expressed 
as a product of two smalleas4^tors. 

^9 6, 8, 9, 10' are examples of colnpositfe 
• nujBtbers.. " 
A "factor tree" cah picture ;prime numbers^ This 
factor tree tells us that 2, 3, -and' 5 are prime 
plumbers. " /^^^ 

1 , ■ / \ . - 
• - -2 'X 3 X 5 
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PAIRS OF FACTORS 



This section JLs included as preparation for 
the next section, "Testing for Primes 



Bafckground: 

The 'set of all factors* of 2k is {1, 2, 3, k„ 6, % 
12, 24]. ' ^ ^ ' ' ^ 



8. 12 24 




The diagram shpws that the factors -of a niunber belong together 
in pairs. ean be expressed as a product of pairs of factors^ 



ways 


• 
• 








6 


• 3 


X 


8 


2. 


X 


12 




X 


24 



or 



6 


X 


4 


8 


X 


3 


12 


X 


2 


24 


X 


'1 



If. one of 



a pair of factors of 24 ig less 
than 5 ' then the other factor of the palf must 
be greater than 5. For. example, if one factor 

4 (;the factor less than 5) the other 
factor of the pair must be greater than 5 since 
4*'X 5 » 20 ' and 20 < 24. If both factors In a 
pair were 5, then their product would be 25 
an*d If both factor's were greater than 5# then 
^their product would hb greater than 25. iStLs 
msL-j be summarized brle;fly In the following way. 
Select ill the whole niambers each of whose ^ 
"squares" (the "square" of a niamber n * Is 
n X n) Is less than or equal to 24. These 
numbers are possible factors of 24, Then 'test 
.each niMber ta d^ermlne If It Is a factor. - 
Such of these th« are factors will be one fadtor 
of a pair of factors. The other factor of the 
pair can be found easily. In this manner all 
factor pairs cietn be obtained. 
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If one of a pair ^f factors of 36 Is greater than' 6, the ' 
othec, is less, than .6. This diagram shows thfe pairs 'Of .factoi?s. of 
36, " ■* , ' , . j.^ ' . 




3' . 1> 9, 7*12, 18, 




36 can be expressed* as a product, of pairs 'of fetor's in these 
ways. The pairs of factors are: 

36 



1 
2 
3 

h 
6 



X 
X 
X 
X. 
X 



18 
12 

9 
6 



OR 




* In each case If \ one of the '{actors is less th6in 6, the other 
factor must be greater th6in. 6. -In any case, if each factor is 
greater than ,6, the! product would be at least J x 7 =• 14:9, 

Suggested Exploration^ A ^ 

. 'Use diagrams a^^hose shown on Pages 103 *nd im. to illustrate 
pairs of fsiotoi^^^^ - • ' $J . 

Using P57 forceless discussion^ help the clUlcfren make- 
observations similar to these: , ^ 

1. If one of a pair of 'factors of 24 is less' than 5, 
, ' the other is greater than 5. If it weren^t, ^the. 
" product would be , no greater l|ian . 4. ^ 5 20;. 1 1 

' 2.. IjT both factors in 'a pai»r are 5 or more, then. their 
. product will be at least 5 x 5 = 25;; and 25 > 2^. 
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^ /. Questions foV Glass Discussion 

* ' * U ' ^ ' • 

rl. In ,each- classroom in a ^;Scht>ol, ,the seat^ form an array. 

^Therje.,-ai^-*nevei^ 1119 re thtoV^^ rows of 5 seat 3 each. 
• * * /* 

^ ^ What -is the largest number of seats there can be in a 



"Classroom? 



'2^ I am thinking of two •ntunqe^,s. One is no greater than 8, 
and the o^her is no greatei^ than 7. What do yoij. know 
about their product? 

3. A number is no greater than 4. If it is multiplied by* 
itself, how great can the ji^duct be? \rr>^^. 

4. Ihe product 'of two nvmibers is $4. One of- them is greatgp 
than 8. '^Vfljat do you know afcout - the o thee? ^ y^M^JUr 

5. The product of two^numbers is 100. One is less than 10. 
What do you iSiOw about the' other? ^ X^^4^^ 

6. A certain factor o? l44 is greater .than 12. What do 
you know about the unknown factor? 

BRAINTWISTER ^ ^ , ^ 

7* The nuinlDer* % is ecpial^ to the sum.4)f ita factors, not 
t> Including 6 itself,. - 6 = 1 + 2+3. There is another 
whole number'' less thari 30 which, is equal to* the sum^of 
its fap:ters, not inc'^udlng itself * Find it. (^f) 
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TESTING PCte PRIMES ' " , ' 

Background: _ . ' ^ 

The idea brought out on l)age 57^an,be used' to* makie -the work 
easier .In findi-ng factors of 'any number and Iti locating jprimes. 

Find tlje set of the factors~"of 15. 1 and 15 'are bo.th'^ 

factors of i5. 2 . is tested and it is found that' 2 -V^s not a 
factor of^ 15. 3 is tested and it is foxind that'O *is a-factor 

15. Since^ 2 is not a factor of 15, then 4 cannot be a 
factor, because 2, .Is a faort;or of 4. jf 4 were a factor of 

15, then ,2 • would also be a fac|;or of ' I5. . Also, if '15 '"had a 
factor greater than k, the other Tactpr of the pair belonging' 
together vJQuld have to l?e'less than ^'because 4 x ^ = 1,6 'and 

16. >,15. Withoutr teiBting further than 3, a factor from each , ' 
pa.±r of factors of 15 is foiand. The remaining 'factors can be * • 
found from known multiplication* facts or by division, • For example, 

•,3x5. is 15,' ^sb the set of all factors ^of I5 is. (1, 3, 5/ 
and ^15*1 This^ethod^ greatly reduces th6^^woi^ in finding factors 

, of larger niambers "and in finding^ primes ; 

O^ake, the . niamber 23. In every pair of factors, one would/ 
■ have to be .less than 5. Otiherwise their product 'would be at 
least ^5 -x 5- The-only proposed factory necessary to test .will * ^ 
be' 2, 3, an'd 4. ' Multiplication f<f^s demonstrate .that neither 

• 2 nor 3 is a factor of 23. Therefore, * h is. not a Victor » •^ 
of ;'23. Since none of these is* a factor, then the only fa^ttors 
of 23 are t and 23. , This tells uj9 ;that 23 is a prime 
number. ' ^ , , 

Ufe another example conf|i5ler .67. We wish to-Qetermine if 
67 is a priAe niamber. Consider the number whose "squares" are 
67 . or less than :67. These numbers are 2, 3, k, 5, 6, 7, and 
8, If .pone 9f these is a factbr then* 6|r is a prime number. 
The testing of these possible factors' can be shortened in this 
^way.- Test^ 2 and find, that 2 is not a fajrtor*: then it ^ / ' 
follows^ that neither ,4 nor 6 nor 8 is a"factor because - 
^each of tl^ese has 2 as a fac^r. Then test and; find that ^ 
» 3 is not as factor, (we already know that 6 is hot a factor.) ' 



Consequently only 5 and 7 remain to be* tested arvd"^ testing 
shows neither is a factfor. Consequently 57 is "^a^rime-^ryamber. 
Now observe thSflT^f all the possible numbers whose "s(|{;ares" are 
less than^'67, namely 2, 5,-^A5, 6, 7 and *8, it \^as 
necessary to test 'only the ones these th^t are prime jiumbers/ 
i. e., 2, 5, 5 ^and 7. , ' . 

Suggested Exploration-: 

Proni ,the s^ef ific problems, help children discover the ^ 
"generalization thatf. tp test a number for %|jprimeness", we-n^ed' 
/consider only the prime factors whose squares are les^ than the 
number. One should not expect a. statement af t^tis idea until 
further work ia done. Children can be aware of the notion and 
use it^without being able -to express it in words. 
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' TESTING FOR PRIMES / . ^ 

' \ • \ '\ ■ ' — , " 

^The factors of a number are arranged in pairs. . mis 
diagram shows these pairs of. factors of 24, 

^ r ^ ^ i 




If one of a pair of factors of * 24 is l^ss .than 5. 
the other is greater than 5, Why? 

If one of a paiir of ^factors of 36 is greater than - 6, ' 
tjie other is less than 6. Why? 

At least one factor, in every pair of factors, of 48 is 
less than' 7/ Why? , > * r " 

We can use this idea to -make the work, easier in^ finding 
■ factors* It also helps in Ipcating primes. ' * 
^ Suppose we want "to find factors of 23, We can^test * 
2, -<3, '4 by dividing or by knowing multiplication facts* , 
None of these is;a factor of 23, We know/ then, that 23* 
is prime because:* if 23 had a factor greater than 4, the 
other factor would hava to^ be 4 or smaller. Otherwise, their 
product would b^ at least 5 x '5 = 25'. 

To know that, 23 is prime, \^^do not need to ,test any 
other numbers as factors. We do not even need to test, 4.. 



Do you see wlj^? 
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. Exerciser Set 6 



1. TO' find whether 4l is priinj^ or composite, what niimbers* 
must we test as possible factors? 2 3-^ S ^ o s 

2* Use -divisiorl to j^lnd whether -41 is prime. * ^ 



Test the following nvimbers as you did 41.'*' If the 
number is composite, expres's it as a product of prime 
factors. If it is prime,, write "prime." \^ 

Example: 19 prime ^ 
♦ . • " ^21 composite, 21 = 7^ 

-.4 • . • 



3^ 22 = 2*x^/ ' 

4. 27 = 3x3*3 

5. ^ 31 
» ' * 

6. 33' c= J. X // 

i 

' 7. 39i < 13 
, -8. 53 ^^'ew 



9. ' 55 =^2(.// . 

10. *67 /a-*^^ 

11. 69 = 3*23 

\12.' 83 

^ 13. 87 =r f 

14. 143 // X /3 
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THE PRIME FACTOR CHART 

•Background: , ; * h ' 

* • ' ■* 

^ :^he role -of primes in njultiplication .may be better understood 

with th« aid Qf an analogy. Like all analigies, it Requires ' 
\judlcidus use and.firm. resistance to ad^iVtlon. Experience 

indicates. that^ this .analogy may" be best appreciated i^'lt is read • 
, several times. • . ' • . 

The esseace of the analog^'is the viewing of a -mXev as a ~- 
compound structure-, say a wall. The wall is built Vrom several . 
different, colors of^bi«icks. By a brick, we mean a st^c^' 
. ture consisting of just oiie in^eoomposable unit. The' analogy > 
•^e-quires that we think of prime ^lumbers as' bricks. The process of 
putting bricks together to construct a wall . corresponds t6 multi- 
Inlying .primes to form crottposites . Given a pile of "nuinbet. bricks" 
different colors; so many -g-tB, so. many 3»8,, Lid so on-, many 
dyferent walls can be constructed ^.sing some or all'o^ each color. 

60 c= 2 X 2 X 3 X 5, 

m 



is made of 2 



bricks of one ool^^;^ (2) and one 



"the^ wall". 

each'of two other color's, " 0 and 5)'. 

_ SOtp^pse, on the other^hand, that we are given a finished 
nubber wal^^l, ^_.g. ^2, and wish to determine how it is constructed, 
we cai^ break>,the. wall apart into "snikller parts, which *e must also 
think of as wali^s in several ways, (m the wall' analogy, ifactot- 
corresponds to "^\^t Of",) life wall 12 breaks up' into the wall 6 
and the wall "2. It.^iso breaks into. the wall 4 and the wall 3 
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However for number walls ks for actual walls, no 'matter how", we* 
break up the wall into' smaller walls, 'if we continue breaking 
pieces until each^piece ia a single brick; then we must always 
-finish with the s.ajne collection o,f bbieks. That is to say,, two 
different sets of bricks, say^ 2, 2, 3, 7 and ^, 3, -3, 5 
can never form^ exactly thje same -wall. This is the meaning of the 
un^uenfess ^n the representation of a number as a product of primes 

Notice that the analogy* does not proyide a, counterpart to the^ 
commu1:ativity»'Qf *multiplication. For the number wal'l, it does not 
matter in what order the bri*cks are l^id, the result is the same. 
In an actual wall, a white brick ov^ a red brick produces a 
different wall thfan the reverse. v • 

Neveri^eless the Analogy can be ejf^tenhed to some of the proper- 
ties^ of primes, ^or example, if an- actual /w^all con^ins a red 
brick, and if the^wall is broken into two parts, then one of the 
two parts contains a red brick. This is the analogy of a'Xiseful 
property of primes : If prime divides a product , then it divides 
at least one of* the factors f 



\ 



Note: The wall analogy is suggested as a, possibly 
useful way tc illustrate the process of factoriza- 
tion and the rul^ of primes.' It is strictly option- 
al for classroom use, and no reference is made to .^.t 
in the pupils' text. 



Finding the prime faptors of a number by testing smaller 
primes as factors has several disadvantages. First of all we must 
already know the primes^ smaller than a eefbain i;iumber. ^ To te^t 
9,997 we might have to try ali primes less than 100. (100. x 
100 10-, 000) and so we mui^t already know th^m.^' Secondly, the 
process is extremely tedious. I.t is particula*rly" poorly ^adapted 
to t her very* problem whose prior solution ^t requires; namely that, 
of finding all prinj^S- smaller than 50 or 100 or* 200. ^* 

A much better process for systematically discoverinlg primes 
der3>ives from the obseryation that it is relatively /easy to write 
dowp thBi ^composite numbers less than 100. Each composite number 
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less -than 100 has 2., 3, 5, or 7 .as a jactor. Therefore, if 
we list the numbers .2 1 to "lOO and then strSS^ out the numbers . 
which'are larger than 2 and have 2" as a factor, the primes must 
be among those left. . ^ 

2, 3, }(, 5,. r. ^, -9. ^, 11, i:f, . yi, 15, , 

V5, 17, 19, 21, 23, 9^, 25,' ?6, "27, 

?8, 29, ^, 31, 33 ... 

If we now also strike out the numbers greater than 3 with 3 - as 
a factor, the primes still remain. Then we can eliminate in order 
those with 5 or 7 as a prime factor. The remaining numbe^s^*^^ 
must be the primes less than 100. ■ 4 

This idea suggests the physical analogy of a series of sieves 
through which , a heterogeneous bunch of particles is. passed .in 
succession. The method we have desci%)ed is actually called the 
•Sieve of" Eratosthenes, aft'er'a man of 'ancient Greece who used it. 
Using the sieve analogy we c^n describe what we have done in the 
following terms: ^ - • 

_ First we put , the numbers 2 -through I'OQ onto a "2 sieve".' 
This "2 sieve" holds- only ,^mbers' larger than 2 with 2 as a 
factor and allows the rest td pass through. Tljese, passing- through 
then fall onto ^he "3 sieve" which retains only numbers larger 
than 3 with 3 as a factor. ~ The numbers passed by the 3 sieve 
fall through onto the "5 sie've" and then the "7. sieve". Those 
which pkss through the final "7 sieve" are the primes. * 



Note: The actual^process of finding primes in this 
way can be made to reveal more fhan the immediate 
objective, and is something the children can do 
themselves. It is suggested .that the chart which 
is shown, on page 60 be duplicated and distributed- 
to the children^ Some children may be interested 
enough to extend the chart through 100. The chart 
can^be extended to, 120 ..using.bnly the primes .2,- 
3, 5, 7. The columns showing prime factors urs'to 
7 can be flllfed .in now. The column showing each 
number as a product of primes should be filled in 
at an appropriate point in the work of th&; next 
section. • . , 
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Suggestions for Exp^oratiori:' ' - ^ 

The wall analogy is included primarily for teacher backgroujjj^ 
If it seems appropr.iate to use with' pupils, do so. Explore 
the ways'^in which a number is like a wall, factors are like 
parts of a wall, primes' are like bricks, and finding prime 
number expressions is like finding the number of each color > 
T' brick that makes up the wail. » * 

The Sieve^ of Eratosthenes offers a systematic process fpr 
discovering* primes. Discuss with children the meaning of 
the word, sieve. 

Use the last paragraph of the teacher background (p»112) as 
^a guide. 

Distribute duplicated copies of the chart shovm on p 6o. 
^Either ask the children to fill in the prime factor part of ' 
the chart individually, or do it as a class project. Keep 
the charts . The final column should be completed later, 
* Here children use the e hart in their discussions in Exercisev 
Set 7. - * ^ V ^ 



THE PRIME* FACTOR CHART 



, Prime Factors ,, ^ j Prime Factors 



Not 


2 


3. 


5 


7 

BS>L_ 




No. 


2 


3 


5 


7 


<> 


2 


2 








prime ^ 


26 


p 








0 V 1 


3 




3 






prime 


27 










OAOAO 




2 








2x2 


28 


0 

c 






7 
( 


PvOV7 


5 






5 




prime 


2Q 










T^T»^ fnA 

pi^jun^ 


6 


2 


3 






2x3 




0 


0 
0 








7 . 








7 

1 


primS 


31 










prune 


8 


' 2 








2x2x2 




0 








0 \yO 


9 




3 






3x3 


33 




Q * 




— 




10 


2 




5 




2 Xy5 


34 


2 










11 










prime 


35 








7 
I 


V 7 




2 


3 V 






2x2x3 


;3C 


2 ' 


"3 ' 








13 A 










Pj?ime 


37 












14 


2 








2\x 7 


38, 


^2 








P X 1(i 


15 




3 


5 




3 jx 5 


39 




3 






0 A JLO 


16 


2 








2X2x2x2 


40- 
1^ — 






5 




PxPv^x*^ 


17 










prime 


4r 










prime r 


.18 . 


2 


3" 






' 2x3x3 


42 




3 




7 


2x3X7 : 


19 










prime * 


'43 










prinj^ , 


20 ' 


2 




5 




2x2x5 ' 


44 ' 


2 


t 






2^(^X11 






3 




7 


_ 3 x 7 


45 . 




3 






Sx3x5 


22 


2 








2 X 11 


46 . 


2' 








"2 >c 23 


- 23 










prime * 


47 








• 


prime 


24 ' 


2 


3 




it 


2x2x2x3 , 


48 


2 


■3 






2x2x2x2x3 


.25',. 






5 


i 


5x5 










7 


7x7 




















.5 




2x5x5 " • 
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Exercise Set 7- (Oral) 
Using your prime factor chart,, answer the questions. 



1. Look at all the primes in the chart that are greater than , 

2. There is always at least one number between any 'two 

fall/ ^pAi/fkA. lUx^fKiXA^^ MUJUChl.^ ojCl^ (hljL^ (Uuf 
of them. Why? V"^Lu^-c:^ cctUu^ (huM^ M^di^^T^^ 

2. Look at the numbers between 7^ and 49 with J ^ aa ^ , . ^ 
prime factor. Each number:^ also has 2, 5, or 5 as 



a ^f)actor. Why must this fiappen?. £^ <rjf r/>jt,i^ 



' 3. ,CanNj;he numbers from 2 to 50 have prime factors Which 
are not shown on the chart? Oive example if therfe 
is on^. . ll) ' 

4. What numbers in the chart are prime niimbers in addition to 
the numbers 1, 5, 5, and 7? ^ n » ^ 

' • . If] 23 ^1^1;/% f-'h ^<?, ^7/ 
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\ lESTINO 2'; 3, AND 5 AS PACTpRS-OP A NUMBER 



Background : 



Belovr Is a*lis,t from the factor chart of the composite tiumbe*<6^ 
that have 2 as a. factorv. ^ ^ ^ 



■ 4. 


. 16 ■ 


• 28 ■ 


■, . 40 


6,- 


■18 ■ 


30 


42 ' 


8 


20 


32 


44 " 


10 


. 22 


34 


46 


12 


24 


36 


48 


1^. 


26 


38 


50 



■\.. 



The unit digit in each numeral shows th^t a definite pattern exists 
. in those numbers haviiig 2 as a factor. It^ is: 4, 6, 8, 0, 2, 4, 
6, 8, 0,'.., , If a nmneral ends in 2, 4^ 6, 8, or 0, the 
number will Ijave 2 as^a factor. We can draw a conclusiorT: In the 
set of all counting numbers, 2, 3, a number will have 2 

. as a fac1<or provided the unit (3igit in its decimal numeral is 2, 4, 
6, 8/ or 0..^ ^ 

There also is a pattern existing among all the composite 



numbers having 


3 as a 


factor. 


Below Is , a list 


numbers in the 


■chant having """3 


as a factor. 


< 




21 


36 




9 - 


24 


39 




12 


- 27 


42 




" ■ 15, 


.30 


'45 




18 


33 


48 



There is a pattern in the units* digits but the pattern 
gives us no clue as ihe pattern did for selecting the factbr .2. 
411 of the t«n digits appear as units* digits in the ^bove-set 
of multiples of 3. Certainly "we cannot conclude that a ntunber 
whose units I digit is one of the ten digits has 3 as, a factor. 
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Consequently we must look elsewhere for a clue in determining 
if 5 is a factor of a certain number. For this purpose 
consider the following numbers and the corresponding niombers 
obtained by finding the sum of the digits in the numerals. ; 

Number Sum of digits Number' Sum of digits 

71 ■ 7 + 1=8 * 86 ^ 8 + 6 = 14 

92 . 9 +'2 « 11 504 5 + 0 + 4=7 

^6 . . 9 + 6 = 15 522 .5 + 2 + 2=9 

129 1 + 2 + 9 = 12 675 6 + 7 + 5 ='l8 

• 155 1+5 + 5= 9^ 111 1 + 1 + 1= 5 

In the table above consider the digit s\ims which hjave 5 as 
a. factor. These sums are the niimbers 15, 12, 9, 9, l8, 5. 
The numbers with, these sums are 96, 129, 155, 522,, 675, ' ^ 
111. These, numbers whose "digit sums" have \5 as a f&ctor alQO 
themselves have,, 5 as a factor. Indeed it is true in general i 
that "if the siom of the digits of a numeral is a number which , 
as a f actor^^then -the nuihber named by the numeral has 




as a factor." 



No proof of this general statement is given l^^re but the 
following .illustration may be of interest to the teacl^r. 
Consider 24^9* f'or example. We may write 

2459 = 2(1000) + 4(100) + 5'(10) ^ % ^ 

«= 2(999 i«l) + ^(99 + 1) + 5(9 + 1) + 9^^ 

anfl then by use of the distributive, commutative^ and associative 
properties Ve can write this as . 

\ 2(999) + ^(99) + 5(9) + t2'+ ^ + 5 + 9)/. 
It should be clear now from this expanded^ form of writing 24^9 
that if > 5 is factor of (2+^4 + 5 + 9 or 18). then 5 is 
a factor of 2459. ^ A 

In summary, among thfe set of counting numbers, {1, 2, 5, 
...}, a number -will have a factor of 5 'prov?.ded the "sum of its 
digits" has 5 as a factor.. Ill ^s the factpr 5 Wcauae. 
1 + 1 + 1-5 and 5 is a factor of 5. 1,457 has the factor 
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3, because '1 + 4 + 5 + 7 = 15 'and 5^. is a factor of 15. 
Also, 5 is a factor of 765 because 7 + 6 + 5 =-$8, fe- is 
not a factor of 765 ' because the last digit is not 2, 4, 6, ' 
Br' or ^ 0. 

•There is one other observatior^ to be 'made at this time. .How . 
can we tell quickly (without\dividing) whether a number has a 
factor of 5? Make a list of all the numbers in the chart that 
have 5 as a factor. 5 is a factor of 5, so it may be included 
in the list.' 

. 35 

40 



. 5 
10 
15 



20 
'25 
30 



50 



45 



The. units t digit in the listing is either 5 or 0. This-means . 
that if the units' digit is 5 or 0, |Ji-en-it must be divisible 
by 5 or We a factor o!p 5. There is no number that ends in 5 
or 0 that does not have 5 as a factor. 

In the set of all counting numbers, {1, 2, 3, ...),' a number 
will have 5 aa a factor provided the units' digit of its .decimal 
numeral is 5 or 0. " 235 has a factgr of 5 because , its units ' 
dig^^ is 5. 630 has a factor of 5 because, its units* digit .is 
0. 630 has a factor of 2, . a factor of " 3, and a factor of 5J 
Since 2, 3, and 5 are each factors' of £30, then 2x3x5, 
2'X"3, '3 X 5, and 2x5 are each factors of 630. Some of the 
factors of 630 are 2, 3, 5,' 30, 6, 15, and 10. 

Tests for divisibility by 2, 3, or 5 can be applied' 
quickly to a number. -For example, i 



734 



^15" 



The 


units ♦ 


digit is 4; 


so 2 


is 


a factor of 734. 


The 


sum of 


the digits is 


14; 


so 


3 is not a factor of 




734. 








The 


.,^inits» 


digit is 4; 


so ; 5 


'is 


not a factor of^ 734. 


The 


untts * 


digit is .5; 


SQ 2 


is 


not, but 5 is a 




factor 


of 615. 








The 


sum of 


the digits is. 


12; 


so 


3 J;S^ a factor of 615. 
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. Suggestions for Exploration: * - , . 

Develop rules for divisibility by following the background 
and referring- to the prime factor char't pupils have Just 
^ completed. Much of the background for rules of divisibility 

. can be drawn from the pupils' observations as they woVk 
with the chart. 

First, consider numbers divisible by ^» , Pi»oceed to^3«s 
and 5»s/ Then give several examples in which ^11 three 
are tested 'as factors of the same number. 
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TESTING .2, AND 5 AS' PACTORS OP A NUMBER^ 

^ ' c 



Prom our study of the Prime Pactor Chart we observed: 

1. - In the set of counting numbers, {1, 2, 5, 4 .,•), "a* 

number will have 2 as a factor if the units' digit 6f 
its numeral is p, 2, * 6 ov- 8. 

y Examples of^cOiznting numbers which have a factor ^ 
cf 2 are: Jfo, 182/ 564, 56, 2l8.^ 

• , ' * 

2. In the set of counting numbers, a number will have 5 as a 

factor 1^ the sum of the digits in its numeral can ))e 
divided by 5. - 

Examplea'^ofco^ting' numbers which have a factor of 

> 

5 are: — ^ ' ^ 

951 - (Because 9 + 5 + 1 = 15 and7l5 can be divided 

by X.) • ■ ■ ' • ^- 'V 

5^5 (Because 5+'4,+ 5=12.) * \ ^ 
864. (Because 8 + 6.+ i( = l8. 864 also has 2 for 

a factor because the-^units» digit is ' ^ • ♦ 

3. rn"~the>set of counting numbers, "a-nvmiber will have 5 as a 
factor if 'the units* digit of its nume;pal iTs o or 5* 

^Examples of counting n\«nber6 which have a factor of 
5 are: 4,835, 495/- and "86o. 

495^ would alsa have 3 as a factor because the sum 
of the digits of its numeral can be divided by 5. 
860 would have, -a factor of 2 ^because" the units' \ 
digit in Its numeral is 0. 
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Exercise Set 



Find one prime factpr of each" o^f/ihe" following number's. 



1. 


785 


. S' 


2. 


7,012 


2 


3. 


8, 001 • 


■3 . 


>4. 


7,136 


2 



5. . . 4,89^^ ^ 
S: 4^08 3 3 

7. ' 67,210 Z or S 

8. 60,105 's'-or^ 



• r 



Find two different prime factors of each of. the following - - 
numbers. 



9. 405 3a^^ X2. 5,055 
10. 6,780 13. 4,314^ - ? 



11. 3,042 14. 6,060 2*^'3^:3-J<r, 




Vttlte 2, 5, and 5 in. tlie correct- places in this chart. 



Exercise 15 


is done ^or you. 


1 ^ 

♦ > 




Number 


These numbers • 
eu?e factors 


TheSe numbers • 
are not factors. 


15/ 


365 

i 


(-5- 




16^ 


492 


Us). ■ 




> 17: 


•:835 


(S) 




18. 


3,681 








'370 






20. 


86,910 ' 










/ 


1 
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BRAINTVJISTE^: 

, ' Pbr each exercise below, what: are all, the numbers less 



than 100 which have these numbers and no others as 



j)rime factors?s 



21. 3 and 3(/5,*iSjf) 23. 5 and 7 (js) - 

22. - 3 and 7 (AI^S) 24. 2 and 11^^^^^^;^^^ ' ^ ' 
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COMPLETE PACTORIZATlCai 

■ _When the. factorL_trjea._caix-be extended no- further, the-laat^>«X)w 
always contains all the prjjne factors of .the niimber. If a number 
in the tree is composite- '(having a factor smaller than itself 
but greater than l), two mot»e branches can he drawn. 
Example: 

A composite number, 541 
Both factors are composite. 




In this row, w6 have . 2 primes 
. ' and one opmposite number. 
All factors in this row are primes. 

« 

Every composite number is the product of smaller factors.* If 
one of these factors is composite, then it is' the product of smaller 
factors. ^ If this process is continued^ a product^ will emerge in 
which no factor is composite, and every factor is a prime, *^Por 
example, in the tree above - ' 

'54:" =6x9 

] = 2jy 3 X 9 

= 2 X 3 X 3^ X 3 
Another approach bould be .tsiken 
54 = 6 X 9 : • , 
= .6 X 3 >i 3 
= 2x3x3x3 
Look, at several 'other numbers: 
24 = 3 X 8 
, X 2. X 4 , 



(Si^^and 9 are ^oth, composite. )* 

(2 and 3 ^e prime but 9 is 
composite.) 

(All fdctiSrs are prime. J 



(6 and 9 are both Q^osi-teJ 
(6 is composite and 3 is' prime.) 
'(All factors .are prime.) 



•V 



= 3X2X2X2 



(3 is prime and 8 is composite!) 

^ (3 and 2 are prim^ and '4 is ' 

composite.) * ' 

jj (All factors are prime 
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/ 

<S6 = 4 X 9 (4 



and 9 3.re co'mposi^te. ) > ' 

= 2x2x9 ^ (9 is composite.)' " i ' ' ' 

= 2x^X3x3 ' (-All factors are-prime.) 

Tjiis method suggests that every mimber greater than 1 is either . 
prime or is a product of primes. The expression of a number as a ^ 
product of primes is tiie Source of much information. Since we will 
use ;fchese product expressions throughout the remainder of this unit, 
it is important to devise processes for finding them. Sometimes 
it is;*possible to begin with a known multiplication fact. "iPor 
^ example, to ^^*ind the product expreasion, 'using only primes,- for 
54- we may begin by remembering 

36'= 4 X 9 ol* - • , 
; 36 = 6 

^ «» » • - 

Now we ^hink of multiplica.tion fact5 giving 4, ^, or 6 as 
- products : . * ^ ' 

\ 36 = 4,^9- \ 36 6 X 6 / . ' ' ^ 

= (2 X 2) ^ 9 ^ = (2 X'3) X 6 ? 

= (2 X 2) >j (3 X 3) =(2^3) X (2 k^S) • 

This way of factoring can be looked upon as a "splitting process". 
Notice that in^ the twgf' solutions above, the final product expres- 
sions are the same eptcept for order. The splitting process, applied 
to 4^ might 1-ead/to any of the following, depending upon what 
facts are us'ed. 



42 .= 2/x '21 , * 42 = 3 x l4 ' 42 x 7 

/2 X (3 X 7) = 3 X (2 X7) * = (2 X 3) x7 * 

Again the, .splitting process was use^ in 5 different ways. Each 
time °the/same prime factors, apart from order were f ound*' 

The splitting process i^fequires knowledge of many multiplica- 
tion /acts and is difficult to apply to large ^ntunbers 4 -There Is^ 
a more systema^tic way of f factoring ,6hat. requires less' knowledge. 
Be|{ln by .examining the \mit»t digit to see if .it has a factor 2. . 
If it does, tJhen divide the number by 2. If dt does not, ^then 



check by division the prime nximber 5, the^ 5, then 7, then 
11, then 15, etc., until -all possibilities liave been examined. 
If the n^ber does have the factor 2, then find the^'unknown 
factor and proceed to test* 2 as a factor of it. Suppose we wish 
to write the number 155 as a product. of primes.. j Since tbe last ^ 
i^digit is 6, then 156 is divisible by 2. Division gives 

156" ^ X 78. * - 



Again check to« see if 
division gives 



78 is- divisible 



SSL^le by 2. It is> and 



156 = 2 X 2 X 39. ^ ^ ' 

Look at 39. Becauj?e thje last digit is*' not ^ultiple of 2^, 39 

,is not divisible by 2. Check *for diVislbility by 5. 5 + 9 ^ 12 

and 1? can be 4ivided by 5, therefore 59 is divisible by 5. 

Now, * ^ . 

^ ♦ 

■ 15' 

^13 is not divisible by 2 
other than 13),. therefore^ 
called the peeling process. 



X -2 X .3 X 13/' 

or 3 ' (or giny other prime number 
13 is prime. This proce^^s^might be 



The results of thig process as a] 



d to 780 ^an be 



sunimarized as follows : 

780 = 2 X 390 ^ . 

= (2) X (2 X 195) / 

= (5) -x (2) x^3 /65) 

= (2) X (2)x (3y)t(5 X 13) 



(We have all prime £ 
so the process is 
complete . ) 



It is convenifer)!^ 'to think of factoring aCs' a . 
"splitting" or "peeling" process,; However, ,these 
two names for' the /two dif f erent*ways of factoring 
may or may no^ be/ used with cMldren. 'It is possi'-*^ 
ble that as childrenvworlc with these two different 
methods, they w;I.'ll develop names ot their own to 
suggest th^- two ways ,of factoring^ " , • ■ 
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The next; goal to be reached with the pupils 
is the exp.ression of a composite number as the 
product expression of all vthe prime factors of, 
the number. Complete factorization of a humber' 
means that the number is expressed as the pro- 
duct expression using its prime factprs, Ppr 
example, complete factorization of 24 means ' 
24 = 2 X 2 X 5^ 

As well as the c6raplete factorization of a 
number, we shall consider also all the factors 
of -a number. Finding all the. 75c topsl of a num- 
bei! is studied in later sections in this unit ' 
but it\may be well to contrast complete factori- 
zation and . finding all factors at this 'tlmeT The 
nam^s of these processes seem to sugge&t^ they 
might ^have the same^meaning but they are -quite ^ 
different and must not be confused. The complete 
factorization of 24 (for example)* rs expressing 
24 as the product expression using its prime 
factors. This aan be done Jjy the use of ^e 
^factQr»tree> or s^ome other *ay. But, finding 
ati" the factors of 24 requires finding Wl 
factors (prime and composite, if any)- of 24, ' " 
namely 1, 2, 5, 4, 6, 8, 12, 24, 

Examples. ^ ^ , 

56«2x2x5x5 This is complete 
factorization. 

1* .2^ 7, 4, 6, 9, 12, 18, 56 is the set 
.set of all factors of 56. 

50 .= 2 X 5 X- 5 This^ is complete > ^ 
factorization. 

1# 2, 5, 10, '•25, 50 is the set of all 
factors of 50. ' 

L44 =? 2 X 2 X 2 >? 2 X 5 x,5 This is 
complete factoi^ization. " v > , 

\h '^i.'r?* i^f 12, 16, 18, 24^ 56^ 

^8, 72*. 144 ie the set of all factors 
of 144. , , ... 

After complete' factorizatiph of l44, for 
example, the, set of*, all faators j)f l44 -is ^ 
obtained in the following mafiner. 

^ Prom the product , expression 2 x 2, x 2 x 
2x3x3^(1) selecls^all the different primes 
which appear in' the product expression. (2) Then 
from the product expression select all the pro- - 
duc^s of two factors, (3) then of three factors, 
(4) then 'Of four factors, etc. 
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These are respectively ^ ' 

(1) 2r5 . . . • 

(2) 2 X 2, & X 5, 5 -X 3 , \ \ • 
(5) 2x2x2, 2x2x 3, 2 x'3 X 3 

(k) 2 X 2, X 2 X 2/ 2 X 2 X 2 X 3j 
3^X 2 X 3 X 3 ^ 

(5) 2 X 2 X 2 X 2 x.3j *R^x 2 ^x 2 X 3 x 3 
and finally • * 

(6) 2x2x2x2x3x 3/- 

the original product expression for 1^^. {'This 
last one is,, of qourse, riot needed as we knew it 
from the complete factorization.) > 

Prom': (l) we get the factors 2^ 3 ' 

(2) we get the factors ^, 6, *9. • - 

(3) we get the factors 8, 12, l8 

' (4) we get the factors- l6, 2^^, 36^ . 

" (5) >we; get the factors 48, 72 

We know 1 and l44 are factors of l44.> .Prom 
th^ product expression 2x2x2x2x3 x3 
we have found that, 1, 2, 3," 4, 6, 9, 8, 12, l8. 
16, 24, 56, 48, 72, ^and 144 are factors of 144. 
It i's a '^nsequence *of a property of primes that 
this method yields all factors of l44. Thus the 
set 

(1, 2, 3> 6, ,8, 9, 12, 16> 18,^24, 56, 48, 72, 
144) * • • ' 

is the set of all^fact;6rs of 144. * 
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Outline for Exploration: 

• Write a factor* tree for 54. on the board. 




Analyze the nixmbers at each level. 

Children should see that at the last level, each factor"^"" 
the product expression is prime. ' ^ 

) Continue with other examples (24, .36, 42, ■ etc. ) j 
''Be sure children see that, regardless of the first raultip^i- 
catipn sentence written, the product expressions at the last level 
of the factor tree are the same except for order, i.el > 

' x42 = 2 X 21 _^ 42 = 3 X 14 * 42 = 6 x 7 

=2x3x7 =3X2X7 =2x3x7. 

Two different approaches to factoring were jjientioned in the 
background. Both of -them, ^ although not necessarily their names, 
should be presented to children." ' 

METHOD A (Splitting) 

■ 56 = 4. X 9^ 56 is written as ' 4 x 9. 

= 2 X 2 X 5 5< 5 is written as 2x2 and 

^ ' — ^ 9 Is written as 5x5. ^ 

In thi^s method, mu^^^tipllcat3,on' facts are used, to write' the 
composite number. as a prbduct o^s^ller and smalle^ factors until 
it Is expressed as a product of primes 

^ ± ^ 
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'^mmOb B '(Peeling) 
li|0 - 2^70 



= 2 X (2 k 55) 



= (2,X 2) X (5 X 7) 



2 is a .factor of l40 ^by divisi- 
^ bility test. 

2 is a Tactor of 70 by divisi- 
bility test. Neither , 2 nor 3 
. is a factor of 35 (by divisi- 
, bility).' 

5 is a 'factor and the other 
factor is 7. 



In this method, we look for prime factors of the composite 
numb.er'by testing the primes in order, starting with 2; i..e,, 
we try* 2, ^, '5$ 7i etc. • ' , 

Several examples of each method may iDe needed before ^under- 
standing is realized. ' ^. ' 

Example: . . - . 

252 = 2 X 126 (Peeling off 2) ^ 

= 2 X 2 :X 63 (Peeling off 2) 

2 X 2 X 3 X 21 (Peeling off 3) 

- J =2x2x3x3x7 (peeling off 3). - 

Children -and teacher should ^rjgad and discuss pupil pages 65 
and 66 ' ' . i ' 

After Exercise Set 9 has been completed, children are intro- 
duced to a property of products of primes*. This prpperty, stated 
on pupil page 69 is called the Fundamental Theorem of Arithmetic. 
This idea should be discussed carefully with pupilp. 
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COMPLETE FACTORIZATION 



Every composite n^Mbe^ is the product of smaller numbers. 
If. one of these numbers is composite, then it also is the 
product of smaller numbers. ^If we continue this, we must 
come to a product expression in which no number is composite 
and every factor I3 a prime. Doing this is called complo^te 
. factorization of a composite number. 

An example of complete factorization: 

j - .A pictxxre, using the 

factor tree is; 



24 » 3 X 8 



». 3 X 2 X 4 



= 3x2x2x2 
«2x2x2x3 

=2x3x9 



2x3x3x3 



(3 is prime. ) 
(8 isr composite. ) 

(3 and 2 are; prime. ) 
(4 is composite, ) 

(All are prime. ) 

(Rearranged for convenience) 

(6 and 9 iire composite.) 

(2 and 3 are prime. ) 
(9 is -tjompbsite. ) 

CaII are prime. ) 




A" ? 

2 X 3.«^x 9 

II A 

2 x*3 X 5 X 



This suggests -that every niunber greater than' 1 Is either 
prime or is a product of primes. 
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p66 ' , * ' 

i ' ' — ' * 

• How can we find a way tp express any number as a product 
Of primes, for 'example 56? ' ^' 

We may kilow some way to eoQpress the number as a product* 

36 = 4 X 9 

Then we can write each composite factor as a product exgipeasion. 
r Continue* until we have only prime factors. 

« 36 = 2x2x9 2x2x'9, 

I ' J / \ 

=2x2x3x3 . 2x2x3x3 

This, product expr^ession 2x2x3x3 is the complete ' - 
factorization of 36, ' 

Another way to express a niimber as a product of primed is 
by testing small prime numbers such as 2, 3,^ 5* Tf etc^ 
to see. if they are factors of the numbers. 

Example: * ... ' 

• 36 =.2 X 18 (starting with 2) * 
Then we look for prime factors of , 18 start'ing with 2. 

* 7 * 36 = 2 X (2 X, 9) 

— ^ » 

Then we look for prime factors of 9, starting 'with 2. Sinc^ 
2 is not a factor, we next test 3.^ * ^ 

36 = (2 X 2) X (3 x 3) 
• *=:2 x^2 X 3 X 3. 
Either of^ these ways may be called factoring . Sometimes, 
^ it is easier to* use one proces§. Sometimes it is easier toiuse 
. * ^ the other process. With practice, you can find shortcuts by^ 
combining them. 
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Exercise Set 9 

Express each number below as^aj>roduct of two smaller 

, r _ . ^ 

factors. If ppssible, then exprejsis one of . these factors as^ ^ 

a product of smaller factors. Continue Wil ypy have expressed 

the number as a product *af primes. • iJiis is on6 fact9ring 

process. Show your work by, drawing, a "factor tree". . 

Example: 12 = 4 x 3 12 

' or 

- (2 X 2) X 3 4x3 

• , /\ I 

/ ' 2x2x3 



1. ' 16 > .: ^6. 28^ 

2. 18 ■ ■ • 7. 30 
3". 20 ■ 8. 35 
^. 25 9.' 40 
5. 27 ■ ' - ■ ' \y 



12 = 2 X 2^ 3 



10. Do exercises 1 thh>ugh 9 again, but this time 
start with a different pair Of. factors if there Is 
another pair. , . 



P68 - " ^ ■ ' 

11 ♦ Following the example showQ-, express each number as a 
product of primes. Draw a factor tree for parts b, d 
Example: 2k'-6xh '2k 



= 2x3x4 6 'x ' 4 

= 2x3x2x2 2x3x2x2 

24 =--2 X' 2/X 2 K 3 

a. 30 ' c. ' 84 e'. 128 = 8 x 16- ' 

b. 72 ,d.. 96 f. 288 12 X 24 

^ * £• 225 = 15 X 15 

12. Use any factoring process to write each number as a 
product expression of primes'. ' > . > 

a. 144 Answer:*' l44 = 2 x 72 

^ = 2 X 2 X 36 , 

^ =2>j^2x2xl& 

' = '2 X .2rX 2x2x9 

« , = 2x2 X* 2x2x3x3 

b. 225 e. ^385 , * h. ' .18.9 

c. 588 f.' 127 ir 143' 
• d. 363 g*. ^5^5 

13# Without^ multiplying, write each "niimber as a product 
expression* of primes. ' ■ 



a. 18 X 60 ^ 'd. ' 50 X 50 ( 

h. . 42x^34 * e. 125 X 64 , 

c. 21 X '73 f. «25 X .320 
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1. 16 



A A 

2 X 2 X 2x2 



Exerciae Set 9, Sample Answers 



2. 18 



3. 20 



3x6 

J A 




2 X ^ X 



u. 25 - 

A 

5x5 



5. 



27 




3x9 



3x3x3 



6. 28 




4x7 

A/ ! 



\ 



2X2X7 



' 7. 30 




5x6 



5x2x5 



8. 35-- 




,5 X .7 



9.. 40 




5x2x2x2 



107 




4 '\ 10 




\ 



2 X^2'X 2 'X 5 



NOTE: We have ^g^^yen-oifl^ bne solution to eacli exercise:* There 
■ t^ees that can be drawn. ' ' ' '* • 
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50 = 2 X 3 x^5""' 

72 = 2x2x2x3x3 

8'*"^2'x 2- X-3-X-7— 



Note: 'Factor trees 
for b, d, and f 
will vfery. ' 



96=:2x2x2x2x2x3 
128 =2x2x2x2x2x2x2 
288^= 2X2X3 X 2 X 2 X 2 X 3 
225 -3x5x3x5 



225 = 3 X 3 X 5 X 5 

588 = & X 2 X 5 •>S' 7 7 
363 = 3 X 11 X 11 
385 = 5 X 7 x 11 

127 is prime,; 

mi 

585 = ^ x 5 X 5 X 15 , * 
189, 5 X 5 X 5 >f 7 



T2 x> }< 5) X (^x 2,x 5 x 5) ; 
2 X.5 X jJx x,2 .><^^ X 5? 

'21 'x 78 ^ 5 X 7 X 2 ^< 5 
50 X 50 ~ 
■ 125 X 6U 
25 X 320 



= 2*x 5-x*^^2:x 5,^;5 -J 

= 5x5x5x2 x^2?.>«a= " 
4 5x5'x2x2°x2 



f" 
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A PROPERTY OP PRODUCTS OP PRIMES 



The results of the last exercises' suggest that 'we h^ve 

f 

found a general/ property. We might state it as: ' 




Except for the order in^ which factors 
e vn?itten, a^ composite number can be 
xpressed as a product of primes in 
only ope way > ' . . 



You will not find any exceptions to this property 
because there a^ way to show that it%is always true\ We 
not attempt to show in this book why^hls is true. However? 

■ ■ ■ ■ ■ . ■ • ; / 

as you^use it you should become more sure that it Is^true, 
The statement in the "box" is called The Fundamental Theorem 



do 



of Arithmetic* 
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ffe^DINCl ALL* FACTORS 

.Background: ^ , : 

JTote: 'The product ext)re8sion of a number, using 
prime factors, is always- the samie regardless of -r 
the method by wfiicl\ it iS obtained. This fact 
» can }3e used to 'Justify our methods used in 
finding: v ' ' ' ^ j 

^ \ 1. All fac'tors of a number 

2. The greatest common ffictor of a ^pair of 
numbers , 

' • 3. ^ The least common multiple of a pair of 
numbers (in Chapter 5 } ' 

These' methods are discussed with increasing 
formality in the pupils « pages (70, 71, 7^* 76) th^ 
• baclcground material (^157> 1^6 ) and in the mathe- 
. maticeuL summary at the end- of the unit. 

'^It might be heipfuD^ow to reread tl^ back- • 
ground^ on page. 126. ' - V 

If it is known how to express^a number as a product of 
primes, then the setNpf all factors 'of the number can be found. 

Example: 6o «^2 x 2 x 3 x 5. \ > 

A number can be expressed as a product of primes in only one way 
* (disregarding order). ^ Some of the thin'Isl that ^ can be found are: 

1. The prime factors of '6o ar6 2," 3, 'arid 5. " . 

2. By multiplying in .sets of two ^ the factors in the 

^. product .expression (2 x 2 x 3 x 5)^ it is apparent 
that 4, 6, 10, and 15 are factors'o'f 6o* 
(2 X 2, 2 ^x 3, 2 X 5# and 3 x 5) 

3. » By mijltiplying in* sets df three the, factor;^*-flS the 

product expression/ it is apparent thOiir 12^ 2a, and 
• 30 are' also factors' of 6cK (2 ^ 2 x 3# 2x2 x'5# 
2x3x5). There cannot b^ any other factors, except 
1 an4 6q, ^ . , 

k. {1, 2,, 3, ^, 5,^6, 10, 12, 15, 20, 50, -60) 
'is the set of all factors Vf 6o. 

V ^ * 
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In gen^f^, if we can write a number a's a product of primes 
. then we can find all factors- of that manber in the manner used 
in finding al^axstors 'of ^ 6o. ■ ' " ^ 

, - That we get^ factors by this method is' a consequence'of 
the property of pri^nes .stated on pupils t page 69^. it .is 'not 
true of '6%her product expressions. For example/ from 

56 = 2 X 5 X 6 ' ♦ ^ 

^e conclude that 2, 5, 6, (2x 5)^ x d) and {i x'&i 
are factors of 56.- Thus we know that . • ■ * 

1, 2, 5, 6, 12, l8^d 36 '• " . 
are /actors of 56. Those are not, however, all factors, since 
'^ and 9 are also factors of 56. " It is because 6 is not 
^ime that the method failed to give all factors. 

nother way of using the complete factorization of a - 
nurabet'jis in~ finding all ways to express that number as a 
product of two numbers_. First we- find all factors, for example, 
of 60. These^ factors can be arranged in p^rs so that the 
product of the factors in eaclTpair is 60. Thut 




1 X 60 = 60 

2 X 30 = 60 

3 x^20>= 60 
X 15 = 69 

5 X 12, = 60 

6 X 10 = 5o. 



ERIC 



138 

•14Sr 



This shows all tiie pairs of factors ''of 6o. and gives * 
every way of naming 6o as a product of two factors. 

As another example, .^fcoYisider 24. The, product expression" 
for 2k, using prime factors is 2x2x2x3.. This tells 
us that 2 and 3 are both factors of 2^. (2 x2), /(2 x 3)k 
(2. x^2 X 2), and (2 x 2 x 3}, also are factors of 2^^/ Every 
numbed has itself and 1 . as* factors; 1 and 2k -liia^ be 
included as factors of 24. , Now we ma^list all the factors 
of 2k 'in order', from small to leirge, 

' 1, 2>, 3, ' 4, 6, 8, 12, 2k. . 

This informaljion can be used to^get every way to'name 2k as a ^ 
product of two factors. ^ . 




1 X 24 =-.24 

2 XJL2 = 24 
3x8 =24 
4 x-6 =^*4 



Yet^ another u^e of complete factorization is" its application 
•in discovering whether one number is a factor of another. First 
each number is expressed aa a product of primes. Then the 
question can be answei»ed. For ^example, is 42 a factor of 714? 

42 =' 2 X -5 X ,7 

* 7l4 c:-2 X 5 X 7 X 17 = (2 X 5 X 7) X 17 - 
- ' 42. is a factor 71'*. " •■ ' ■ ' 

Is 28 a factor of 238? ^ ;^ . . i ^ 

. * ■ ^ 28 2 X 2 x 7 . ' , / 

238 = .2 X 7 X 17 ^ ' . - ' - ' 

28 is not a factor of 238 because '2x2 



does^ 



not appear i^ the complete rabtorizatiorJ^of .238 



, Children will b^helped in determining if one number is a 
factor of another if examples which require rearrangement qf the 
factors are used. Example: • ' . ' „ ',. ' ' 

• •• , . 

Is 42 a factor -of 252? 

• Is 210. a factor of 5150? ' • . 

■as _ 

' ■ . ' i:' ' / ' ' ' ■ 

Suggestions foj? Exploration: '"^ 

*, Using the previous background, recall that a number can.be 
expressed as a product of primes in only one way, 
dlsregardlng.^order. (This i^^^The Fundamental Theorem 
of Ari>thmetic . ) , . * ' - 

Indicate that if we know how tq express a:*number as a pro- 
duct of primes, we can find the set, of all factory of 
the number by multiplying the factors shown in the 
proSuo-t expression- in two fs;"tHiKe^^ 

* teacher background using similar "examples. 

point out how the set of all factors can' be used to. find ail 
ways "to express. the number as a' product of two f^actors. 
Aiso point out how cqn^lete factbrizitidn c^ be'-used 
to find if one nvupber is a factor of another. . 
/ Read and discuss pupil page fo",. PINl^INQ ALL PACtORS.; ' ^ 

• Then pupils can w6rk Exercise Set lo lndependenCiy7'i ' 
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FINDING ALL' factor's • 



If we know how to_ express a number as a product of primes; 



.tfhen we can find set of all factors of the n\unber 

• Suppose we wri«te , ' * ' ' . if " 

- - , 

Here .are some of the. things we can find; 

' ' ^. * 

, 1. The prime factors of- 6o ,are >, and 5. /' 

"'.2. ^By-sjiultiplyirig in » pairs the factors fehown in the 

p3?oduct expression -for 60,' v/e see that '4', (2 x 2), 
• " (2x3), 10, ,C2x5)' 4^d 15, (3x5) 

factors of 60'. , - * ^ 

By nrultipiytng in threes the factors sUown in the 

]>rbducf expression /or 60, we s^e^that 12, / J 

(2 X 2 X 3T, 20,/ (2 X 2 X 5) and 30, (2x3 X'S) 

are also factors of 60. * 
• . ' ' • i» 

The factors ghown in 2 *x 2 x 3 x ^ -^'>ar€ primers/ For, 

T ' 

*this reason, we nnist have foxind by our» method, every 
^ , - * * » ■* • 

factor. of 60. ' » . ' . ^ 

- 4". ,We know then that " ^ » ' ' . ' 

\ ^ *^ (1, 2, '3, 4, 5; 6', 10, 12, 1'5, 20,,30, 60) 

is the set of all fadtors of 60. \ . r 



( 
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5» Prom the set of all factors of 60, we can get every 
way of naming 60 as a product of two factors. * * 




5 - ^^5 ^ 6<^10 _ ^g^l5 20^50 60 



\ 



1 

» 


X 


60 




60 


2 


X 


50 




60 


5 


-X 


20 




60 


4,, 


X 


15 




60 - 




X 


12 




60 , 


6 


X 


It) 




60 



■ . I 



1 



J 
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Exercise Set 10 , Ans.wers 



b. 
c . 
d. 
e, 

h. 

% 
J. 

k. 

nr. 

'b, 
ff. 
d. 
e. 
f . 

■ 1. 

J. 
k. 
1. 



30, 
72, 
84, ■ 
96, 
128', 

225, 
144, 
363, 
385, 
•89, 
189; 
lil-3, 

30 = 
7^ = 
84 ■= 

128 = 
225 = 
144 .= 

363 = 
385 = 
89 ■ = 
183 = 
143 = 



{1, 

{i, 

Xl, 
{1, 
{1, 

•'{1, 

M, 
{1, 
{1, 
('1, 
{1, 
{1, 

= 1 X 
= 1 X 

:^1 X 
: 1 X 

■ A >< 

: 1 X 
: 1 X 
: ,9' X 

■ 1' X 

:'l X 

■ 1 'x 

1 X 
1 X 




2, 3, 5, 6, 10, 15; .30)^' _ ■ y 
2, 3, 4, 6, 8, 9:^ 12, 18, 24, 36, 72} ' 
2, 3, 4, 6, 7>-l?/<l4',. 21, 28, 42, 84] 
2', 3, 4, 6, 8>.12,' l6, 24, 32, 48, 96] 
2,' 4, 8, 16, '32,' 64, 128') 
3., 5, 9, 15> 25, 45, 75, ..225) 

2, 3, 4, 6, 8, 5, 12, 16, 18, 24, 36, 48, 72, l44) 
3-, 11, 33, 121, 3631:^ 

5, 7,' 11,, 35, 55, 77," 385) * ,, . , 

89) • • . • , • - , ' 

3, 7, 9, 21, 27, 63, 189} - J 
11, 13, 143) . ' . 

30 = 2 X 15 = 3 X 10 = 5 X 6 ■ 

72 = 2 X -36 /= 3 X 24 = 4 X 18 = 6- X 12 = 8 X 9 

,Q4 = 2- X 42 = a X 28 = 4 k'-21 =;6 x l4 =' 7 x 12 

96 5= 2 X 48'= 3^ X 32 4 X 24 = & X 16 = 8 X I2 



12& = 2 X 64 = 4 X 32- = 8 X 16 



i 



-225 = 3'>i: 75 = 5 X 45 = 9 ^ 25 .<= 15 x 15 

144 = 2 X 72 = 3 j< 48 =„4 x 36.,= 6 x 24 = ^ 'x'' 18 

16 ="0.2 X i2' . >~ ■ 
363- = 3„x 121 ='ir,x 33 

385 = 5 X 77 = 7 >^ 55 = 

^9 ' • ' 

189 = 5 = 7 -x 27 = 9 X 21 
1^3 = 11 x.i3 



11 X 35 



V - 
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Exercise Set 10 "* ' • 








Find tKe^et.of all factors of each number. 


a. 24 ^ , 






Answer; 


• . 24 = 


=•2x2x2x3 


^Set of faectors of /24 


= {1, 24, 2, 3, 4, 6^ 8, ;12) 






= {1, 2, 3-/ 4/6, 12, 24 j 


30 




i . 565 


'c. 72 




J.. 585 • , 


t7 84 




k. • 89 • 


e. 96 




1. 189 ^' ' •' ' 


f. 128 




m. 11+5 / ^ 1 


'g. 225 ' . 
h. 144 




• 







Use what Vou found in fexercise 1 to get ail of tlie different 
w^y^-to^w^te each numbe;^ in that exercise as^a product 
e^ipre^ssion of tto' f^actors. : . - ' s 



a. 24 

AAswer: 



Set of factors of 24 {l, 2, 3, 4/^6,^8, 12/24} 
24 =^ X 2.4 = 2 X ^2 = i% \i> = 4C6. 



s 
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Find whether each 'number listed bfeiow is a fao*or of > . 
2 X 2 X 3 X 7 X ai ^ 11: 

a» 6 . , , , «^ 

Answer ; 

Yes, because 2 x 2 x 3 x 7 x^ 11 x 11 
. . ^ t(2 X 3) X (2 X 7 x 11/X 11) 
' = 6 X (2 X 7 X 11 X 11) 

Tae factor belonging with 6- is 2 x 7 x 11 x 11^ 
. • *• - ^ ^ ^ ^ . - > _ . 

d. 210 ■yit,Uuj^3Lio=:ixixs%7c^'S'<LuTur».f^^ 

e. -242 If^^LJ^ Ot/,*ti) X 6»3x7j = ^ 0*3*7). 



COMON FACTORS * . ' , 

Objective: .To use prime product expressions to fin^ a greatest' 
common factor 

Vocabulary: -Intersection, •common factor/ greatest' ccDinmon factor 

Background: (Common Factors, Pupil pages 74 and J5.) '' 

First, revifew an idea developed in the study oT'sets, 
Consider Set . and Set L. ' i 

K = (11, 12, 13, 14, 15) . 
L = (11, 13, 17, 19) 

The iijitersection of these two sets is the set of members common to 
both sfets. Specifically," the intersection of Set K and Set l.^ 
is,_the set (ii, 13). This can be written as!, follows using the' ' 
■siJecial symbol, a , to indicate intersection. K n ,L = {■ll'/-13). 
This is read as.' "the intersection of Set K and ;Stet L is- the * 
set whose members are 11 and 13," or more briefly,, "the Set*^ K ' 
intersection 1, is "(ll', 13)," - < ■ 

Now consider ^the set of all factors of^ 12. Cajl \\. Set S. 
^ince 12 •= 2 X 2 X. 3, " . /]' ■ ' 

I' . - ' •.' S = (1, 2, 3, 4,.^6, 12) 
Next consider the set. of ail .faitors -of 18. Call it Set R. 

Since 18 =' 2 x 3 x 3, * , . , ' 
R = [1, 2, 3-, 6, 9, 18) • 

There a3?e some members 'of Set S that are aitso members of Se.t -R. " 
The menibers which are ^^tained, in both Set S and 'set R are 
1, 2, 3, 6. 5?hls infprmation can be recorded as S H R = (1 2 
3, 6). Since the members of Set ^ S are the factors of '*lg and'the 
members of Set R are the factors of 18, we sa^ that the members 
of S n R are the common factors 'of 12 and _,l8. -The connnon ' " 
factors of 12 and- 18 are 1, 2, 3, 6, ' . . ^ 



If Set A is the s^t of factors of 15* and. Set ' B is the 
set of factors of 20, what is A O B? • 

A = [1, 3, 5, 15) . _ 

B = [1, 2, 4, 5, >10, 20} ' \ 

A n B = {1, 5} These are the commc^n factors 
• ; * of 15 ancL 20. 

Backgro\md: (Finding the Grektest Common ^Factor/ inipil pages 76-79) 

'There are twcr observations to be made" abput the character 
of the set of. all the common factors of any two numbers^ 

1. If any niimber is in the set, each, of its factors' must 

\ be also. • ' ^ , • 

For example, look 'at the ^^t of common factors we 

* f " found f^or 12 and l8. 

. ^ ; {1^ 2,' 5, 6 ) ^ 

Each of these niunb.ers has^ its factors in the set. 
The factors of 6 are 1, 2, 5, and 61 The ^ 
factors 5 are 1 ' an& 5 and eac?h of these 
is inr the set. .The factors of 2 aire also in 
, thetseti. .Thus {1, 2, 6) cannot be the* set of 
all common\ factors of fmy two niiiribers because, 
eve3?y nioinber with yo as a factor also has 3 as 
a factor. ) * ' ' ' ' 

2. A set. of all common factors -of two numbers contains, 
pnly Wose niombers which are factors of the/llargest 

. ' number In .the set.* ! 

Look again^at .the aeV of common ^f actors for 12 
and ^18, , . * 

{1, 2, 5, '6) 

The lar&est' number in the set is 6; and 1, 2, 

* ' . , arid 5 are factors o;f 6. We see. then, that 

V facto3?s^ '6f , 6 are 1;^he only members in the set. 
/ Thus, because is not a faptor of 6, 
^ \, \ [1, 2, 5, k, 6/' cannot be the set of al^ common 

factors of any two numbers. That^this is alyrays j 
t!rue is not at ^1 obvious. 
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It is a consequence of Jhe Fundamental Theorem of Arithmetic 
F&r example, the reason that {l, 2, 3/4, 6) cannot be the 
set of all common factors of^o numbers is that each number 
must have both 2x2 -(4- is a factor) and 2x3 (6 iq^a 

■factor) as '*pieces"*in its complete factorization. But this 
cannot occur unless 2X2x3* appears in each prime product 
expression. Thus every number with both 4 and 6 as factors 
must have^ 12^ also as a factor. ^ Consequently any set of common 
factors which 'includes 3 and 4 muSt also' include 12. 

This last observation about pieces, of prime product expres- 

'sions suggests a way to find_the greatest conkon factcfr 'without 
first finding all factors and then findings the greatest among, 
them. We first write each number, say 30 and 42* as a 
product of primes. ^ ■ . 

30 = 2.x 3 X 5 ' , \ . ' 

. ^ • , . , 42 = 2 X 3 X T. 

Since- all factors of 30 and 42 can be found by' using 
"pieces" -of these expressions, the greatest common factor must 
be expressed by the largest piece .common- to both expressions. 
Thus 2x3 or 6 • iW the greatest common factor of 30". and 
^2. (By "pieces'^' of the expression 2. x J x 5, we mean 2, 3, 
.5, 2x3, 3 X 5, 2x5, and 2x3x 5. The, "pieces" of the 
expression 2x3x7 are 2, 3, 7, 2x3, 2x7, 3X7, 
and 2 X 3 X 7. ) . " 

'Consider another example, 90- ar^ 84: ' ' 

= 2-x 3 X 3 X 5 
84 = 2x2x3x7 
By regrouping the factors: , " 

r . 

90 = (2 X 3) X 3 X 5 .• . 

84 o (2 X 3) X 2 X 7. 
Since 3 X .5 and 2x7 *iave no common prime factors^ 2 - x 3 
is the largest comftion block shown in both product expressloiis 
90 and 84. - * 



•^^ To find the greatest common factor of 90 ^and . 50, flrsl; 
write: . , *♦ ' ' . » ' - . 

. 90«2x3x3x5 
' 50 =» 2 X 5 X 5* ' • ^ 

By regrouping/ show the consnon factors: / ' ' 

90 = (2 X 5) X 3 :>< 3. " . . 
•° J.; 50 =,(2 X 5) X 5, 

Thfe greatest common factor of 90 and -50 jmat%e^ 2x5 ^or. 
10. ^ - . . ' ; 

P.erhaps a quicker way to find the largest "piece" that Is 
-common to both expressions wovild be this. Write each factor 
that Is common to both expressions the least number of times ItJ. 
ap^ters In both expreiJslons^ •< % - 

3*150 »2x3X3x 5x5x7 . * 

360 «2x2x2x3. x3x5'- I 

The largest "Apiece" Is 2x3x3x5 bec^iuse 2 .appears only 
^ once In^ 3,150* (even though It appears 3 times In '3^6), 3 
"appears twice In both expressions, ayid .5' appear>i3* Jus^^once In 
360 -{even thougl^ It appears^ twice In 3,150 ),• • Therefore, J;he 
greatest common factor Is 2 k 3 x 3 x 5 or 90. ^ 
A more complicated example Is: 

^ 10,890,936 «• 2 X 2 X 2 X3X3X 3x3x7x7. 7x7x7 

8,820 « 2 X 2 X 3 X 3* >^ 5>x 7 X 7'' " V 

The greatest common factor Is 2"x 2 x 3' x 3 jX 7 x 7 « 1*764. 

2 appears at least twlqe'ln feoth expresalons. 

3 appears at least twice'.ln both* expressibns. 
7 appears at least twice In both expressions. 

The 5 appears, only In ' 8,620 so It Is. Jiot included In the 



Because of the properties rioted under 1 and 2 on page 1^7 
'once we have, found the^greatest common factor we. can readily 
^find all common factors. 

Since 6 is the greatest common factor of 30 and 42 
^ the set of all common factors is the set of all factors of 6 
or; Cl, 2, 5, 6). ^ 

For the samer reason {1, 2, 3, 6) is. also the set of all 
common factors of .84 and and. {1, i, 5, 10) lipte all 

the common factors of 50 an'd 90^ \ > -s -* 

/Suggestions f^iv Exploration: . ' 

» 

. > ^ !• Review the idea of intersect!^ of sets. 'Then apply ^ 
;this to the intersection of the sets of ^Ll^ factors of - 
12 and 18 as is developed in the background^. Others 
number s such as 15 and 20, 18 ^d 28, and 25 
and 4o can be used. This will l^ad to an understand- 
ing of common factors 4if two numbers. 

Pupil page 74 might be quickly noted and pupils can 
then work Exercise Set ll. These e^tercises can "be 
discussed- after pupils have completed them. Exercise 2 ' 
of this Exercise Set leads to work pyi Pipding the ^ 
Greatest Common Factor. During the disciission of the 
sets of common"^ctors, the special character "of the 
; set may be noticed. Leading questions such as these 

^ can b^ asked: \ 

What do you notice about the, largest niimber in 
' each set of common factors? Are all the other ' 
members of the set also factors of the largest 
numberl© Are the factors of each member of the 
set also in the set? Are there apy members in the 
set which are** not factors of the largest member? 
Do>ou think {l, 2, 5, xo) can be a set' of all 
.common factors? Can {1, 2, 6) be a sdt of all 
common factors?* can^ {1, 2, 3, 4, 6) be a/set of 
all coinmon factors? , - ' y ' J 

Discuss these questions in the light of the preceding 
bkckground given for the teacher. 

j 150 
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2. Now is the time to Introduce^ the .term gre^1;est common 
factor . Children should have no trpuble in identifying 
the largesit number in the set of commc^A factors ai^ the 
greatest c ommoiq^ f ac t or ♦ 

Draw a diagr^tm pn the board to illustrate the way -in . 
which th§ greatest common factor oV two numbers «has 
been found, for example 24 and •52», \ ^ * 

Diagreim . ' ' ^ 



4-24 
Do complete factorization." 
24 = 2 X 2 X 2 X 5 



?2 



Do complete factorization 
52 = 2:k2x2x2x 



{ 



Pin's' all factors of 24, 
^ {1,2,5>,6, 8,12,24} 



Find all factors of 52. 
(1,2,4,8,16,52} 



Find the common factors^ of 24 and* 52. 
^(l, 2, 4, 8}, 



Find the greatest comm<5n 
factor of -24 and 52. 

8 " * 




Ask if aayone can see a way to get from the *first step 
to the greatest common factor without going through all*" ' 
the other steeps. Have, children closely examine the 
prqduct expression's for' 24 and '32 given in the first 
step. Ask questions such as^ "What factors of 24 are 

.also factors 'of 52? Ho\fmany times does- the factor .2 
appear in the product expre'ssion for 24? for 52?' 
What is the gre.atest number' of time? that 2 appears # 
in both product expressMons? ' Are inhere any other /prime 
factors which appear in both expressions?" Try 'to »^et ' 

pupils to see that tli^re i3^aj way to find the grea.test 
' common fad^tor without going through all the steps in 
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the diagram. Us« other examples of finding the greatest 
common factor such as those* given in the background , for 
the teacher. Follow the development given in th^-teacher 
background to help; children fin^ the "piece" that is 
common ''to both product expressions. Children will need 
to findothe greatest commo'n factor of two numbers- in. - 
several examples durix^g thi^* exploration period in 
o;»der ^o §ain skill and confidence.-^ ' ' 

ACter the grektjest common factor for two- numbers has 
l)een found, air common factors of the two numbers can'"^ 
be determined because these are sim^y the^factors of 
the greatest common factor. In class discussions, have 
the children determine Ijhe set of all' common, factors 
after they find the greatest common factor of two num- 
bers. If thil^'is done during- the exploration ^ period, * 
children should be pre^ared^to do^ Exercise Set 12. 

Pages 76, 77, and 78 in the Pupils' ^ok provide* ,^ ' • 
material designed to help.^.children understahd the 
meaning and .application of greatest common f^tor. ♦ 
Following the exploration you have done with the pupils, 
you may want to examine t'hese pages with the chil^en 
bef al?e they .begin working independShtly on the exercise / 
det. _ « \ ^ . ^ * - / 
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COMMON FACTORS 

Suppose?* Set S is the set of all factors of «12 ,,arid* 

Set R*«^JLs the set of all faotofis of l8* ^ - - r 

— * • 

•S = {1, 2, 3, ll, 6i 12] . . ^ 

£i, ,2, 3, 6, p m . ■ . 

Ihen the set of all factors /pf both' 12 arl<3' l8 Is 

s n^, = (1, 2„.3, 6) . . - , 

. ••■ 5r-- 
The members of this set aire oalled the 'eonson 'f«e%M^ of 

, ■■ r . 

V.12 and 18. - V • ' ^ - ' 

; . •/ • 4 . . ■ 

What are tha *oonnon factors of l6, and, 36? ^l^t 
'K = {i, 2^if, a; 16) "is the set of all factor* of 'l6 

«id ■ '"^ ; . ' - ' ■ . C ■ * ' 

L ;=.'{!, 2,"*i, 1^,' 6, 9, 12. l8/;56} J8 the sett if 
\ . ^ All factbri of 36> - 

K n L « (1, a, 4) ,1s ttia set of all confioh factor* of 
16 JUid, 36. * /, ' 

The common factors of 16 a5|(i 36 are l,.^-2, and " V 



/ 
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^ ^ J Es^erclse Se t ly 

Tvia numbers are given in eacl> eKercis^ Ijelow. Find all 
factors of each niomber: then find t^e common f^tJots of. I 
the two numbers. ^' The first exercise is an tJxample of what 
you are to do. ^ ^ - ' 

/.a. 12 and 30. ' ' ^ 

Let A. « the set of all^factbrs of 12. 
'"^ , , ^ 1^ - (1, 2, 3, K 6, 12) 

iet = the set of all factors of 30. 
. « (1, 2, 3, 5, e, 10, 15, 3^} 

A n B = (1, 2, 3, 6} ^ ^ ; 

1/ 2, '3^ and 6 are the common factors of\ 
12 and • 30. , *^ ^ • 



For each intersection in. exercise 1: ' v ' 

a. , What is the largest or greatest factor in each set of 

common factors? * * 

b. Is each other meiiber of the set of ccranon factors -a 
' rfactor of the largest member? - ' 

c. Are there any members of the intersection set which *' 
• are not faotors- of the largest member? - 



b. 


40 


and 


50 


e. 


52 


and 


72'. 


c. 


36 


and 


27 ' ' 


* 


v75 


and 


120 


d-. 


60 


afid 


40 




72 


an'd 


108 



Exercise Set 11, Answers 



1. b. R * the set of factors of 2x2x2x5 

= {1, 2/ 5, 8, 10,, 20, to) - . 

* S '= the set of f actots oiE" 2 x 5 x 5 ,. ' 
■ = {1, 2, 5, 5, .6, 10, 15, 30} > ' * ' 

.R n s= {!', 2,. 5, 10) • •• . . 

c. C = get of -factors of 2 x 2 x 5' x 5 

• ■ =. {1, 2, 5, 6, q, 12, l8i 56) . " 

D = set of factors of 5 x'5 x 5 = {1, 5, q, 27). 
cnD = {1, 3, 9)' , 

d. E = the 'set of factors of 2x2x5x5 ' 
- •■ = {1, 2, 5, ^. 5, 6, ID,- 12, 15,^20, 50, 60) . ' , 

P = the set of factors of 2x2x2x5 i 
= {1, 2, 4, 5, 8, 10, 20, 40) * 
E n F = {1, 2, 4, 5, 10, 20) , - 

'e. a = fefte- set of factors of 2 x'"2 x 15 ' 
= Pl, 2', 4, .15-, .26, 521 . 
H = the set of factors of 2 x 2 x 2 x 5 x 3 
■ ■= {1, 2,3', ^, 6, 8, 9, 12, 18, 24, 56, -72)- .... >^ • 
G n H = {1, 2, ,4) ,- ■ . »- 

X = the set of factors -of 5 x 5 x 5 • • • 

= {1, 5, 5, 15, 25, 75) ' ■ • • 

Y = the set of factors of ^2x2x2x5x5 / 

= (1, 2, 5, ^, 5, 6,-8, 10, liS, 15,-20, 24, 56,-4*0, 60,l20) 

XA Y =^{1, y, 5,, 15) 1 ■ 
g.,.'\-A = t>he set of factors of '2x2x2x5x3 ^ 
' =.{1, 2, 5, It, 6, 8, 9, 12, 18/24, 5d, 72) - , 

B = the set of factors of 2x2x5x5x5 
= {1, ^, 5, ^, 6. 9, 12, 18, 27, 56. 5^*^ 108) • 

AnB= (1, .2, 3, 4, 6, 9, 12^18, 36) ■ 

2. a. b». ^The- g.c.f ^^is 10. 

I The g.c.f. Is 9. t . , ; - ^ 

a». ' The g.c.f. is 20. ' • . / 

e^' . The g.c.f . is if. . ' 

f. The g/cf. is 15. ' 

g» . The g.c.f. is 36. - 

b. Yes; * > \i '''^ \ " ' / ^ 

• c. No. ' '« r .V , 
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FINDING THE GREATEST COmOft FACTOR 

" * . r * • , 

.V If we know the set of common faptors of two numbei^'9, we 

can easily find the greatest common factor of the two numbers. 
J The greatest number in the set of common factors is called the 
* greatest comnton factor , 

* The set of common factors of 12 and 18 is 
, ^ {1, 2', 3, 6}. ^ • 

•The largest: among these nvimbers is 6. It is called the, 
greatest common factor ' of 12 and 18. ' \ . 
The set of common factors qfL. 16 ancj 36 is 
' ^ ' {1, 2, 4). 
The greatest common factor of 16. and 36 is 4, .* . 

There is a way to find the greatest common factor 'of two 
numbers without first finding the intersection of th? sets of 
factors of each number, • 

First we express the numbers, saj^ 30 and, 42, as 
piroducts of primes. . , ^ 

^ 30 « 2 X 3 X 5 

' 42 2 X 3 X 7. ; 
Ihe factors of 30 can a:|.l be found t)y f^lSinlng* "pieces" 
of this expression. Pieces of* 2 x'3 'X 5 are 2, 3, ' 5, 
2x3/2x5, 3x5, and 2 x 3 x 5^ The factors of 42 
can all •be found in *the same way. The pieceV- of 2x3x7 
are 2, 3, 7, 2x 3, 2 x^7, 3x7^ and 2x3x7*., The 
common factors of 30 and* 42 must be -expressed by those 
plec^s>ihlch ar^^ found in both 'expressions. The greatest common 
factor-must be the largest piece found" in both* expressions. 
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l*ie largest piece in the prime product expressions for 
both 50 and 42 is 2x5 or 6.^ .Then 6. must-, be the 
greatest common factor of '50 and 42. 

Here is 'another, example. To f ind.^ the greatest common 
factor of ' 90 .and 50 we write^:^ ^ ' • ^ 

90 = 2 X 3 "x 3 X 5 
' 50.= 2 X 5 5^ 5. •• ' ' 

By rewriting 90 =^-(2 x 5) x (5 x 5) we see^that 2 x 5 is 
the largest^ piece that can>be found in both expressions. The 
expression 2 x 5 x' 5 can^be found in one and 2x5x5 in 
the other. But neither can be found in both . ^ We know then t^hat 
10 is 'the greatest' common factor of -90 and 50* . ^ ' 

If we have found the greatest common faqtor in this way we 
can quickly find' all"^ common factors. Do you see how? The' 
common factors m[ust be those which can be' expressed as pieces > 
of both prime product^ expressions. They must then be the 
pieces of the largest piece. ^ OMs means "^^tat the common factors \ 
aire ^simply the factors of the greatest common fac^r . 



Since 6 is.- the greatest common factdr of ' 5b ahd . 42, 

the .set of common factors is* (1/ 2/ 6}.^ * > ^ 

Since ftliO is the greate'st common factor of 90 and . 50, 
the set' of common factors is. (1, 2,' 5, 10} . ^ * 

Now try 24 and '6o. v • . • i ' • 

/ ' * ^ ^ ' 24 = 2 X 2 2 X 5 * ' ii ' 
„ ; ' " 60 X ^fc^X 5* 
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?J8 



r 



The* pieces ^whloh these expressions have in common are 2, V, 
& X 2, 2x3, and 2.x 2 x^3. Bils \B^t is the. largest, so 
12 is the greatest common factor of 24 and 6o. The set of 
all common factors is {1, 2, 3, 4, 6,n.2K ' ' 
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• ' • Exerolse Set 12 , » . 

Find the greatest* common factor by first finding the ; 
int^^rsectipn of the sets o't factors*. Exercise a, is 
answered" for you as an example » ^ 

a. 12 and 4o 

12 = 2 X 2 X 5 ' 

■ ^ All factors of 12 A = (1, 2, 5, \, 6, 12) ' 

. 40 = 2 X<2 X 2 X 5 ' ^ 

^ All factors of 4o = {li 2, 4, 5, 8, 10, 20, 4o) 

. . A n B = 2, 4) . . " ' • 
The greatest comnon factor of 12 and 4o is 4. 

1). 16," and 6 , 
c. 90 *'and 12 

. r . • 

Find the greatest common factor by first writing each 
niunber as a product of primes, ^% 

a'. 2 and 6 (i) * e.i '48 and Jo'^^J 

b. 7 and 55 (t^ f. 6o and 45 f/^;;) ' 

c. 16 and 8 g. 72 and 60 [l^) 



d. 20 and 



56 (^J 



h. 2x^2x2x5x3ix5 and 2x5x5x7 

i# 5 X 5 X 5 X 5 X 7 x 7 X Jl ^ and 2 x 3 x 3 x 15 

J. *m:52x2x5x3x3x5x7x7x7x7x7 



and 2x2x5x5x7 



\ 
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BRAI1^TWISTER * . . ' 

3* a*' Can a pair of numbers, with 2, 5, and 5 among their 

common factors have 20 as a greatest co^on factor?/^)l 
/a/';^o ^</^ Xt^ jk^^t^l^ fl^n>f.fx>x^ )r«^ei?^ J (Vtc£^pur75e;i. * 

D.^ If - 2' and 3 age among the common factors of a pair 
' of nmbers, inagi^ oxi^other common factor which t^he 
pair must have. (it>^ 

Answer the same (fuestioh if the common factors are: 



c. 3 and i [l^) / 
.d. 9 »and 5 '^^ 
e. 9 ' and \ {^^) 



f/ 4 and '6 (/^ 

g. ^- and 14 (^-i) 

h. i2 and 9 (si) 



a. The greatest coranon Tactop of 728 ^and 0968 . is 8. 
Write the set>of common factors of t28 andv 968. 

hj The greatest commop factor of 330° and 2^4 is. 6» 
Write the set of conanon factors of 350 and 968, 
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FACTORING AND FRACTIONS • - ' 

Vocabulary: Measure, numerator, denominator ' . 

Suggestions fo^p Exploration: . 

* This section is an application of \/hat has been leairned 
in this chapter. • - 

The presentation on l^he' pupil pages carl be followed./ , 
The Braintwisters of Exercise Set 1? should be discussed* 
in class after pupils have had an opportunity to work^n T 
them^^^ndependently. ^ > 



r 
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FACTORING AND 'FRACTIONS 



When we studied fractions we learnec%that there arejnany 
fractions which name the same -rational nianber. ^ Pop, example 



2 



4 



and 



* I 



are all names ^ot the same number. 



2 
3 



4 



6 

1 ' 



This njimber line may help to remind you why this Is so. 



0 

1 III 


1 111 






1 


111 1 ^ 




2*^ . 
1 


V 




I Hi 


2 


I 1 i 
I ' 1 
1 1 1 


3 


! M 4 


jl^i '.!!! 


J, 




^ Hi 




S 


: i : 

1 ' * 


3 


i;L . 


!• ii 

Ml :.! 1 ! 

» t 1 JO ^ ^ II ; 
I « 1 • . « e i' 


s 




• .! • : 


1 • V 




1 • i' 


7 


|T.|- T 


it 




411 

J2. -L • JL 


• . 1 

3 4 » 8 


6 


Ji i. 


• 


1 1 
1 .1 

K> II 12 


! i 1' i 
a ]4 le' li 47 


m < 





The^^agram. sho>js scaaes In units, thirds," slxtHs,-. and. ninths . 
..^ It shows, that' if -a segment has a measure £ ibhj^ It also 'has^ 
measure and . . By studying the diagran^yoti .should be 
able*' t<> -Answep-ilj^ following questions : • s 



•- ■'*''l- .Johii^hasVa .pencil^5^ of a foot long. ?fary has a 
pirece of c^halk..-i.,.bf a foot long. Jol]n measiires the sjUl^ of • 

Mary measures the. same side 

4 In pencil 



a. large...l).0Q|c:^ith his pencil. 
;.3Wl,tni-*her 
lengths. 



Z;^^^ chalk. ^John finds that the e^ge measures 
• ^r^-" lengths. ^What *<te>es yt measure* e^^ What numb 



number should 



- .--Mary ,fln.d as -fee meaeutre of the. edge In chalk lengths •J|['5]how 
would she;.probabl^xpress thls^^n^BgffT tn feet?^^Vj^ * 
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2, ' List the two I other names for ^ shown on the diagram. 
List two more names not shown on the diagram. Is there a name 
for ^ shown on the dia^am^l^If th^re is; what is it/^What 
soades would* you add* to the diagram to show tW9' other names for 

In using fractions it. is of ten^ very important, to be able 
to answer questions Like these: 

* - We can zunswer questions like these If we can tell when two 
fraotlorSi^are names for the same hvmber. We, know that 

1 ' 2. 4 5 6 / 1 X n 

and that ' ' 

• ' • 2 4 6 8 10 12 2 X n 



, We can also' use this idea to flijd smaller numer&tors aftd-* 
denomlnatgi's , • ' " " ♦ * 

= g X ? _ ^ = 3 x'3 



18 ^x 6 6 2 x3 5 
•6 _ 5 ' 



l8 . 9 '6 3 
Uius .57]: = = - = - 



'This suggests that we can answer our question about ^ 
^and ^ by factoring. We can start by writing both* 30 and 



48 as produ6ts of primes. 
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30 -'2 X 3 X 5 

^8 = 2x2x2x2x3 



Now ^ = 2x3x5 _ (2 X 3) X 5 

* W = J5x2x2x5x3 k x 3) x (g x 2 



\ 



6 x 



bx 



Also 



25 = ■ 5x5 

TO H X y X X 5. 

- 5x5 _ 5 

" 5x0 - H 



. 5" X 5 

5 X (2.x 2X2; 



we find then that |§ =^ = | • 
Now foii^ojiT^second question, 'b) . 



15 



3 X -; 

Fin 



3 
5 



2x2x2x3 
2 X 3 X 5 J 



<2 X 3 ) X 
(2 X 3 ) X 



(2 X 2) 



Since we kridw that 



2x2 

< 



we also know that 



. 2k 



-si 



^ ■ 



1 
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• Exercise > Set IJ ^ > .' 

Find the fraction with the smallest possible denominator 
for each of the following. ' • 

^ , ^ • 60 2x2x5x3 (2 X 5) X (2'-x 3) _ 2x3 

Since 2. x 3 and 5x7 have no common factors, exgept 1, ^ 
must be the ^fraction we- wanted to find. 

« " ^ f^.\- d ^ 'a 2x3x5x5x7 /^) 

• (ly ^- ^[s-J 8-. 2 X 5 X 7 X 11 (//y 
T?. (Tt/ iTliy 2X-11-. (-xry 

o ^2 /•J_\ f 16' 9 X 4 X 5 /at \ 
^-57:^ lb X 3 X 7 

Find each df the measures given below, Express, each using - 
the smalfest possible denominator^ 

Example : The measure of 5 days' in weeks is ' ^ 
i8-*the expression with the smallest denominator. 

a :/ The measure of 36 seconds in minutes . 
b. The measure of 14 hours in days . ( ipj ' 



This 



c . The measure of days ^n y^ars .(^) 

d^ "The measure of 6 ounces i*ii pounds ' . ^• 
e. \ The mpasure^of 42 inqhes ifi yards ./yjj 



BRAINTWISTERS ' • 



3. SupROse that m and n ^re counting ntunberlX Mark T 
for true or p for fals-e for each of the following 
. - ■ sentences about — . 

• A > ' ' ' ' ' ^ 

a„ If m and . n are botK .ev^n t«en ^ can always be 



expressed using a denominator smal]fer than rij(f) 

b . If m and n ai-e both odd then ^ cannot b^^wt^res^d 

using a smaller jienomlna tor. [F} • ,- • 

• . . ' ' '. 

c. If no prime is a factor of both m and n, then the 

^ greatest common factor of- ji "and n is l-ij) 

r 

d. If.no prime iS a factor of both m- and n, ■ then - 
cannot he e^ressed using a arSSllet denominator, (t) 

®* n 5" ^ is a factor of m and 6 is a 

■ factor of n.frj' • ' ' 

. If - = y then 2 is ar facl^r of m and -.J . Is a 

\ fac1:or-of n. (t) J ( ' 



/ 



4W 



. 7: 
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* supplementaW exercises 




^ These supplementary e^rerclsee are set up to, 
challenge the more-able thinkers. The^ are not 
arranged so' every student should, or would even ^ , 
be able to work all of tfhem, • 

Below are several suggestions, boncerning 'the. 
use of 'these' sets of exercises. ' 

1, Save the complete set of exercises until late^, 
in the school Jr^ar. You may w^t to return to 
them as- a review discussion^ 

2, ^ ^Allow your more able students to work toge.ther 

througli, 'these exercises. 

3, You, as a. teacher, can study the exercises. 
There are Some ideas here that may help you in 

. your own understanding of factors and primes.* 

After you have studied these exe2'cises,' you 
may wish to use some of them to add^^to your 
class discussionsxas ;^ou study Individual 
parts .of this unit.. - ^ ' 

CAUTION: If yoU attempt to us€|j|||tse ex^cis 

in total class discu^pR", you may find 
your time to teach th^init will extend' 
beyond the 3 to 4 week period^ 
normally needed for this chapter. ' ^ 
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Additional Information for Supplementary Exei^clse Set ^: 

. ' ' ■ : • . '> ■•■ 

Ob.s?rve that neither 2 nor ^ is a factor of 7,075. 
".pick two multiples of 9 -for which the factors other "than 
9 have no common prime factor; e.g. 2x9 and .5, x 9, • • 
or .5 X 9' arid 5 X 9. 

A composite number less than 15 x I5 must have 2% 3, ' 5 
7, ' or 11 as a factor. Therefore n has 11 a^s a 
factor. The other factor must be 'li also becaus'e 
11- X 15 > :^5-. 

Find t'he g.c.f. of 6 and. 9. This Is 5. Then find 
the g.c.f. of 5 and 30. 



a 79 



I 

f 
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Sypplementary 'Exercise Set 'A 



r 



Write as a product of primes : * ^ n\ ^ 

a. "How in^y times does 2^ appear if 24 x 7075 4^ \» ^' 

written aa a product of primes? |j.^itVx/>t^ ^ 

b. How inany time(^^ does 'J" appear? (^(n^^Vu) 

; '/ ' ' . ^ >' ^ 

Find three pairs of numbers with the ^ivunber giverl as 

greatest common factor. ^ . ^ ^ ^ 

.._ #(_t/r;, '(?,;i7;,(./-« ">-^- ; . ', 

There is a composite number less than 125. It does not 
haye 2, 3, 5, or , 7 as a factor. What ,is the number? 

.Find the greatest common factor of these triples of nximbers. 

a>- 6, 9, }o[' i3) I . , /I J * 

b'. 8, . 12^. 25 iO . ' 

o. 25, 50,- 56 f'^ . . ' ' ■ ' ' 
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■ r ■ ' ■ ' . ■ • .'■ ■ • 

6: 1 am thinking of an^ operation on counting nxmb'ers. i will 
call the result of, operating on m and n, ' m . -n ' ("m 
• . dot n"). Here are some facts about the operation I'dotj"''" 
, 6 . 4 = .2 . v'* • 3=1^ 5 . 15.'= 5 , "8^ 12 = k 
^ ^ = ^ 10 15 5 18 . 26 = 2 ■ 42.. 25 = 1 * 



T^^J^&p is a ^rule for binding m. . n? ^ ..{^^.^.^^.^^.^^ " ' 
\>: Is the operation' J'dot" cpnBnuta'tJ.ve? (^<^) \ 



<[s -it associative? 



V 



4» 



* 
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Additional Information for Supplementary Eyerclse Set B: . 

1. 'Every prime except '^2 Is odd. Since n ^is odd, sn +1 
Is" even. Except for 2 and 3 no two J^rlmes can ever 
be* adjacent. - * 

* 2.- ' In any base 30 = 3 x 10. In base five, 10 Is prime. 

In b, note that , in any base 100 = i^O* x ao. 

In b ^conversion to base ten is necessary. ^ 

3. Mako, a list comparing base. five and ba^e,ten numerals, 
or use a^ list mad^ previously. The .^ven numbers are 
2, 4, 11, 13-, 20, 22, '2^., 31, . etc*. Notice that in 

( any base, the base is a factor of - number, only if i^s < 
unit digit '.is 0. ^ . 

^. These questic^s pan all be answered by converting to base 
ten. Notice that 13 is prime in^ base ten. but not in 
base 7; that 15 is composite ^n base * 10 but not in 
base Of course, K^will be pr^e anly if the base . 

is prime, and ^00 ' is Always coiTiposite. 

5. In anyi^ven base/ one-half of . the ^as^ wii^l ,'have the same ^ 
^ort' 'ftf divisfibllity test as 5 does in the decimal system. 





P88 • ■ • . 

^ * ' supplementary ' E:terc'lse Set B v ' ' ' ^ ^ 

1. Suppose you know a la;rge prime' number, n. Jlien you *^ 

I ^an be sure that n + 1 is /hot a pri\ne. Why? ^+/^ui>c/ -fe-**^ 

' , ■■' ■ ■■■■ (■■•,■/•■■'. 

In this exercise w!rite only base five! numerals. V/rite • 
a product of primes, if possible;" * 

fl3ir^^^>/(;?^^/r-;^/ f 

^3.^^ a. Using l?ase five nOmqrals), is thisre, a' simple test ta' 

find whether 2 ■ is a factor of a number?^^j^^:J^^^ ; 
' b. Is tt^ere a simple test for 3 as a factor? ' ^ 

c. Is. 1;|||pre a sin^ple test for i'^O) ^^^^'^{yfj^t.^^ 

.are-, prima and which are Composite*? ' ' 

5- Find a rule for testing 3 as a factor using base s^Lx 
numerals. (^Lj-.Ai.yHut^ 'dju^^^ Oo^sJ 



Additional In format lon'-gor Supplementary Exercise Set C: 

There can be no other triplets because at leaSt one of 
set ofi 3' successive odd numbers is a multiple of 




a b c -d,, e . 
odd even odd even ' odd > ' 

If neither h nor^ c is a muiifciple of 3, then b 
musf be. Bu-t in that case e is ^also. • 

Test each number in; order, ' . , " 

Notice that there is sometimes more than one v;ay to 

' f 

write an even Viumber as a sum of odd primes. 

• • . . - .1. - 
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Supplementary Eicerclse" Set C 



J 



.1. ■ Primes with only one number bostween them are called twin 
, ^primes. 11 aiA 13 are twins, .so are- I7 and "19.. 

» ■ What are the next two pairs of twin primes? (v/ali^J 
^ The primea 3, 5, and 7 gnight be called triplet primes. 

If 15' were prime tlien 11, 13, 15' w6uld''be triplets. 

b. Do you, know any other tijiplets besides 3, 5, ^d f? 

c. In your chart of prime factors, find one other triplet 



other, than , 3, ^, and 7, ifyoa'canj 



J/' 

as ^fi j 



V 



2. ;'me number 6, has g(K interestliig property'notlced by 
Greek mathematicians over 2,000 years ago. It is this:, 
the number 6 is -the Sum* ot all or its factprs except 6. 



/J 



r 



1+2 + 3 = 6. 



The Greeks admlreid this rare property ahd called such 
.rtumberg ^perfect nymbers . Noj^one' ha«/ever been able to. 
find a way to-get , atll^ pferfect numbers.. No on^ knows ^ 
whether "thifere are/ ftny 'od'df' perfectnuihbferigf^ 
Find the next, perfect ijumber" greater -than 




ERIC 



17^ 

" 183 



All primes erxcept 2 are odd. The stun of amy- two odd 
primes is even . > Suppose we ask whpit even numbers 'are sums 
of two > (perhaps equa^) odd primes? Tije smallest number 
which could be is 6. It is, because 3+3 = 6. Also 
8 =r 3 + 5> 10 = 3 + 7, 12 •= 5 + 7. 

Show that every number from 6 through 30 is a. 

' ' • • \ " ' 

sura of two odd primes. • ' . ' ' 

No one has ever fSund an. even- humber greater ,than 4 

wjiich is not the sum of two odd primes*. Most matheri^icians 

Relieve that every such even nurtber, is the sum of two odd 

primes, flo one has been' able .to show that**" there cannot 

be- any -exceijtions. , "^V*/- IM 13^ ^^"^i^^' 



MATHEMATIC/ffi SUMMARY 



Studying . Operations - • ' ' ; . .,-'->V^y.'; 

When ^a. mathematical operation, like a^4itiGp-'br mtr^tlpai'oa,- 
• • '^ion/.ls' Xlrst studied, attention is li^ua-liy^-di^'e^ti^d toWard ^ ! 

f (1) finding and le^rxiing..b^'sic ^acte^^^^^ 
. •^2 +'3 = 5 or' 2>^^^r4;.'^V>^' ^ 

' - • ^ / (.2 ) • knowing, or at lea'st using;ftli^ riropertiefi,; 

. . • like -coTrnnUtaj^iVlty, aa^obiativiW, and . '* . ' 

- ' dlstril).utivity, which un^eriie-^iche.-g^p^^ 
^ * . ^ process 'for " operating 'oh any tv(to,nuinb:gri3v 

, ^ This is the approach' ' -^o^a^^UOm^ Grade: ^.f 

^and Chapter ^of Gi^ade i^. ati3d' W>Rulti^ji^^ 
' Grfde. 4 and Chapter -7- pfX-'Gradej ^i:^' > 
^ ^ ' 'To organize ^drextend kriqwj^^-^lof^^ it l.sf^^lof tej:i 

valuable ; to* oi^-^Sge;' the point of vlij^ 'oh^ * V. 

ihver^:.the usual ^approach by b^^innl wi^.a-riikiber and. asking 
liow.ife 6an;i?e obtained by operajii^ pn^'it^j5ei> ^nun^e^ 
/ tjhe attitude' towp'd, mAtipal^^^ ,lA?is* ^:uX)ii;-r\.Whi$jj .we 

^ express 12- as' a product in sje;reiikl>.wa^^^' ' 
■ 'facers, :we arfe' tafc'&ig thia^iw 

sajn$*''gerieraLl ques tlonk ffp^IledV.fe- a^#l tion 'ar.e-.^oj; 80^inteJiiting^.' 
* ' For example^ ever^r hiuifeer smaller Itf^^: Vis' -'^^^ 12, *" 

V * ' ,y An^ lnverte'd ;:^^^ / ' '^S.. - Z^r^^^-'-^^ 

: \^We^.iegin oyirrk^^ ,f>^^-$^e'w^^ Ttp'^. 
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Continued application of this process jLn several -cases should 
suggest these pbseJvatiops : ^ ) 

' ^ . (/ly The' "breaking up" can continue indefinitely 

* ^ ' <^ if l»s are used as factors,, but using' 1« 

\^ , ' ..as factors does not contribute additional 
inf ormafc44)n. 



s^ 
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1=2 = 3x4x1x1. might as well be 
12 = 3 X 4 , _ ' 



(2) If 1 is- not used as a factor, then the 
process must end. . ► \ 

.12 = ,(2 X 3) X 2 

terminates the "breakup"^ of 12. 

The process ends when each factor carjnot .be written as a product of 
smaller factors . At this point we ^have reachec^the ."bricks^' or 
"atbms" fir om* which the number i« "constructed" by multiplication.-- 
These af^e called prime numbers' or sijnply primes . Products of primes 
are called ^eom^gsite numbers. ' . ' ^ 

^. ..^ « ( , ... ' . . "< 

(-3) It appears that, for ^ given 7\umb^, no matter I 

V ^ ' how the- '^breaking up" prdcess.vis undertaken, 

- , ; when..the "bricks" (primes)^ 4re reached; 'therre; 

^ ^ ai*e always the jsame numbers of each typg^i 

"brick" (each prime) . . \ 

^ ^ * • 12 •= 6 X 2 == (2 X 3)! X 2 . ..ai?d 
l-^'J^ 12 =*3 X 4 3 x- X 2)'. 

. • 60 = 5 X 12 = 5 X (3 X 4^)' f 5 x (3.;^(2 x 2)) 
, ' '6cr = '6 ^k**^10 = (2 X 3)^ X (2'x 5): ^• ' U 

• Another v/^. to say fhis is: If vie^^X^^re 

distinction^ in the order and* groupl^* of 
factors, there ig only one way to write a , 
number as a 'prbduct of primes. , " ^^"^ 
This prolperty,* whose con^quences are manifold, is called the 
fuhdafliental theorem 'of .arithmetic. • - ; ^ 

f ' I'll! — - - 
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^ Primes and Profiucts of Primes 

■ ^ \^hlle this' property of primes can be proved; we ask the chll- - 

dren to assume It as a Jirobable generalization of< their experience. - 
It means that with ev^ry number 'twere Is associated a certain s-et 
of prlme_ factors (types of bricks) and a certain number ofrepetl-, . 
tlons of each prime .<number of eaah type of t^rlck) . Por example, 
36 -has two prime factors 2 and 3. Each Is. repeated once: 

\ • ■■ , . ' , ' /. 36 = 2 X 2^ 3> 3. ( 

This leads us to a computational, prolalem.. • (l) Can 'we find a 
method for writing any.n^ber as a product, of primes?" Less compre-^ 

- henslve objectives are (g) to find a way to determine Vether or ' 
$ -not a , given number Is a prime or (5) to find all primes ^mailer 

than some giv^n nyijiber. Any answer to '(i) (mist Include ;answ*ers 
feo (2) and (3).-' We begin with these pio re modest aims because • 
they lead us to a solution jof the original problem (x:). 

— - — There is <?bvious btit" tedious way to find the f'kctors of -a 
number, say,. 97.:. Beginning' wl%h '2, .we' divide 97 in-order by - 
each n\imb^-tq te^*,lts even" divisibility. If we alr&ady know ' *> 

' the primes ^less than . 8,. we ^ain shorten our work in finding ail., ' 
■■•prime fac't!brs of 97 >or prove that ^7 is. prime. If we are, 
^i^^terested only in /Jecfdlng whether or no't 97 is" prime,, this - ■ 
•method can be greatl^" Improved. We ;need to .observe that\ factors 
borne in pairs; for' example (2, 6), (5, 4). are the paired" ^ 

factors -of 12. It fqllows that:-" 

■■ , ^ , ^ -• . ..... . ^ 

a)^ for any' numb?r;4^e,ss ^haji.. ,5 'jLf one factor is "^greater / 

.. than 5, the p, Hfj^ie .pkir is fes's than 5; '' i " • -( 

^b) for any numbel:"'ie*9'4;fih ''V x 7/ if one factor is greater . 
than 7 the other 'yiiw^s than,-. "7. ^- ' 

c) for any nuipber lessCtMli 3,0 X 10, .I'f one factor is /■ 
greater. than •' 10, . th^^bther is'/less than 10, 

This principle implies^hst if ^0 ' has ho prime factor less 
. than 10," then 97 Is ltsfi0 prime.;"'. For if 97 has a factor* " „ 
greater than '10 then it also 'i^as -a "factor" less than 10. If ' « 
97 has a factor less than 11, 'then it hats 2', 5,. 5, ' or-, 7 
as a faitStor. , Ve^ thereffore .ae.ed only te^t lQ-t-.3, 5, and 7. 
for even dlvislbil4:ty to proVe that 97 Is prlm^. ■ - 
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Testing 2^-3, or '^5 ^cfen b^e' ^simplified by noting cH^ 
properties of .the ^djBc^lmai'^numerai witj^i ,one of ,these '^* 

primes as a factor. ' "- ^Y.i:; / ^ ~ ' I^'" * v-" 

The. method outlined; abq^e *;iiB^\reHgonably,;eff^c'^^^^ 
for* reaching objective But if vie} ^±siir^o/^fn^^^ 

up to 1Q0^ testing eacK^iimbei^^tilti be^^t^^^ - / J 

. efficient and revealing to; .rind the cGijgyOsite ^urttb^rs^up. t^ K)CF.. ^ 
This can be systematized by finding -^Hei^bers.M . 
^ factor.^ First we caii write down in^;order<^.TOe^^number^ g3jea1;ef than 
2 wi'th 2 as a- f actb]f».. * >. \ / '^^^ V * 

These are composite. Xheni^we can inclxide Xi^e n\m(mv^M^,^^^^^ ^^^^ 
^3 wijh 3 as a factor^ !gettJLng ; V ; - - ^ V o * 

21, ^ ' '"^ ^ 

in addition to tfho^;'^eadv writteii, Eoich of these Jis compositie/'V 
If we add to our Hst tl3^ n^^bers wiLth''!'5 ; '7\as; a factor/ we ^ 
will have listed aU^^^m^si-tes les-s "thin^do'.r'Hre numbers not 

_ ^ ' ^/^/-v" ; :> \ ^ . 

Thj^sjgyec^ ^^sug^ ^s the jessing,' pf ,a ma.i?eriai^^ a 
series of 'selectivTTlLlters or.j(ieves,.; in\ this ana^to^^ ^ 
-ucc^ssive/"pieve" retains oni/ the. riumb^sjas wit.lji, a/c^r"t^^^ 
and passes , the rest/ l!hey n^Mli^vk p^^ *^f'iltrati6n^ 
wj^ll be the primes less than iooV OOii^ le-a way ;^^o' reach 

objective (5). ^ / ^ (i* H . - ; - ^V ^ - -l-^' - 

. We now have the ingredient » of d '^qxipsiil writing 
reasonably large numbers as pro<iu)D,ts of prMes./, thit is= ]for;reaiiHr^^ 
ing- objective '"{l). The method isV^p^st^thi 
divisibility by the prinjes^n order* \'Po^exSJt^!i^^ - 
jnet*hod to 1092 we note that 2 is a factor and ~geti\%;.aiVi^ 

Now we apply the ^mpthod to' 5^6, again beginning with and] 
gettins, ' , . ^092 = 2 x 2 x 273. ^ " 

jSince 273 is not div.isible* J5y 2/ wettest 3, getting ^ 

1092 = 2»X 2/X 3 X 91. 
• 91 is not divisible by* 3^ or by 5> so we test ^7>. getting 

. , . 1092 = 2x2x3x7x13. 
\ 179 
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;'/BeC5.§uj5e/.:i5;* is prime, we have achie^^^our'-^oal. 
^ A' Prg>'perty. or Primes 



/•.ijie fact that ev^ry numher ban be wr^ten as a product of 
primes in Just one way has^many" implicatioiHS. offe of these is a 
pa;^t?.pularly sigpificant property of primea which can be used to 
••4V?;^ify many assertions in the subsequent part of the unit. It, 
,.?-S..4e^*iy^<^ rom a-very use'fuX observation; gamely, to write - 
■ m_Xil • M i product of primes, we simply ^ring together tta^ 
separate expressions for m and n as product's of prime's^ | ^ 

. . . From ^ • 110 = 2 X 5 X 11. and . ^ - % 

, A ; - - 'X .. 0^ 

^ . . 78 = 2 x^3^ 13, ; - " ^-/'^ 

. we get . ^ 8580 = (2 X 5 X 11) x l^^^Jx t^^) ^..0'' ' 

= 2 X 2 X 3 X S^X^t'x-i?. 
This means that anj; prime factor ' of « product -jir-'4.!n is a 
factor ojf ej/iher 2 or n. " ,• - 

It'^easy~'to show by exanjple that" this property, is nat 
shared. by composite numbers. While .h is a fac'tor of 
8,580 = 110 X. 78, it is a factor of aeither 110 nor 78. . 

The' observation made abbve has a dirpct^ application in 
Justifying the process for finding all factors of a pumber from ' 
its expression as ,a product of primes. Suppose, r is a . factor 
of \ 8,580. Then * ^ , , ' 

8,580 = r X 1^, 

If r and s ar,e expressed ^s prodi:(tts of primes, we will have - 
the expression for 8/580 as a pr<rfdxact of J)rimes if we bring 
together these expressions. It follows that r must be a pro- 
duct of Na^g^ne of the factors "shown, in . . 
^ . 2 X 3 X 5 ?c^^t^- 13. 

W6 conclude that by maki6g?^all possible product expressions , 
using some of: 2, a, 3,^5, li^ 13, we get all factors. Given^ 
time, we ca^ actualjjjr write all of ^em" down. '/ 
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, Commoh .Factors ^ , 

Tlie most practical benefits o£ the work on factoring. ^to tJiis 
' po£h*Hire its applications to the dQ,tennlnatlon of the' greatest 
common factor and the l^'st common multiple of two nun\bers . The 
.calculation of these quantities is necessary in "reducing" frac- 
..'tions and in adding ratlowfel n\imbers, 

• To begin, we. 'examine thle set of all c^ommon factors ,of two 
numbers,^ To gi^^he'set of'^cqjnmon factors of 12 and- 20 we 
find: ' " ' . . ' . ' / 

^ ^ set of factors bfi 1$ is * (1^ 2^' 5, X, 6, 12)* 

* « set of f actors of 20 v is t^* 2, 4, 5, 10, 26). 

* . * 7 ' * \ 

^^The sfe,t of common factors^ is .defined to be the intersection of 

"fei^ese two sets, .rj^mely ^ 'i ^ / • 

2, 4), . . ^ / , 

Now it is no,t. a coincidence -^hat this is the «et of all 
factors of 4', Th€ sat of cofnmon factors is always the set of 
all factors of some niimber. It can never "happen that 

is the Gct' of .common factors of two .numbers. If § is the 
greatest common factor, then ' ' . " * 

{1, 2, 3V 6) . . / \ 

J Will be the. set of common fa6tor9. Why? » * 

To see the ainswer, suppose that, .'m spi^ n are ;two niimbers 
with both ' 4 and- » as ccftion factors, .Then, •* . , & : 

m = 4 X 6 X Q «^ 3 X ? X ,q * * . ' ^ . 

and n = .4/x s = 6 x t:= 3/^*2 x. tl ; • 

This mearts that 3 is a factor of 4..x p. Butjfor a. prime to be 
a factor of 4 x p, it must be a/faqtor of eitper '4 or' p. - 
However, 3'\is not a factor^ of A, ^henc6 it is a factor of p. 
For the s,;Sme reason, *3 is a' factor of s. ' Thufi^^^^ ' • 

. ' ' : m = rx^ x^^. « (p=^;Xl\X . / / 

, n - 4 X 3 x u. (s =§3 X u}V^- < 
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But now 12 is a corranort factor' of m and m Thus, whenever h 
•and ' 6 .are common factors, so is 12. * 

A 'general ardent pf this sort shows that every common 
factor Of two numbers ia a factor. of the' greatest, common factor. 
The-problem then reduces to determining the- greatest aommon , 
fac'tor without first having to det.erndpe common factors. 
Writing ^ach' number as 'a product af pWmes ^-enables 'us. to "find, the 
greatest common factor efficiently. . • * . 

From . " ' - 1?0 = 2 X 5 X 5 X 5 • ' and ^ 

■ ^20 = 2 X 2^x 5 X 5 x*7 

we can pick out the largest common "piece" in the "construction" " 
of 150^ and - 420 from primes, * ' - , 

15P - (2 X 5 X (50 ; . 

and, 42Ci ^ (2:x 3 x^5) X (2 X 7); 
Clearly^ 2 x"3 x^^= JO is a common factor. Any greater common- . 
factor must be ^f the folTn ^30 x (common factor of 5 and 2 x T) 
Because the greatest common ^factor of 5 and Ih is 1, '30 is' 
the^greatest common factor of 150 and 420.'^ ' 
^ The' definitiol:^,' computation^' and use of "leaat common' 
multiple", will be tre'ated in Chapter 6 in connection with t^e 
work on the addition of rational* numbers. 
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Chap/er 3 



EXTENDING MULTIPMCATIQN AND* DIVISION \l 



PURPOSE OF UNIT ( 



'.^ The Rurposfe of , this umt is ^to help children 'develop 
greater* skill in ^ 

(1) multiplying wHojle numbers, and 

(2) dividing whole^'' numbers. 

Based on an undersftanding of relevant ^^bperties^ ^ 
associated with each operation, emphasi^ is given to the 
use of progressively iho re mature aAd mpr^ efficient algorisms. 

Skills ancf* techniques ^ develop at different rates f^oi; 

different children,/ and not , all children can be expected to 

perform at the sai§/ l^vel at any given timA. However, each^ 

child should be encouraged to progress to aVhigh a level 

of perfoi*fnanee as possible — but not at the ^ifpense of 

'understanding*. 

ft * % 

• . - J. 
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' I ' ' MATHEMATICAL BACKGROUND ; 

Ml^LTIPUCATION -ALGORISMS . » • ' . ' 

• When multiplying two numbers such as 12 atnd 26,. it . 
generally is not convenient to remember all of oneJs thinking- 
used to arriye-at the coyrrect product, 312% Rather, it 
usually is^ helpful to record some of this thinking ia a 
wr'ftten way^. , ^ . 

Various forms for multiplyi^^g may be used, depending upon 

the pattern of thinking* usect and the, -extent to which a record, 

of parts oC -this thinking is made, tn writing. Consequently, 

some fo{»ms of recording' (or algorisms) are copsi'dered to be 
^ • / ' ». . ' • 

shorter or more efficient .than others. In any events an 
algorism must be based upor( ,recogfti-zed opercitiojial properties 
and numeration /principles. . ' . ' ; • 

k Example^ of algorisms for jnult^plyihg two numbers s^ch 
as • 12 aftd 26' follow^. ' <- ' . • 

. r ' • . "i 

Sx^nn^les of Al-gorisms 
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, I'hfe fuHdamental baSis for each algorism is found' ;ln the 
distributive property of multiplication over addition, coupled 
with the commutative and associative properties of 
multiplication. For example: ^ ^ • . * ^ ; 



/ 



Explanation for Algorisfn 'A: «». 



^ 12 X 26 = (10 + 2) X 26\ 

'= (10 ^ 26) + (2 X 26) 



. = [10x(2af6)] +' '[2x(20+6)] _ . 
= • I (10x20)+ (10x6)], 4 2x20)+ (2x6).]'. 

= (200 + 66) + (jtO + 12) 

•. ' ■ • - . 

= 260 + "52 ' 

> Explanation for Algorism ,B: * • . 

12 X S6, (10 + 2} X 26 » ' ^ 

= (10 X 26) '+ (2-x 26) 
. = 260 + 52 . , ■\. 

= 312' 

♦ # 

Notice that, i-n effect, 'Algorism an ^abbreviated 

form of Alg(?i?ism A. , / • ^ . 

Algorism C is similar to Algorism B, except th^t 
12 is expressed as 2+10 rather than as 10 + 2. 

Finally, Algorism D is an abbreviated' form of 
Algorism C. In Algorisjn D the "place value" principle -s^ 
is used explicitly so that by its position the 26 'indicates*' 
"26, tens"' or^ 260. s ' ^ *^ 
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DIVISION ALGORISMS , - ^ . ' < . . ' 

We have recognized that, • generally, it is not convenient 
for a person to remember all of hife thinking when multip!Lying 
larger numbers. It is even less convenient to remember his ^ 
thfnki'ng when .dividing larger numbers.. Consequently, the need ^ 
for a written record of at least some of this, thinking is even* 
greater in division. tz 

What is meant by an^ expression, such as "69 divided by 4'** 
or> "57 divided by 3"? We may interpret atiy expression, of 
this kind in tjwo quite different ways, 

. (1) 'Expressions like "69 divided by 4*' and "57 

divi(^ed by' 3" may^ be interpreted in relation to the operation 

) 

of division within the set of whole numbers. / We- 'may write; 

69 -J-'*^ = n; so, 4 X n = 69 and n.x 4 = 69. ^Iso:. 57V 3 = 

so, 3 X n = 57 and n x 3 = 57. In each ihstance-^we are ajked 

to determine the "unknown" factor, if one exists, within the 

set of whole numbers. ^ 

There^ clearly is no whole number n such* that 4 x n = 69 
(or n X 4 = 69). In a sense, then, the expression "'69 V 4" 
has no meaning as an operational expression within \h^ set of 
whole numbers. The set of whole numbers is not closed under ^ 
division. 

1 • ' . • 

In the other insfanc^, however, there, is a whole* number 

n such that 3 x n = 57 (or n x = 57)j.' That number is 

19, since 3 x 19 =^57 (or 19 x 3 57 )|. VTe .alsg may wrl'te: 

57^ 3 ^ 19. . - • . 



\ 
4 



{2) Expressions such as "69 divided 4" or . . 

"S?7 divided "by 3" may tte ^interpreted in relation to. 

the partitioning' df sets'^int^) equivalent subsets as 

described by mathemat'icai sentences of the form;^ • 

i' ^ ' . ' ' ' • ' ^ ' 
69 = (n'x n) t r ^ . or 69 ' = (ri^ x 4). + r 
- : ' ' ' i * . • V ' ' *^ 

. ^7 = (3 x,n) + r ''or ' 57" = (n'x 3) + r } 

irTwhich n 'and r are whol'l .numbers^ ^and ' n is as large 
as possible, . * * . • . ' ' • ^ * 

Ip *the first instance we may- write; • 

69 =• (4 X 17) + 1 , or 69 = (17 X -h) + 1 . 

' In the second instante '-we may write,: ' • ' j 

"^1 -(3 X 19) 0 or 5? = (19 ><; 3)*+. 0 . 

Note, fh^t this secopd instance analogous to the case in 
^^hich 19 was' found 'to 'be the "unknowa" factor in the' 



3."x n = 19. 



sentence. 

Solutions 9uch^ ^s those illustrate^ in (l) ^).^*' 
^ , . ^ * . . «^ 

above uisually cannot be* dete"rmined easily^ 'by inspectioft> 
. when* larger numbers are involved. Consequent ly^ * an 'algorfsTn ,f-r 
ta way of prQc.essinp: ^ or of recording bne^s thinking* — is ^belpful 

Let us Illustrate the preoreding^ disKj'us^on v/^th an . 
algorism (shown in' several alternative forjns) that-cojald be used 
in relation to the expression, ^862 divi^ied by 6," ' 
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In each form -we often use special names to reXer to, 
spjscific. parts of the algorism: - • • > 

* ; 8*62 may be called the dividend , . ' 

'6 may be , called the ^ivisor '. ' . ^ - 

* * ' , • 1^3, nay be; called the^ quotient ^ 

4< may be called the ' .remainder , > 

^ ^(1^ Pirs\: >ie.t us consider th^ infprmatiori giv^n by the ^ 
algoMsm in relation to t^e mathematical serttenae, : 862 -r 6 ^ 
We. have found that there is no whole >number n ' su^h thatN^' 
6 X n*= 862. (or ^n X 6 = 862). *We therefore kribw- fcijikt 6 
*ls not, a factor of -862,* ' * rs?>^'*v/ ' - 

(2^ Now let us ' consider,, the fn^cjfmation' given by the 
algorism in relation to the .mathematical sentences: 

862 - (6 x,n) + or ' 862^^'1^x":Sf "r^^ 

We now ma^ write: ^ ^ ' ^ V * * ' 

•862 = (6 'X U3) +-4 ■ or ' 862 = (l43 x 6) +. 4- / 

We may think of this in relation to\ 

(a) , partitioning a set Vf 862 objects into 6"\ 

equivalent subsets* There will *be l43 m^bers in 
• each of the 6 subsets, with a set of 4 members 
• * , ^ remaining. . \ . 

(b) ^)artitioriing a set of 86? objects into equivalent 
SiUbsets of 6 members each. .There will be 143 
such subsets, with ^ set of*. .4 members remaining.. 

* Now J e t us examine the mathematical bases for our 
commonly used division algorism > . , ' 



In the preceding volume of Mathematics for -the Elementary 
School, the distributive property of division over addition 

(a + -b) -i- c f (a -i- ^) + ^(t) -r c); . 

was used' to explain the basis for the division process. 
However, the'bagis for a division algorism ean b« 5^n,more.'/ 
clearl^ at .times in terms of the distributive property of 
multiplication over'^addition:, v ^ ' • 

* . ' , a X (b c) = (a X b) + (a X c). 

'* ' ' ' *. • * 

' T.hink of dividing 7-6D by 20 using one or the other 

.of the^e-' forms: - * ' " 
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This division cpiild have been inditjated by the sentence 0 
760 -T- 20 = n,: which may be re-expressed ^s 20 x n 760. ^ 

We know ,that h miist be greater^^aiL- 10 but j^ess than 
100, since ;20 x liO = 2QC>' and""^"^ x.lOO^U 200a, lnd 76O 
is between ^ 200 and . 1000. We'^then may think of n as 
, bel»ig in the form -b + c, whore 'b is the largest possible, ' 
multiple of 10. * So 20 x n = 20 x (b + c) . 

Uslrfg 'the" distributive property of multiplication over 
addition/ ^e may write: ' # 

. ^ 20 X (b + c) ^ 769 ' 

' (2q X b) * (§0 X c) = 760 
(20^x 30) + (20 x 8) = 760 . - 



^EacK forip of the algorism shows that we have determined 
b- to be 30 and ^-c to be. 8, ^So, the "unknown"' factor 
n is 30 + 8, -or 38. ^ . . * 

< But how* 4afi we_ determine, for example, that-'b is" 30? • 
We could think: 20 :^ 10 = 200 ' > 

^ : ^ 20 x\20= koo . - , , 

• * • ' • • ' 20 X 30 = 600 

20 X 40 = 800 , ^ ^ \ 

We see that 800 > 76O; and 600' < 76O. SincJe 20 x 30 = 6OQ, 

b'^ 30-; " . : ^ * ' ^ * * 

In a shorter^waj^, we oan use our knowledge of the' ^ 
multiplication "fkcts" 2-x*3 =- fi and 2 x'V= 8 to help ' ' 
'us irtfer^that 3o"^ will be the -i&rgest multiple of 10 ^to * 
use as a factor with 20 so that the'prbduct will not' exceed 

760, ' , * 

By ^ similar inference we can determine , that c is 8, , 
Knowing that 2 x 8 =^-16^ helps us determine that 20 x 8 = 16O 

; Finally, mention shpuld be made, of the fact ttiat it is 
through a more explicit app^LicatlSn of the principle of 
"place: vklue" that we may condense either of the preceding 
fdrms to ones 'such as these:* . * . 

' \ ./ 38 „ < 38 ; 

20 )760 ' 20 )76o; " / • 

^ 600 ' ^ 

3>6a ' 160 . ^ • . 

^ . ' -■ 160 - . 
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. ' TEACHING THE UNIT— ' 

This chapter is prganize^ in the follovjipg 
Way. . " * ^ 

, 1. There are teaching suggestl^ons and 
exploration ^hich appear only in 
• . the teacher * s. commentacy'. 

2. Thtre ,are explorations^ and, siimmaries y * * 

which appear in the 'pupil- text. * 

3. There are pupil exercises to be done ^ 

independently. ' >^ * 

It J.S* recommended that the t'^acher foi^w ^ 
the ^exploration in the teacher's commentary 
pre*ceding the vibrk with pupils in the pupil te^^t. 
The pupil text -materials are designed to be read 
and 'discus s-ed together. THese .offer pupils a^ ^, 
record of^ review ^nd extension of ^techniques of 
muTtiplicatioji, and* division. ^ It is not intended - 
that a3,l children do all exercises. * Yet) ,you - 

^^Iso may fin^J it necessary *1;o' supplement- some 

*^x^rcises with additional W9rH. 

As i)ackground for this unit/'pupil& should 
know the multiplication facts throu^* 10 10. ^ 
Since the properties of multiplication -are used'/ 
extensively in 'this chapter, teacher familiarity ' 
with' Chapters 4. and 7* of fourth grade is , 
l^eoommended. ' * • > 

InT the 'previous . chapter" it was emphasized 
that product expressions .such as 3 x 4 ^ 
(3 X 2).x 2, and 2x6 are different names- * , 
for the, number twelve* In many problems a 
deisired* response to a math^atical pent'ence , 
such as 3x4 = n'is n=2x^6. Since, in 
this chapter, we are concerned with multiplying . 
and dividing, -we try to be- explicit by jiS'king 
f Of .the decimal numeral , (Decimal numei:als are , 
numeral^ using the base ten numeration s^yatem. . 
Actually here we will needvBuch_symbbls *only for 
representing-whole iiumbers. The numerals usually 
used to-nam'e the whole numbers ar^e 0, ,1, 2, 
3^ 10, 11, 12, 13, 85,. 86, 

87/ '..•). Iri the later exercises we shorte,n / 
the instructiopp, to something like, find n, 
crompute ii, etb: Such instructions are to be : 
interplreted as asking for tjne decimal numeral 
fonif for n . ' * * , ^ . » 
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^REVIEWING IDEAS OF MULTIPLICATION ' 

Objective: 'To review the language of multiplicati-on 

Materials:' - Duplicated blank table a^ suggested in,. 
Exercise S^t 1 ' in pupil text 



•Teaching Suggestions: ^ ' ' ' 

Before children' begin this chapter, ^elifcit ' 
, from them what multiplication means and review^ 
' the vocabulary of multiplication^ Not^e that ^ 
the product of two- nuiybers, such as . 3 and k 
may be -named as a product express'ion, 3 x ' 
or a's a 0^cimai numeral 12. Determine pupix - ' 
understanding of the mathematical sentence-* 

As one way of reviewing multinH-Sation* 
^ facts through MO x 10; charts similar to 
-the one ^iven in Exercise. Sef 1 may be 
♦constructed. Formsrnayn^e duplicated' so that 
pupils can fill irrnumbers .a^ needed. Changes 
in sequence may be made to provide practice • 
mater^ial . ^ ■ ^ ^ ^ 

After reading with' the children the first ' 
page of -this chapter in the pupil text, havB V 
them do 'Bxercis*e. Set 1" independently. t 



/ 
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. EXTENDING MULTJPXICATION ANl3 DIVISION 1 • 
, ' . dhapter -3 

REVIEWING IDEAS 'OP MULTIPIJCATION * • 

. ^ • i ' ^* • . . . 

To expijess the^ "product or two numbe3j»**uslng a 

mathematlcalr sentegice, .we, can w^lte: . ^ . 



5. >< 4 » 20. 



We read this either as: . .... 

5 times 4 Is. equal -to 20 

5 times '4 ^^equals -20. 

20 Is the. product pf'the num^er^ 5 and 4.. 5 and 4 ^ 
are Caq'tprs pf 20. 

^ ' .5 X • 4' « V 20 

fa'ctor factor^ product- 

We have found- that any number Jias many r^es. THe ^ 
expression, 5 X 'k, is anotlie^ name tqr 20. V^en we, use 

^a name showing miltlpllcatlon^like .5 ^ ^ for 2C>>^ we call 
It a product expression . Both, 20 and 5x4^ nameN^he * ^-^ 

;product of §. and ^ 4. .1^ this chapter we will learn wkys 
of finding the Qec^mal name .for the plx)ducts^of large numb^ 
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Exercj se Set 1 



Copy the following table and fill in the blanks 
the products-. (Use decimal numerals.) 



X 


' 6 


'8 


5 • 


10 




0' 


9 




7 


3 


■ 1 


k- 




//? 








0 






es 


/2 




7 








70 




0 






¥9 


2 / 


7 


1 


L ' 


? 


r 


/O 




6 


9 


t 




3 , 


h 


9 ■ 


i-4 


'7 a. 




90 




0 


fl 


19 




S7 




' 3 


li 




/s- 


'30 ■ 


/a 


0 




i 


ai 


9-. 


'3 


6 


31, 


¥f 




(>o 




0 


S¥ 


/2 




Jf 


i. 


10' 




so 




/<n 


^0 


0 


90 


Bv 


70 




I/O 


'5" 


3o 




ar 


ro 




0 




Jo 


3J- 


/s- 




■ 0 


0' 


0 


0 


0 


0 


* 


0 


0 


0 


0 


0 


8 










St 


0 




/I 








■ 2 


/2 




/o 




« 


0 


/t 


¥ 
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teviEWING THE PROPERTIES OP .MULTIPLICATION 

Objective: To review the properties of multiplication 

Materials: Two by 6 array^s, two 3 i)y 8 arrays and 
ft|--- ^ several other sete of arrays containing the tame 
numbVj2of .elements for class discussion of the 
commutative property of multiplication ^ 
. * ; One 7 qy* l8 ar¥ay and similar arrays for clas;s 
discussion of the distributive property • . 



In reviewing the commu'Bative property of 
multiplication , us6 ^two .4 by 6 ^arrays . 
Pupils should review -that a by 6 array and 
a' * 6 by 4 array are diffe^^ent only in the ^ way 
they are formed* Each has- th^ same number of 
elements. It might be well to reviewHhat bjf 
turning a 3 by 8 array, we can place it over 
^n ^ 8 by 3 array; but a* ^ ^ by 6 array cannot 
be ^placed over a 3 by 8 ' array, no matter how 
much turning is done. 

It is important that pupils understand 
the use of the asso^ia'tive prcyperty of multi -' 
tlication . ^ It is desirable that pupils* be 
able to verb'alize • their understanding of the 
proprerty, .but it is most important that pupils 
be able to make use of associativity. They 
should recognize that the way 3 factors are 
grouped dtoes not affect rhe product. 

After reviewing the associative property, 
have pupils do Exercise Set 2. 

From their work in Chapter 7 of fourth 
grad,e> children should know how to multiply 
using multiples of .10 and 100. In that 
chapter, pupils found the associative^ property 
very useful in multiplying by multiples?, of 
10 and w^re able to show their work using 
the mathematical sentence form. Pupfls should 
"be able to write pi?oducts of multiples of ICJ 
without having to use the^ longer form. 

The teacher may need to g^^^ pupils 
additional oral and writt^^jPacrice. ^ 
Children should be able to^expdain their 
way> of ,arri>ving at the product to .insure 
that their work with multiplication is 
not merelj^ melchanical.' ^ 
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In Examples' 4 and 5 in .the pupil text, 
y<D|i will notice that seyei^al ateps have been - 
combined in order to reach a shorter form. *In 
this note we will include ill of the st>eps as' 
they sl70uid be ♦in order A>r you, and possibly 
som^ of the better pupils, to see the complete 
form. ' , . 



60 X 70 = ($ X 10) X (7 X lO>. "(Rename. 60 'and 70.) " 
= [(6 X'lO) X 7] •>:'10 . (Use associative property.) 
= [6 X '(lO.x 7)] X lb ; (l^e associative, property.) 
= [6 X (7 X iO)] X 10 ^^^e^commutative prop^rty^ ) 

^ , = (6 X 7) X (10> 10) (Use, associative' property.) 

= 42- X 100 (Product of 6 and 7 is 42; 

^' ,product of 10 and 10. is 100.) 
= ^200 ^ (Product of 42 and 100. 

* is 4200.) . 

# ' - ' » • \ ' 

Example ' / * v ^ 

700 ^ 30 = (7 X 100)*x (3 x 10)(Rename 700 and 30.) 

1(7x100) >?^^3] X 10 (Use associative property.) 

= l7 X (100 X 3)]x 10* (Use associative proper,ty.) 

= [7 X (3 X 100)] X 10(Use commutative property.) 

= (7 X 3) X (100 X 10)(Use associative property.) 

= 21 ^x 1000 ^ ' (Product of 7.x 3 is 21; 

product of ,4lOO and 10 ^ - 
; ' ' 'is 1000. ' • X 

= 21^000 , ^ (Product of gl and 

1000 . is 21^000. ) ^ ,/ , 
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COMMUTATIVE PROPERTY OP MULTIPLICATION 

A 4 by 6 array can be'tumed^^o formla 6. by- 4 
^Fray. 



4 by 6 array 
4 X 6 - 24 



6 by 4 
6x4. 



array 

24 ' ^ 



This shows that 4 x 6 « 6 x 4 » 

'A 24 by* 35 ^^^^V ^® turned to form a 35 by 24 
array. -This s'hows 24 x 35 35 x 24. When we write 
24 X 35 in piace of x 24, we are using the commutative 
property of multiplications ^ ' 

By using the commutative property, we have fewer 
multiplication facts to learn. 

If we know 5 x 9 « 45, then we know 9 x 5 « 45. 

If we know 7 x 8 * 56, then we know 8 x 7 « * 561 



If this property is used, how many multiplication , facts are . ^ 
to be learned? How do you know? ^'^^^ -^-^ 

What are the properties of 0 and^ 1 for multij>'licktion? 

How 'can we use these properties so we have even fewer 
multiplication facts to remember? ( ^i^^^^x^^r^^rC^j 0^1 
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AfeSOPIATIVE. PROPERTY^ OP MULTIPLICATION 

We know that we can multiply three rtiimbers*, 
such as, 4 'and ' 2 afi'd 3, in that order, In either 
of two ways : * " , ^ 

' (4 X 2) X 3 = 8 X 3 = 24 ' 

, '^.x (2 X 3)-= 4 X 6 = 24 

Each way of grouping 'the nuJnbers gives the same product. 
So, we may write: - . • 

(4 ;< 2) X 3 = 4 X (2' x 3i,^ 

**.When w'e replace one way of grouping the numbers 
by) the pther way, we are using the associative property 
* of multiplication , 

^..Because of the associative property of multiplication', 
we can write 

4 X 2 X 3 » 24 , ^ . 

without using any parentheses. We know "that either 
grouping of the -factors will give the same product. 
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We have learned how to multiply using 10, or - 

100/ or 1000 as a, factor Iti examples like- these: 

3 X 10 « 30 - 7 X 100 » 70b 9 x 1000 « 9000 ^ 

23 X 10 - 230 57 x 100 » 5700 * 39 x 1000 - 39*000 

W# also know our "multiplication facts," 8U<xh bl^i ^ 
4 x 3 » 12, 7 X 5 » 35, 6 X 8 - 48. 

Now let ^8 review how- we can u&e these two things ^along 
' with the associative property of multiplicati^on to find 
products of numbers such as 4 and 20, or 6 and 700, 
or .5 and 3000. 

Sxample 1 » • ' 

'-4 X 20 - 4 X (2 X 10) (Think of 20 as '2 x 10.). 
■ (4 X 2) X 10 (Use associative pyoperty.) 

- 8 X 10 (Product of' 4 and 2 is 8.) 

- 80 ' (Product of 8 and 10 is 80.), 

Bxample 2 ^ * < . 

6 X 700 - 6 X (7 X 100) (Think of 700 as 7 x 100.) 

m (6x7) x'lOO (Use associative property.) 

- 42 X 100 (Product of .6 and 7 is 42.) 

- 4200 (Product of 42 and 100 is 4200.) 

Kxample 3, ■ ^ 

' • . < ', • 

5 .Xi,3000 - 5 X (3 X 1000) (Think of 3000 as 3 x 1000. ) 

i « (5 X 3) X 1000 (Use associative property.) 

- 15 X 1000 (Product of 5 and 3 Is 15.) 

15,000 (Product of 15 and 1000 i? 

i5,ooa) 
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Products of numbers such as 60 and 70, or 700 
and 30 can be found u?ing the associative ^property of 
multiplication along with the commutative property of 



multiplication, • 



Example 4 , ' 

60 X 70 - (6 X 10) X (7 X 10) (Rename 6p .and . 70.) 



- (6 X 7) X (10 X 10) 

- 42 X 100 

- 4200 



(Use the associative and 
conmiutative properties.) • 

(The prodtict of 6 and 7 
is 42| the pl^oduct of 
10 and 10 is 100.) 

(The product of 42 and 
100 is 4200.) 



Example ^ 



700 X 30 - (7 X 100) X (3 X 10) (Rename 700 and 30.),' 



- (7 X 3) X (100 X 10) (Use the associative and 

commutative properties.) 



- 21 X 1000 

- 21,000 



(The product, of 7 and 3 is 
•21; the product of 100 x 10 
is 1000.) 

(The product of 21 and 
1000 is 21,000.) ^ 



Do you know a way in which ybu can find the piioduct of numbers 
like 60 and 70, or 700. and 30 more quickly? If not. 
see if you can find one. 
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- Exercise Set 2 

^Write-each of the following products as decimal n\amerals, 

a. 3 JK lO * " . ' 33 x 100 . . /^^^^> ' ' 

b. /4 X 100 (4'c>i>) 1. 4 X 600 (S.-ff^f^-) 

c. 1,000 x 7 -(V"'') ^ 3 (f, v^^; 

d. 100x12' (/^S^'^) k. 8 -x 2,000 (U,i>P^) 

e. 32 X 1,000 1. 500 x 6 (SyCC") 

f. 10 X set • (^^^) 300 X 2 (^^'')/, 

g. 200.x V (^00) n. 7x80 ' ^ 

Find the*prodtiot of each of the pairs of numbers by 
using the coiranutftlve and associative properties of 
ntultlplicatlon. 

Example: 50 and* 40 

50 X 40 - (5 X JO) X (4 X 10)\ 
« (5 X 4) X (10 X 10) 

- 20 X 100 

- 2,000 

a. 30 and '70 ' . e. 300 and 40 

b. 80 and 60 f. 50 and .'700 ' , 

c. 200rilnd 300 ' g.. 600 and 80 ' 

d. 90 and 700 h. 300 and 9,000 
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Answers to Exercise Set 
2.- a,, ^30 .X 70 = (3 X 10)' X .(7 x'lt)') « 
■ =.(3 X 7) X (10 X 10) 
= 21 X 100 

= 2 am.- 

b. "80 X 60 = (8 x.io) X C6-5o^y 

. = (8 x>)^10 X i6) " 
= AS' X 100' - 
- ' ' - '= 4,800 , . 

c. .200 X 300.= (2 X ioO) x (3 x lOO) 

= (2 X 3) X (100 X 100) 
' ; . * = ex lOrOO© — 

= 60,000 ' ■ f 
. d. 90 X 700 = (9 X- 10) x*"(7 x.ioer) 

' = (9 x7) X (10 X. 100)- 
, ^ ■ = 63 .X l,b00 

■= 63,000 

fe. -300 X 40 = (3 X 100) X (4 x 10) 
. ^ • = (3 X 4), X (100 x'lO,) 

■ \ ' = 12\x- 1,000 

^^=',12,000 ■ ■ 
f. 50 X 70^= (5 X 10)- X (7;x 100) ' 
• . ^ " =,(5 X 7). X ilTx 100) • 

= 35 X a/ooo 

, " '. ' = 35,000 

t. 600 X 80 = (6 X ,10^ X (8 x .iO) > 
• ' * (-6r^' 8)-x^(.100,x 10) 
• =. 48' .X l,p00 
^ 48;000 ' iJ ^ 
h. 30O X 9,000 = (3 X 100) x (9 x'.i,! 

= ' (3 x-g) x-'(io6 X 1,0c 

^ . ' , ■ ' - 27 X 100,000 
~: 2,70Ct,000 - 
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Exercise 



.C: : 



Set ^T' 



Find n in eacji sentence, (Use 'a decimal nmeral. ) . 



■2^ 



\y 1. 4ox 30 ^ n ' O^zoo') * ir. 

.2. 5o x^70 = n .{3,ri^o)^^ 12. 

3. 6p X ap'= n^ X^jfoo) 13. 

4. -30 :>< 50 = n 

V ' 

5. * 6o, X /+0 = n 
6; 20 X 6oo = n 

7. 500 X 30 =,n 

8. 4oo X 7 = n 



200 x^300 = ^'((>q;o<fo) 
500 X 700 ^.n^ [XBro/oo</) 
300 X 800 = n ^ f2 "oo) 
('/,roo) • 14. 700 X 4o-^ a ' (^^^ 
(S, '^oo) 'IS. 3Q X 600 =.n • (/f/^oc?) . 
r/2^i£>,^f^ l6. 70 X 90"=~h ^U, "3(^o).. 

80 x;700 = n j (6r^^oo)'^ , 
90 x 30'=n' 7f.^>)- 



'C/*^^ opo) 17 
,('2^S'c?oj' i8 



9. 
10. 



70 X So© = n (sri,ooo) 19. 8ox5t3 = n'.. 



80 X 900 = n ^^^) .20. 20 xl2,ero6 ='^n^/'2«^^', f'^'') ■ 
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REVIEW OP PROPERTIED (CONTINUED) 

DISTRIBUTIVE PROPERTY OP MULTIPLICATION OVER ' ADDITION 

A 7 by 18 array may be used to' picture the 
^dis.tributive T>ropertv of multiplication over addition . 



10 



When a -7 by 18 ;aTray is used, it can be 
seen that 18 jqay be renamed 'in many ways (by 
making various folds) but most convenientlv 
18 is named 10 + 8. ' * 



From this/ i 
• 7x1^ 



jupils should be a^le to write 

+ 

56 



= 7 X (10 + 8) \ 
= (7 X 10) +(7x8) 



. 70 + 

"126 . 



we can see that 
• • 7 X 18 = 18 X 7 . 

^is couM be demonstra'ted by 
turning the 7 by 18 'array 90"^ 
and using tl^e same separations. 
It becomes apparent that the 
number of rows .are renamed and 
the number of columns distributed 
over the rows • 



Thus we_recognize that 

56 



X8 X 7 = (10 + 8) X- 7 

= (10 X 7J' +(8x7) 



= 70 + 
= 126 . 



Although many ren&mings of 
are possible, irt is important to 
choose the most convenient, one: 
in ^thesBt examples it is 10 + 8; 



18 
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' DISTRIBUTIVE PROPERTY *0P MUtTIPLIGATfON OVER Ai^DItAi 

* Torf.inti the product ^and l8, think of a by ^8 * 



array, 
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Separate it into two arrays showing products you already 
know. Pot* example: / 

8 - 




/ 



Y by 8 array 
7x8 ^^56 



. 7 by to array 
^ ^ 7 x/lO 70 ^ 

These arraya/help \is see thatr*' 

7'>c 18 = 7 X (10 + 8) , 

= (7 X- 10) + (7x8) 
. A * • ^ 7°. + 56 ■ ■• 

V * ' " = rl26 . - ' • 

When we write (7 x ID) + (7 x" 8) *an place of ' 7 x. (10 + 8), 

we are using the^ distributive property of multiplication over 

. ' ./ 

addition . 
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PlOO ^ . . 
^Nov^ puppds^ we find the product oJ? l8 and ' 7. 



18 
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Can Ke 
separate 
the* array 
like thi^? 



10 



(10 by 7 
array) 



8 



(8 by 7 
array) 



(l8 by 7 array) 

*Plnd the products separately and add them to get the total 
' 'number of elements in the l8 by 7 . array. 

^ J8 X 7 « (10 + 8) X 7 
^ ' ^ » * • « (10 x '7).+' (8 X 7) 

' * * 70 + 56 • * ^ 

126 

The commutative property of multiplication tolls us that a " 

7 by 18 array has the same number, of elements SB an l8 .^y 7 

trray, thust • 7 x'lS « 18 x^7 

. 7.x 18 -^7 x,(i6 + 8) 
- , / - (7 X 10) + (7.x 8)^ ;~ , 

18.x. 7 - (10 + 8) X 7 

*- (10 X 7) + (8 X 7), 
then (7 X 10) +. (7 x 8) = (10 x 7) (8 x 7) - 12e-eiea»nt.. ■ 
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Here are other illustrations of how. we may use the* 
distributive property of multiplication over additon. 

1. .^0 X 37 « 20^x (36 + 7) MRename 37 asK' 30 + 7.) ' 

*"..('20*x 30) + (20 .'H 7) (Distribute 20 oVer 30 
^ ' • ' and 7..)'. 

I s 6Q0^+ 140 . ^ ^ (Use multi'plicat^ion facts^^ 

■ * ' and place value.) 

= 740 . ^ ^(Use a^ddition f^cts and 

^ place value, ) 

.42 x-^i (40 + 2) X 30 ^ " (Rename 42 as 40 + 2.) 
. / - • ■ / ^ 

« (40 X 30) + (2 X 30) (Distribute 30 over -40 
• > and 2.) 

> * = i^OO. + 60 (Use muUiplication facts 

* * ^ * « and place value.) 

^ = 1260 ' (Use addition faicts and 

; place value.) ' 

3, 4 X 285 = 4 X'{200'+ 80 + 5) (Rename 285 as^ ' 200 + 

80" + 5.) ' 

= (4 X 200) + (4 X 80) +(4x5) (Distribute 4 

over 200, 80, 
^ , ' and 5.) 

= 800 + 320 + 20 fU^e multij)lication facts 

' ^ and lace ^value. ) 



1140 (Use addition f^icts 

associative property 
and. place value.) 
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Exercise Set J+ 

1. Using ^the properties of multiplication, express the * 
following products as decimal numerals* CJsju a^io^i^J^ 

Example: 6 x 21 = 6 x (20 + i) 

- (6 x,20) + (6 X l) 
= 120+6 







• = 126 


a» 


3 X 27 


1. 


20 X 62 


b. 


42 X 6 


J. 


7%x 30 


c» 


2 X 128 




40 X 57 


d. 


7 X 3^1 


1. 


60 ..X 23^ 


e» 


217 X 8 




78 X 10 


f • 


4 X 285 • 


n. 


20 X.91 




22 X 10 


0. 


86 X 30 




47 X 30 


p. 


39 X 50 



2* Name the property of multiplication illustrated by 
. each mathematical sentence. ' b 

a. 8'Xl8,= l8'x8 Cino^^>nM;^f^My 

• b. 2 X (9 X 6) =: (2 X 9) X 6 a^^^rz4U;tU^ ^ 

c. 10 X 32 =» (10 X 30) + (10 X 2) >(9.>U>t^^yU/i^ 

3. Find n in each mathematical sentence. Use what you imow 
about the propeirties of multiplication to help jrou. 

a. 15 X SO*-* (10 X 30) + (n x 30) S' 

b . 18 X 5 = 5- X n . ^ =, //- 
o c. 36 X .(10 X 2)-= 10 X (? X n) ^ = ?^ 
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4, On your paper; wrl-te .ttrUe if the mathematical sentence 
'is t^rue. Write false if the mathematical sentence is 
^ false, , . 

a. 8 X t7 + 5) = (8 X 7) + (8 5) ^ , • 

b. 12 >^ 10 = 10 X 12 ^ 

c. 33 X 42 = (30 + 3) X (40/+ 2) ./ZW^ 

d. (10 X ^) X 4 = 10 X (4 X 3) 

e. (10 X 5) X 7 = 10 X (5 + 7) ^^^Jt^ 

** 5. r. Each of the expressions below is equal to (4o x 60). 
Which does not illustrate the distributive property?" 
Write its letter, ^ Y^) 

a. i^O X 60) + (20 X 60) ^ - 

^ b.' (40 X 30) + (40 X 30) • ' 

c. (4 X 10) X (6 X 10) 
d'. (25 x'60) + (15 X 60 ) ' • ' 
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Typical answers to Exercise 1, Exercise Set 4i 



a. 3 X 27 = 3 X (20 + 7) / • 

, = (3 X 20) +(3x7) 
= 60+21 
= 81 

b. 42 X 6 = (40-+ 2) X 6 

, = .(40 X 6) + (2 X 6) 
= 240 + 12 

=252 " ■ 

c. 2 X 128 = 2 X (100 +20+8) 

= (2 X 100) + (2 X ^0) +' (2x8), 

= 200 + 40 +.^6 

=i 256 / ' ' ' ' i 

d. 7 x; 341 = 7 X (300 + 40 + i) 

•= (7 X 300) + (7 X 40)'+ (7 x l) 
■ =. 2100 + 280 + ,7- ■ 
= 2387 

e. 217 >^ 8 = ^200 + 10 + 7) x 8^ 
= (200 X.8) + (10 X 8) *+ (7 X 8) 
= 1600 + 80.+ 56 , 

= 1736 

f: 4 X 285.= 4 -X (200 + 80 + 5) 

= (4 X 200) + (4 X 80) + (4 X 5) 
= 80b + 320+ 20 

= ,1140 • ■ . 

g. 22 X 10 = (20 + 2) X 10 

= (20 X 10) + (2 X 10) ■ " 
' ■ "= 200 + 20 

'= 220 - , 

h. "/ 47 X 30 = (40 + 7) X aa ' . ■< 

= (40 X 39) + (7 X 30) • 
== 1200 + 210 

= I4l0 • , 
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1/ 20 X 62 = 20 X J 60 + 2) ■ - . ' 

= (20 X 60) + (20 X 2) 

= 1200 +40- 
* , . = 1246 . 

j. 71 X 30 = (70 + I) x'30 

= (70 X 30) + (1 x -30) 

= 2100 + 30 

= 2130 

k. 40 X 57 = 40 X (50 + 7) 

= (40 X 50) + (40 X 7) 
• = 2000 + 280 
') = 2280 • , 

1. 60 X 23 != 60 X (20 + 3) 

= (60 X 20) + (60 >? 3) 
= 1200 + 180 f 
= 1380 ■, 
m.' 78 X 10 = (70 + 8) 'x 10 
, . = (70 X 10) + (8 X 10) 

= 700 + 80 
= 780 ■ 
. n. 20 X 91 = ,20 X f90 + l) 

= (20 X 50) + (20 X 1) 
= 1800 +, 20 - 
= 1820 ' 
o. 86 X 30 => (80 + 6) X 30 

^ = (80 X 30) + (6 X 30) 
= 2400 + .180 ■ 
<' = 2580 
- p. 39 X 50 = (30 + 9) X ,50 . 

' "= (30 X 50) f (9 X 50) 
= 1500 +450 
, = 1950 • 
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BECOMING SKILLFUL IN MULTIPLYING 

Objective:. To develop greater skill .in multiplying whole numbers 



Votjabulary:' Partial product, vertical form of multiplication 



•ERIC 



Teaching Sugges,tions : - ' 
=» " ^ 

In this -chapter an algorism for multiplic^on 
is dev.eloped. -By using place value, we are able \o 
find a shorter Vay of recording the process.' 

Begin class difecussion of multiplication by 
showing the use of the' distributive property to 
find products. Use the mathematical sentence form* 
For example, - ' " 

8 X 476 = 8 X 



(i|00 + 70 + 6) 
= ^ (8 X i|00) + (8 X 70) 

= 3200 + 560 + l|8 

= 3808 ^ 



Rename. 47S as 

i|00 + 70 4r 6. 

(8 X 6) Distribute 
8 over 400, 70, 
vand 6*^ 

Use multiplication 
facts and place* 
value/ 4 
Use addition facte, 
* associative prop- 

^ . - ^ • erty, and place 

^ value. 

Relate the mathematical sentence form with 
.the^ vertical form below. Children should be 
ame to see that the partial products of the 
vertical form are the same as those in th^ 
mathematical sentence form. ^ 

Class- discussion could include various 
orders in which the partial products ma^ be 
written. (Review from Chapter 7, Grade 4.) 
For example, 

8\ 476 = n 



476 
X .8 
' 3200 

560 

Jl8 

"3BJJ8" 



476 
X 8 

"56(5 
3200 ' 



Have pupils explain, the 'steps in multiplying 
when th^y writhe only the final product. For ^ 
examp]^, to multiply "6 and 273, the' steps are: 
D X 3 ==18. Record the 8 ones, re- 
member 1 ten. 
6 X.7 tens = 42 tens. '42 tens + 1 ten = 
.43 tens. 'Record<the 3 tens, remember 
the 4 hundreds . . 
6x2 hundreds ?= 12 hundreds. 
^ ^12 hundreds + 4 hundreds = 16 hundreds 
Record the 16 hundreds. 
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Certainly, as' the process is shortened, 
place value for each digit of the numeral is 
emphasized* 

The writing of 'additional «iHnerals to 
show the regrouping may be used \r) approaching 
the level of writing only the final product. 
For example, , 

f * I 
t 273 \ 



1638 



However, it 4s expected .that when children are 
-ready for this level 'they will not find the ' 
need for this crutch for. any length of time. 
The term "carrying" is not used with children. 

• It is assumed by fifth grade most children 
are using the conventional algorism and ^' 
should be encouraged to continue with it. At 
' the same time it must be recognized \Wiat all 
children are not at the same level of^de- 
velopi^ent and may need to use the. long form. 

You may wfsh to use such examples as the 
following for^explpration with the class and 
class discussion before childi^en^ work 
independently. 

.72 X 3 = n- ( 3il(^) ^ 

, 7 X 18 = n <:/5i; : ^ 

3 X 78 = n- C ?V>> 

6 X 55-- n ' < '^^^) 

It is desir^le that all development be* , 
done independently of* the material 'in the 
pupH text. The record. in the text ther) will 
serve as reference when ,the child works the 
exercises and for 'further study of these ideaS. 
A teacher should develop the exploratory 
material for his class in light of the , needs of 
his particular* group. ^ 
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BECOMING SKILIJ'UL IN MULTIPLYING » 
^ We have learned that we can use mathematleaX .sentences 



to shc)w our thlniclnp when we multiply^ .For example, 

4 X 2^5 = n,- 

We can' find the number which n represents In this wajj^ 
4 X 285 = 4 X (200 + 80 +' 5) 

= (4 X 200) + (4 X 80) + (4 X 5-) 
= 800 + 320 +20 
^ ' = 1140 • ^ 



Then, 4 x 285 = 1140. 
The numbers ' 8OO, 3-^0, and 20, are called partial product 

Here Is a shorter way to -find the product of 285 
and .4, We can write the partial products, under each- 
other as we multiply. Then, we aan add them. For example, 
1£# 4 X 285 = n, we find the number which rj^. represents 
In this way. 

285 - i ■ 

20 X 5) ^ 

32t) < (4 X 80) 

. ' 800 < . (4' X 200) 

1140 " ' ■ . 

Many of us should be able to write the product In an even 

shorter way. * 285 

X 4 ' ^ . 

1140 ' 

^ . Then^ 4 x 285 = ai40; 

What must we remember in order to do this? 



2i4. 
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Now let us consider this mathe;itatlcal sentence. 



3 X 408 = n 



We may write: 



3 X 40§ s 3 X (400 + 8) 

= ,(3 X 400) + f3 X 8) 
•= 1200 + 24 
'If =^224 
So, n =, 1224^ ancj 3 x 4o8'= 1224. / 



I-f we used shorter ways to find the product, we could write: 
.408 

'^^ 408 

X 3 , ^ . , 

X 3 " 



24 < (3 X 8) °^ 

1200 <- — (3 X 400) 



1224 



1224 



In the shorter wa^ at the -left, above, why ^re there Just 
two partial products? ^^"^ ^ >-h^ 

In each of the shorter ways shoVm above, is 'there any 
tim^ when you did or could use the zero property for 
multiplidation? ( ■ ? X ( o = ?Xo = o.) 



V 
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Exercise ^ Set ^ 



Pin(J n. If you need to, show the partial^roduclSs. 



. 5 X 63 = 


n 


3ir ' 


. 6, 


8 X 209 = 


n 




if X 56 = 


n 




• 7. 


9 X 347 


n 




, 6 >^ 93 = 


n 




8. 


6 X 986 = 


n 




. 3 X 256 ^ 


n' 




9- 


7'x 837 = 


n ' 




' 6 X *307 = 


n 


/, S¥t 


'10. 


8 x' 2,609 


= n 





Use mathematical sentences to help solve the following 

problems* Expr*ess each answer in a complete sentence. 
> . - 

A building -has 72 windows. If - it takes 3 minutes 

. ' i * 

to wash one wipdow, how many minutes will it take to 

wash all Of them? ^ z,,.^ 

A traffic light changes Its color every .18 seconds. 
How many Seconds .will it take for the* light' to» make 7 
Changes? ( ^ ^ ^^u^^^rj " 

A phonograph record revolves 33 times a minute. How- 
Inany revolutions will the record make if it plays for* 
3 minutes? /^^^^^"^ J^^^u^^ ^^^^ \ 

John and his father went on a fishing trip. It took 
them. 6 hours to get .to the lake. John^s father wad 
d/lvlng 55 miles per' hovfr. How far did they have 
to drive, before they could" fish? 



■3 3 0 
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MULTIPLYING LARGER NU^©£RS 



Objed^tive: To develop skill in multiplying-iarger whole numbers 



Vocabulary: Vertical fo 



rm 



Materials: One large 1.7 by 24 array^ade on materia^ that 

may be folded while the teacher demonstrates to 
^ %he class ^ — ^ 

Exploration: , ' , . . 

* We have learned to find the product of two numbers. 
When .the 'numeral of one jnumber has one place ^nd the numeral 
Qf the other has 'no more than 'three places. Now 
we are ready to, consider finding the. product of two numbers 
when both their; numerals have two places, * 

First, let*s review the dls^tributive property, 
multiplication over addition in the exampJLe, . 5^ x 
which is on the chalkboard. 

5 X 21 = 5 X (20 + a) 

= (5 x'20) + (5 x 1) 

= 100 + 5 , 
= 105 




Now look at this array. How many rows are there? How^ 
many columns are there? When we, multiply 1? and 24 
we will find how maxiy elements there are in this array. 
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• 10 



20 



+ 4 



A 
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17 by 24 array 

How can we rename 24 In a convenient way? (We can rename 
24 as. 20 + 4.) Can- we sbow tliis renaming by folding the afray? 
|(Yes, we can fold it so there are two arrays. ' One has '20 
columns, and one has 4 columns.) Can you write on the board 
a mathematical sentence /to show what we have done? 

17 x^24 = 17 X (20 + 4) 

^ . * ^ . = (17 X 20) + (17 X 4) ^ ^ 

Now what .can we do to help us find a decimal numeral for 
17 X 24? (Wp can rename 17. ) How shall we rename it? (We * 
may think of ,17 as' 10 + 7 J 'Let's fold "the '^rray to show 
this. Hqw many smaller arrays have we now? (4j^What are 
they? (10 by ;2t), 10 by " 4, 7 by 20, " 7 by 4) 
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^ Can we ulbe what we know about multiplication to find 
the number of elements i» each of the smaller- arrays? We 
will record this on the board. ' . 

• r ■ 



10 X 20 ^ 


200 


7 X 20 ^ 


i4o • ' 


10 X 4 = 


40 ■ 


• 7'x,,i| = 


.28 


17 X 24' = 


200 + 




,408 



There is a shorter way to find decimal numerals for such 
expressions as 17 x 24. We could use the vertical form tojshow 
what we Just did with arrays. Let's -look at it. » 

24 ' Can you see how the ^partial 

* X 17 ^ products were obtained? (Yes, the 

28 28 = 7 x4, the ^40 = 7 x 20, the 

149^ 40 = 10 X r, and the- ^00 = 10 x 20.) 

, ' 200 ^ ^ . ' * . ^ 

408. • / ' ^ " 



Proceed in a similar manner with 
Multiplying Larger Number? i-n the pupil* 
text . - - ' * 
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>>«MULTI)§tYING LARGER NUM^S 

Working Together 

60 



+ 7 




23 by 67 array 



4< 



We can 6how, by using the distributive property, how to 
multiply tVo nviznbers greater than 10 but less than' 100, 



23 x*67 „ ^ 

= 23 X (6o + 7> (Think of ^ 67 as 60 + 7.) 

« (23 x 60)^+ (23->i^) (Distribute 23' over 67. The^ 

heiavy vertical line shows how 
the array is separated into 
smaller^^arraya. ) ^ 

\(20 + 3)''X^60 + (20 + 3) X 7 (Think o£ 23 as 20 + 30 
* ^ X 60) + (3 X 60)* + (2a X 7) + (3 X 7) *'(The heavy 

horizontal line then^sliows how 
, • the array is separated into 4 

» ' ^ smaller, arrays. The heavy. lines 

' drawn on the array above 
' illustrate these fouf arrays.) 



« 1200 + 180' + .140 '+ 21 
- 15^1 



(These show the number of elements 
in each of, the four arrays.)^' 

(The totd'l numbei* of elements- In a 
23 by 67 array is 15^1.) 
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, The vertical form also can be used with larger 
numb«r<^ Look at this example ♦ 

23 X 67 » n 67 ' 

« , 21'< (3 X 7) ' . 



— 180 < (,3 X 60) 

140 <^ {20 X 7) 

1200 <- (20 X 60) 

1541 ^ ^(23 X 67) 



*23 X 67 = IS'tl 



See If you can Identify each of fehe partial products shown 
above with parts of the array. " 

Using the vertical form, compute the following.^ 

■ ^ s't , • 25 ' 37" 

X 32 X 18 x42 1 

lev , /to^ • 

/ 2 O ^V^'' ^ ^ ^ 

/ 5" 00 js^i^ ^ 8.0 0 M l ' * I Zo o 



V 
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Exercise Set 6 , . 

Compete using the vertical Jform, Shoyj the partial^ products • 



'Example: 32 x 5^ 54 

X 32 



J ' ' - 100 

120 • • 

•1500 

■^5 X 23 ^ 9. 37 X 86 , 

64 X 25 . 10. 49 xrSt" 

, 37 X 26 " ^ il. • 57 X 77 

.61 X 59 12. 66" X 88 

.2&X92-* ' 13^ 44 x 95 '* , 

37-'^x 12 . 14. 82 X 28' ' 

24 X 37 ' 15. 37 x.75 

.26 X 97 ' 16. 91 X 67 

Use mathematical sentences to help solve the following 
problems. Express each answer-in a complete sentence, 
' A set^of books weigha 12 pounds. If a school ordered 38 
sets, what wotdd be the total weight of the books \)rdered'? 
I4r, Jones, a farmer, sent 27 crates of eggs to the market. 
There v/ere * 24 djozen eggs in each crate. How many dozen 

eggs aw he sena ..^^..(^l "7/ "^JZuT^) 

During our vacation last summej?, we .traveled for 28 , hoxirs, 
V/e drove at ^ 59 miles per hour. How far did we travel^ 
^during the 28* hours? ^/^^ V 

The candy s^tore packed 86 boxes of candy. Each box 
contained 64 pieces of candy. How many pieces of candy 
were needed to pacik all the boxes?/"" ^^x^^; J^i^ 

. * * 

. ^ '222 ' '. 
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6, 
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Answers 


I to Exqycise Set 








23 


2. ' 


25 


3. 26 4. 


• ■ . '59 


5. 


• 92 






x64 


x37 


. x6l 




X2& 


/ 15 




26'" 




9 




16 


100 




. . 80— 


140 


50 


- 


720 


120 




300 ' 


180 ' 


540 






fino 




IPOO 


600 


3,090 




1800 


1,035 




1600 


962 


3599 




2576 


12 


7. ^ 


■ . 37 ; 


8. . 97 9. 


86 


10. 


t» 

81 


y37 




X24 


X26 


x37 ' 




x49 






' 28 


42 


42 


• 


9 


TO 




120 


5'^0 


\ 560, 




720 


60 




140 


140, 


180 




ko 


300 




600 


1800 . 


2400 




3&00 






888 


2522 

t 


3182 




3969 


77 


12. 


88 


.13. 95, l'^. 


28 


15. 


75 


X 57 




X 66 


• X 44 


X 82 


- X 37 


49 




48 ^ 


20 


16 




35 


^90 ^ 




480 


360 


40 




4-90 


350 




.480 


206 


640 




150 


3500 




4800 . 


3600 


.1600 


* 


2100 


4389 




5808 


• 4 180 


•2296 




2775 



16. 



67 
X 91 
7 

60 
630 
^400 
6097 
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A SHORTER FORM FOR MULTIPLYING . 

V 

-Obgective: To* lead pupils to use a shorter algorism 



\ children are ready, ^'develop a 
m. The following is a suggested 



As soon a 
shorter algori 
procedure. 

(r.r. know that we can think of "23 x 67 as 
(20 X 67) + (3 X 67). We can use this idea to 
learn a Shorter way of finding th^' product of. 
23 X 57. Use the chalkboard to remind children 
that they know 



67 

X 3 

201 



and 



67 V 

X 20 



1340 < 

Then the same information may be written 
in this form. .il • 

67 
X 23 
2S]~ 
■ 3-340 
15^1 

Ask such questions as : 
, (l) How did we get 201 ? 
(2) , How did we get 1340 ? 

Continue with'many other examples to show 
the relationship between the longer and the 
shorter vertical forms. 

When it seems appropriate, use the pupil 
material entitled A Shorter Form for Multiplying. 

Children can gain greater insight into 
multiplication by be-ing reminded of the 
commutative property. Because of this property, 
the order in which partial products are wrlttemi 
does not changg the product. . i-sn^^ 

^,.1''^ ""^y ^® °^ value for your jn ore capable'' 
children to recognize that the ffoll owing are 
othef- ways .of recording partfial^oducts. 

^3 , - 23 67" 
X 23 , - ^ X^I - x 67 X 23 , 

' ^ S^^?^ }\ 1200 ^-60x20) 12m T60X20) 

^13X7) , ^l60xaO)_alTX3)' ^X\M 

Children should be able to explain what was ' 
done in each example. 
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A SHORTER FORM FOR -MULTIPiyiNO . * 

J' 

Look at this example » 

25 X 72 » n 

■ Here are two forms for finding the decimal nvimeral for n: 

Shorter Form 



Longer .- Form 

■ .'72 
X 25 



. 72 
X 25 



10 '(5 X 2) 



.360 (5 X 72) 



350 (5x70) 

40 (20 X 2). 

1400 (20 X 70) 
1800 



n - 1800 
25 X 72 - 18OO. 



1440 (20 X 72) 
1800 



Explain how the partial producta in the longer and 
shorter, forms are 'related to each other. 
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Exercise Set J 

Coinpute using a vertical form. Use the shorter form if' you can. 





Exan^let 


37 X 54 






















X 


37 






r 


• 


• 


378 
1620 




<* 


.' 






1998 






1. 


12 X 34 




• 11.- 


34 X 62 


(s, jog) 


2. 


21 X 43 




12. 


84 X 53 


^s-x ) 


3. 


41 X 25 




13. 


76 X 38 ° 




4. 


15 X 37 




14. 


83 X 95 


(7, f yr) 


5. 


37 X l8 




:15. 


46 X 73 




6. 


24 X 37 




16. 


66 X 37 




7. 


32 X 48 




17. 


53 X 46 




8.> 


. 12 X 98 




18. • 


72 x-33 




9.. 


35'x.56 






38 X 25 






86 X 72 


/ fa) 


20. 


36 X 49 


0) 



• 226 

237 - 



USING- A SHORTER FORM TO MULTIPLy^RGER NUMBERS 



Objective: 'To extend the skilla of multiplication to find 
products of still grater numbers 

Teaching Suggestions : / ^ s 

This portion of the chapter should give pupils 
additional skill with vertical form for multiplyitig 
Using two-place and' three- and four-place numerals. 

In examples 1 and 2 on the next p'upil page, 
a,ll of the partial products with the ^alternative 
shortened form are shown. It is hoped that children 
may extend their i'kills readily so that they may use 
a shorter form for computing. ^ 

Only the vertical form is given for the examples 
in the pupil book. Some teachers, however, may war\t 
to consider the mathematical sentence form which 
follows in the teacher's commentary.. The mathematical 
sentence form should help pupils understand the multi- 
plication algorism. It should be kep^ in mind, however, 
that*the teacher's goal is to develop facility with a. 
shorter algorism. 

Example 1.,: » ' 
43 X $37 = (40 + 3j 'x 237 

= (40 X 237) + (3 X 237) ' ^ 

^ * = 40 X (200 +. 30 + 7) + 3 X (200 + 30 + 7) 
* = (40 X 200) + (40 X 30) + (40 x 7) 
+ (3 X 200) + (3 'X 30) +' (3 X 7-) 
= 8000 \ 1200 + 280 + 606 > 90+21 
= 10,191 

Example 2: - ' ^ » 

34 X 5432 = (30 + 4) X 5432 ^ 

= (30 X 5432) +''(4 X 5432) • i 
= 30 X (5000 + 400 +' 30 + 2) + 4 X <5000 

+ 400 + 30 + 2), 
= (30^ 5OOOJ + (30 X.400) + (30 X 30) 
^ + (30 X 2) + (4 X 5000) + (4 X 400) 
r-. 30) + (4 X 2) 

\ = 150,000 + 12,000 + 900 + 60 + 20,000 

+ 1,600 +120+8 
•= 184,688 . > " ' 
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OSINO A SHORTER FORM TO MUIfflPLY LAROBR NtJMBERS 

These examples^ will help you to learn how to find 
products of larger numbers. 
Bxaniple It : ' • ' n'- 43 x 237 

' ' . 237 ' . 

' X 43 



OR 



21 (3 X 7) 

90 (3 X 30) 

600 (3 X 200) 

280 (40 X 7) 

1200 (40 X 30) 

8000 (40 X 200) 

10191 (43 X 237) 



237 
X 43 



n 



711 (| X 237) 
9480 (40 X 237) 
10191 (43 X 237) 



10,1^ > 



Example 2r 



n - 34 X 5032 



5032 



OR 



8 (4x2) 

' 120 (4 X 30)> 

20000 (4 X 5000) 

60 (30 X 2) 

900 (30 X 30) 

150000 ( 30 X 5000) 

171088 (34 X 5032) 



5032 



20128 (4 ,x 5032) 
150^60 (30 X 5Q32) 
171088 (34 X 5032) 

n - 171,088 
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Kxarolge ^et 8n 

.A. Use a vertical form to conqpute the following. ^ 
1. 26 x,201 Y^^^^) 8. 45x378'^' (/7,.o^o)' 

.2. 4l'x 607 (t¥j1t7) .9. 37x856 l3i,(>7e^ 

' 3. '42x121' (^jOfi) 10.-^54 X. 2895 0.^'/,.'i^7f)."' 

4. V . 64 X 328 (ao, ffi) 11. 317 X 47 {y//, f 

5. 270 X 37 i'^i f fo) , 12. 598 X 36 (2/, ^^^^ 
Hint: By using the • • 
commutative property 13 eft x 4566 Lzi> 

of multiplication we . ^ / 

know that ' . , ^ n / / » a » e^■) 

, 270 X 37 » 37 x 270. l4. 638 X 21 Ki^> ^/^ >< 

6. '863'x 27 (23, 3oj) 15. 956x57 i'^'¥,¥ft-) 

B. Use mathematical sentences' to solve the following 

problems, ^press each* answer. In a con^lete sentence. 

16. If your father earns $8^0 aoinonth, how much does* 
he earn-in a year? / ^ ■ . - ^ 

17. An automobile averrages l6. miles per gallon of 
gasoline. The gasoline tank holds 17 gailons.' 

• How many miles will the autontoblle go. on 17 
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18. BRAINTWISTER: During the tinie**^ Columbus, a different 



multiplication rorm was used in Europe; 
This -^/EB called the- Gelpsia- or Lattice 
method* ^ • ^ 



1. 

Tlie solution of n = 2$k x 36 is^hown by the diagram 




' Can you find the v^ue of n from the diagram? ^est 
your ImoVledge of *thj? Gelosia^method^ by shovd.ng that/, 

" 56 X 672 = 37,632 



The Gelosia multiplication process is ^ 
schematic device usi6g tire ideas or positional 
notation^ In each square:. the ones digit of 
the product i's OTitten_^ below 'the diagonal; the 
tens'* digit of the product is OTitten ^bove the 
diagonal. (See the diagram below*) The pro- 
duct is found by adding the members whose/ 
numerals are betv/een tjiat diagonal* Me begin 
in the 'lower right hand corner. | If -the sum^J^ 
10 or -greater, we place the tens* digit in the 
i^ext diagonal and continue ,>ri.th -our -addition. 













1 X 

/ 2 








2 / 


6 





Product is 91^4 



3x4 a«^l'2 

'6 X ? = 12 



\ 
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PROBLEM SOLVING 



Objective : To 



evelop ability to solve "tjLo-step" problems. 



Teaching* Suggestions :^ 

The purpose of this lessen* is to help 
children learh to use several mathematical 
sentences to solve pne problem, and to combine 
sevex^al sentences into one sentence. ^ 

Before using the exploration and ,de-velpp- 
mjent in the pupil text, it is 'desirable to dis- 
cuss selected problems. Here are some 
suggestions; 

Example 1.: , * ^ ' ' . 

An auditorium has 48' rows vith .26 
seats in each row on the main floor. In 
the balcony there are 16 rows , with 23 ^ 
seats in each row. What is the largest 
number of people this, auditorium can seg^t? 

You might proceed by asking questidns^ 
as : ' What do, we know about the number of 
•seats in the auditorium?, (There are 48 " 
rows of *eats^ on the main floor. There a*re 
26 seats in'each" row on the main'floor.) , 
You may wish to^ stop here and write a ^ 
matl:;^)3(iati.cal sentence* about the number of 
seAts fen th^ main floor. * *" ^ " ^ 



df se^ 
ther^.^ 
l6, rows, 
this idea 




m 



: , ^8 X ?6 = 

,at^ ^se .d6 -we know S)out -the .number* 
ffclje 'auditorium? {j.n tpe balcony 
"^^^atsrnVi^ ^acfr'frow / ''"^ere are 
kj?in Wha^Way w# can 'express 
lu^ill •hope.-^e^lJip.I -suggest - 

16 x,23 - b ..W^^ • ' ^V-"' 
If they don^t, t?7y to tielp them^ ^Mve^t^ '"^ 
this sentence. ' ' 1^ ' • 

* • Thea ask for suggestions to 
they should do -next to find the num 
seats in the auditorium. (They ma; 
finding m and b and if they do 
in that way. ) 

Then 'suggest that they canjwl^ite still" 
anQther mathematical sentence ¥or the tot^l 
number of seats. - 



(m + b = n; 1248"+ 368 = n)- 
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" Also ask if they can write only one 
sentence for tiTie problem^' directing dis- * 
cussion to their suggesting the sentence:'' 

' {k8 X 26) + (16 X 23) = n . 

Vpon completing the computation, ask 
how they pan expWSs the answer to the 
question of th^roblem, using a complete 
sentence. (Qif auditorivim can seat 1616 
people. ) ^ , ^ 

Here is a second example you m&y wish 
buse. . ^ 

ample 2: * r , 



A parking lot has 25 rows with U8 
spaces- for cars in ,each row;-^ If 3 rows 
are removed for a driveway, what is the 
greatest nximber of cars which can be 
parked on the lot? ^ ^ 

Suggest, they t^ry to tljink of two ways 
in which they could solve this problem and 
tell what mathematical sentences would** be 
written for each way.* 



5^) ^ One way might be : ' 

-What mathematical seht6nce can we write 
to express the number^of cars that .can be / 
parked in- the lot? Then what Is-tHe sentence^ 
for the number *of^ spaces to .be removed for ttle 
driveway^? ^ 

After the decimal nxameral is fVDund for 
each of these humbers,^a sentence can be > 
written for the greatest nximber of cars that 
can, be parked on thfe lot. 



1 



X 18 



5< 18 = d 



P • d 
or 

450 - 54 



5= 



= n. 



(Before- driveway) 
(For driveway) ' 

(After driveway) 




(b") ' Another way might be: ^ 

Use (25 Xtfl8) as j;he number of spacer 
before making thfe driveway and C3' x 18/ as 
the nximber of spaces removed for the driveway. 
Then the 'mathematical sentence for the 
number of cars that can b(S parked' after 
making a driveway is : ' ' ^ 

• ' (25 x 18) - (3 X 18) = n . 

Ask what computations are necessary. 
After finding that 25 x 18 = ^^50 and 
3 X 18 = you must subtract 5^ from 

r-'(c) Wi^th either W2f?f^ you can then aiiswer 
the question of the problem: There is roOTi 
for 396 cars on the, parking lot. 

You may wish to use other example* before 
going to the fhaterials in the pufiJtl text. 



•ft 



1 



\ 



.A 
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•PROBIEM SOLVINQ. • ' , • • 

A coin book has 35 slots' for coins on each page. 
If the .book has 12 pages and 28j obins have been placed in 
the slots, how many more are needed to complete the book? ' ^ 

Here is a way to solve this piipblem usj.ng two 
mathematical sentences. 



420'- 287 = n 
133 



12 X 35 =■ P 
35 

X12 . 
70 . 

420 

t 

There are '133 coins needed to complete this book. 

Here is a way to solve this problem using one. 
mathematical sentence. 

V • ' (12 35) - 287 - n 

"35 ' ^ 420- 

*» X12 ^ -287 
70 133 

420 ' 



There are. 133 coins needed to^conplete the b&ok. 
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Exercise Set 2 
Use mathematical sentences to help you solve the 
following problems. Express each answer in a complete sentence • 

■ • ■ • • • y " 

!• 0* typewriter printa 12 symbols to^an inch aci^osBs a page. 
How many symbols can be printed on a sheet of papeh 8 
inches wide without using spaces between the symbols if 
' there are 65 rows of symbols possible? 

2, John bought a notebook for 25^, ' a pencil for 7^, and ^ 
an arithmetic book for $2,.50. He gave the clerk J^S^OO.^ 
How much change did he receive? ^ ' * 

3; Jane takes the bus to and from school 5 days j^r week. 
' The fare eaah way is 25^.* Hov( much is her /are for the 
week? s ^/ 

4, The Brown family of six planned to fly to Washington on 
their. vacation. Each persow^ was allowed 40 pounds of 
frrfe baggage,^ Th\B Brtlwna hxid 263 pounds W baggage. . 
What was the number of pounds of extra baggage? 

5, There are 24 pages in Mary's, stamp aWfcn. On each page - 
there is room for l8 stamps; Mary has 279 ' stamps • How 
many stamps does she need to fill her albtrni? / 

6, A parking lot had 25 rows with, l6 tipaces in each rowj 
The size of the lot was increased 'wi$h spaces for ,225 j 
cars. Since the addition, hdw many cars can be parked 

on this lot? r * - ' 
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Answers to E:tercise Set 9 



1. ^8 x^i2.= -p ; « 65 X (8 X ,12) = h 

65 X 96 -= n n = 6,240 

' ^ 6,^24G symbols c^n be printed on the sheet of paper. 

, 25 + 7 + 250 = P. • OP 500 - (25 + 7 + .250^ = XI 
500 - -282 = n ■ ' , . ' n = 218 

John received $2»l8 change. - 

2 X 25 = p* ■ (2 k 25) X 5 

5 X 50 = n ' / ^ .250 
Jan^^s fare is $2,50 each week. 

6 X 40 = p' ' s 263 - (6 X 40) 
263 ^ 240 = n ' n = 23 

They had 23 .pounds of extra ^baggage, * 

5. • iB-x 24 = p. • '^^ (18 X 24). - 279^= n T 

4,32'-_^79 = n . n = 153 = 

Mary needs- 153 stamps to fill, her album. ■ 

6, ■ 25 X 16 = p ' ■' (25 X 16) •+ 225^= n' 

400 + 225 = n ■ \ n = 625 . " 

625 cars can be parked on the lot. 1 . ' 



2. 



3- 



4. 



= n 



= n 



■ / 
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REVIEWING IDEAS. OP DIVISION . * ^ ^ 

-Objectives: 1, To 3?eviev) the ideas of division b*y .relating 
^ the operation of division to, the operation 

T : '"' ^ of jnultiplica^tion • r o 

2* To pla'ce part4,cular emphasis on the division 
• ■ ^ process ; * ^ ' • - 

3. To distinguish?' betvjeefi id^as associated with 
the operation* of division and. the di>^i3ion 
- process ' • . * • ' ' 



Teaching Suggestions: 

The major emphasis in this chaiJter is upon 
an understanding of algorisms and developing • 
Increasing ..skill in their use. ' - 



Throughout the chapter/ two fonns 
division algorism, will be presented in 
text. ^ - . ^ 



of the ^ 
the p^ipll 



Form I : 



II: 



2^ 

5 

22 

25 



y 



rm 

^ 25 
--21 



90 



95 



IMPORTANT : This does not mean \;hat jaupils 
should become .skillful in usin^ both f oims . 
Pupils 'Should determine which form^they 
prefer and- gain, skill in .^ust one . ' -While 
it is not to be .expected that all children 
achieve the same degree of "skill or work at 
the saine lev^l^'they should' be encouraged 
to move to a more mat^ure fo^pm^as they are 
ready. Of cour^ej^'-'moi-e matture-f orm^s : 



5 ) 



4t5 
450 - 

25 

-25 



25 



Before havifig children read Reviewing Ideas 
of' Diyision, elicit from them their, ideas' of the 
relationship of multiplication and. division. Be 

t'hat pupils know , the language of division 
ahd how ^o- read and yjrite the se'ntences showing 
diviS'ibn as ,ari operation, . .a's illustrated in the 
pupil ' text. ^' • ' . 
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RBVIEWINQ IDEAS OP DIVISION 

Divislo^ Is the- operation we usei to f^d an unknown , 
factor when the product and one factor are ^known. 



The following sentences 
suggest division. , 


This ls«how we can MJiri 
* , them. • 


• • 

n X 4 ^- 20 


What 'number tlm^s "^"4 




. Is equal , to 20? 


* X n 20 


4. tloes what number 




^ Is equal 'to. 20? 


20.-r 4 . n 


20 ;dlvided by -4 ii>^ 




e(iual to irtiat. npaber? 




'^20/ •divided by wrhat 




^ number is equal to 4? 



In each case we are- to find the unknown factor.' We may 

A fora for ooaqputlnst 
4 J"2^. 



use the sane process . 

-: * ;2p'^- • 4 • J n 

^ Known- Unknown 

Factor Factor 



Pi^duct 



20 
n - 5 



We have learned t<J .become skillful with multlplica'tlon. 
Now we want to learn ways of making 'the 'process of division 
easier. - * ^ 



J 
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'WORKING WITH MULTIPLES OP I'O AND 100 •. " 

Objectives: 1. To develop'' skill in multiplying with multiple 
^ ' cfir 10 and 100 ^ ' . 

• ^2. To develop skill in finding an unknown Tactor 
' that is a multiple of ,10 or 100 

Materials: Duplica^te tables as' in the n^xt section of the 
« 

pupil .text * ' ' • ' , 

Teaching Suggestions : . ^ 

^ > ' * • 

Childi^en need to be able to recognize anci 
find multiples of numbers— particularly those 
of ip»s,^ lOO.ls, - atid lOOO's in order to • 
make 'their work in division easier.^ The follow- 
ing exploration using the dittoed t?abl^ is 
designed to increase pUpils' familiarity with 
/jnuXtiples. The-qhart al so ^ serves as a means of 
diemonstrating to children theVra'pidly increasing" 
size 'of products of -a number and a multiple of 10. 

Exploration: (Referring to the table on l:he page entitled 
/ ' . Working with liultiples of 'aO arid 100 in, 
the pupil text) « > 



^ What kind of actable is this? (MUltiplipation) 

^ How do you Jcnpw?/ (There is a multiplication sign in the 

A ' 

upp^r left cQmer/7 ' ' 

'Consider the nujiAiers^ across the- top of the table, What * 
do thos^ numbers have in common? -(They. are multiples af» .lO.)' 

We know that this is a multiplication ;J;able and tha.^' the ' 
numbers at the^ top of thV .table a^ multiples of 10.^ , 

See jjbhat "40" is^w^tten Ixi the square -which is the 
intersection of the "2-row"'-'and the "20"COlumn'\ What can 
we call the "40". (Product) ' , ^ ^ ' ' 

40 is the product of what two ti\imbers?" (2 ' and'^ 20) . 

40 is the product of 2 'and what. multiple of 10? ^(2(5) 

Pin<$^ 430 ••'in-tlie'^tableS ,420 is' the . product of .what two 
numbers (6 -and^ J-O) . , ^ ^ . ^ , ' 

/ ^ LiBt's'fiil ou1> the- "4-rW! together. - ' * 

* Now comjilete the .table. You can do this. easily if you \, 
know how-to multiply a niimber and a multiple, of: 10. v 
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After the table is complpted^ discuss 
it with the pupils as suggested In the pupil 
'text. After pupils havQ finished Exercise 
Set 10, have the second duplicated table 
completed and have a -similar discussion. ' 
During this, you may v?ant 'to emphasize the ^ 
relations betv?een multiply}.ng by ^ 10 and \ 
multiplying by 100, J ^ ? 
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^WORKING WITH MULTIPLES OP 10 AND lOd" 
Copy the table and complete it. 



X 


10 


20 


30 


40 


. 50 


60 


70 


80 


90 


100. 


1 


(o 


ZO 








(.0 


7o 




9o 


/at' ' 


2 


20 


4b 




>^ 


* /(TP 


/2o 


*140 




/So 


£ 


3 








120 




/so' 


£. 10 




2 70 


3oo 


















3 to 


3 do 


^oo 


5 












3 cm 


\ — 


^ao 


4.50 




6 




/2f 


ISO 




3.0V 


Bio 


420 






i> oo 


. 7 


70 








'-3S-0 




^ 9o 






700 


8 


So 


160 






' 400 




S'^o 




7B0 


ioo 


9 


9o 














720 


flo 


. J 00 


10 


Zoo- 


Zo-o- 


3o'o 




S'oo 


' 600 


*70 o 


?op 


9oo 





Study the table you have Just con^) letted. How did you 
^pow to write 1000 in the low^r right hand Jbox? 

How can this table be used to find the unknown factor 
in a division example? 



I 
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• Look at -this example* ^ ' , 

150 + a - n 

Me think; 3 x n « 150. 'in the table, find the 
' and foilo^ it until you see 150. then 

look up the column and find the ot'he^ factor, 
50. Thus, 3 X ^ « 150, So, 1^ ^ 3 ^ 
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Exercise Set 10 



91 nd 


f> In 6ftf»h of* 














1 


340 ^ 9 a n 




Q 

y • 


640 *^ 


8 








270 -r 3 a n 


(90) 


10 


400 + 






(eo) 


O 9 


600 10 a n 


Uo) 


11 . 
X JL • • 


IPO 




* 

ij 


((>o) 


4, 


720 + *8 a n 


(fo) 


12. 


810 + 


9.» 


n 


(90) 


5. 


490 -i- 7 - n 


(70) 




360 -H 


9 - 


n 


i^o) 


6,' 


,350 -f 5 » n 




14. 


540 -f 


6., 


n 


(90) 


7. 


180 T 6 - n 


(30) 


15. 


240 -i- 


4 - 


n ♦ 


(io) 


•8. 


210 3 « n 


(70) 

-A 


16. 


400 -i 


5 » 


n 

0 


■(io\ 
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Exercise Set 11 





100 


200 


300 


400 


500 


600 


700 


800 


900 


1000 


1 


/^O 


Zoo 


3 00 




foo 


600 


7oo 


too 


900 


/ooo 


2- 


200 






Uo 


1 000 


1200 


i4o6 


/ioo 


/too 


8 ooo 


3 


300 


• 

600 


900 


1200 


1500 


l8o6 


2100 


2400' 


a7Q0 


3000' 


4 




ioo 




/ioo 


2000 


2400 


tjoo 




< 

Sioo 


//ooo 


5 


ft 

t 


/ ooo 


1 500 


Zooo 


zroo 


3000 


3 Too 




^roo 








noo 


/ioo 


tifoo 


3 oio 


3600 








6000 


7 




1400 


8/00 


2800 


3rao 


4200 




5600 


^$00 


yooo 


8- 


ioo 




syoo 


3200 


4fc^oo 


4800 






72 00 


7 ooo 


9 


900 . 


/Soo 




3600 


^roo 


5400 


^3 00 


7200 


f/oo. 


'9000 


10 


/^^^? , 


^ 000 


3 ooo 


^0oo 


S'ooo 


6000 

^ 


7 ooo 


fooo 1 


fooo 


/o ooo 



/ 



After yoi\conq?lcte this table, your teacher will discuss 
^It with you. -s^ * 

Find n In the following examples. Use the table you' 
have Just completed. - — 



1 . 15O0 -i- 5 - n 

2. * 4900 + 7 - n 

3. 6000 + 6 - n 

4. 3200 + 4 - n 

5. 7200 + 8 - n 



C^'i'o) \^ 6. " 900 + 3 - • (.300)^ 
(700) 7. 2700 + 9 - n (3oo) 
(/,ooo) 8. 10,000 + 10 » n (/, 000) 

(200) 9. 5600 * 7 » n (too)'^ 
(foo], '• 10, 2400 ^ 8 » n ' . {9oo\ 
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gxarclse Set 12 , 



tFsing the tables you juit crapl^ted^ find tl^ unknown' 
faetor in eaoh of these aatheaatleal sentences. 



1. 


80 + 2 - n/ 




11. 


6300 + 7 - n 




2. ' 


280 + 7 - n 




12. 


4200 + 6 - 8 


1^00) 


3. 


5400 + 9 - P 




13. 


640 + 8 - n 


iio) 


4. 


6400 -f 8 « 8 




. 14. 


270 + 9 " m 




5. ■ 


3500 + 5 - m 




• ^15. 


6300 * 9 - r 




6. 


490 + 7 - r 




1.6. 


400<f + 8 - m 


(rooY 


7.- 


81^ + 9 - n 




17^ 


450 + 5 - n 






320 + 4 - p 


(So) 




420 + 7 -1 


U o) ■ 


'■1 


> 270 +3-8 




19. 


1200 + 4 - t . 




10. i 


1400 + 2 - r 


r 

(7oo) 


20. 


5000 + 10 « p 


(S-00) 
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Exploration: • 

• Loo.k at the examples. 

1. 3 X (jX =9 ^3 X (30) = -90 

2. 7 X X81 = 56 ' 7 X (80) = 560 

3. 8 X = 72 8 X (90) - = 720 



3 X (300) = 900 
7 X- (800) = 5600 
^*8 X (^00) = /7200 



As you work the examples in "rovr _ 
above, ask the ^^ollowlng' questions . 

3 ""tjSnes what number equals 9? 

3 times what multiple of 1^ equals 90? 

^ 3 .timeB what multiple of 100 equals 9OO? 

As the children give the answer, write it on the 
chalkboard/ Ask the same kind of questions, for 
rows 2 and . ^/ ' ^ 

When the examples have been worked, discuss 
them in this manner.' 

Look at the first, example in each row. - 

Now 'look at- the second example in each row. 

.Do you see any relationship between the two? (The answer 
to the second example is 10 times the first.) , . 

*'How are the products related? (The second proipluct is^ 
10- times .the first produ"ct.) 

In the first example, you used your multiplication facts. 
How^can the fir^ example help you with the second one? (I can 
think of 3 and' 9 to help me with* 3 and 90, etc.) 
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« Exercise Set 13 ' ^ 

Copy each row of exercises -below. . Conplete the blanks 



«0 


that .each mathematical 


sentence Is true. 




' s 




Use the .largest 
whole number. 


Use the largest 
raultltle of 10. 


Use the largest 
multiple of 100. 


1. 

c 


(a) 


X 3 » 


12 


(b) 




(c) 


\ X 300^ - 12^J0^ 


2. 


(a) 


6 X ^ = 


36 


(b) 


6 X 360 


(c) 


6 X L>QQ « 3600* 


3. 


(a) 


8 X 




(b) 


8 'X ^ =■ 2^0 


(c) 


8 X Zoo - 2^00 
« 


4. 


(a). 


» 

9x_^-' 




(b) 


9 X So_^ - 1^50 


(c) 


, 9 X 5Q0_ - ^^500 


5. 


(a) 


5 X > 


30 


(b)". 


5 X ^ « 3 00 


(c) 


^ 5 X 422. - 3000 


6. 


• (a) 


3 X . 


27 


(b) 


3 X ^ =- 270 


(c) 


3 X %0 - 2700 


Y. 


'(a) 


7 X X - 


56 • 


(b) 


7 X go « 560 


(c) 


7 X ^ « 5600 


8. 


(a) 


X - 


32 


(b) 


\ X ^£o_ « 320 

V ' V 

ST' 


(c) 


)\ X ££0^ » 3290^ 
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Exercise Set iV 



'1. 



Copy\nd cojnpiete with the correct multiple of 10. 
Example; 70 x 5 - '350 




a. 20^ 'yre - 420 
^. j2fi_ X 9 - 270 ^ 



^ X 3 - 240 
e..2 X J0_ - iBO 



f . _20_ X 9 - 8lO 

g. iTQ X 8 « 400 

h. X "6 - 180 

i. 7 X 3^ = 210 
J. X 6 - 240 



2..' Copy and complete^lth the correct moltii^le of 100. 
Exanqple: .400 x 4 - l600 ' • * » 

, a. X 3 - 1500 f . ^ X 5 - 4500 



3. 



b° ilQQ^ X 6 - 2400 

c. 4 X ^ » 3200 

d. X 7'* 4900 

e. '^00 X 8 - 1600 



' g, 9 X 800^^ 7200 

h. 500 X € * 4800 

i. 30£l X 7 « '6300 
J, 6 X ^^^0^^3600 



Copy and complete with the correct multiple of. -JO or 
IQP. 



.Example: 80 °x 6 - 480 
a. 7 X - £300 
b'. 7flQ\x..4 - 2800 , 
c.. f^flO - f4500 ° 
d^ JQ_ X 3 - 270 
e: 10 X ^ -.6000 ' 

■ifSS, 



f . .£22 >^ 2 - 1600 

g. Ml X 9 - 6300 

h. ^ X 8 » 6400 
1 7 X 80O_ = 5606 ^ 
J. 5i2Q. X 5,.« 2500« 




" Exp.loration: 
•3 X $ < 12 •* 
a X ^5*^ 22 

• .X 7 < 32 ' 



30 X 6 < 127 
'10 X ,5 < 225 
^0 x^7 < 322 



360 X 6 < 1274 ' 
.400 X 5^< ^56 
^0 X 7 < 3228 




Look^ at the exlmpjes ,on the chalkboard. . " 

What is t^ie largest whole number times_ 6 that is not 
greater than 19? (3 because: ^Ix o = l&yj 4 x_jj= 24/ 
and 24 la- greateV than" 19.') ,0 

Whait is the largest multiple of ten times. 6- thav 
Jl^s not greater than,. 197? (30 because: 30 x 6 = l8o, 
40 X 6 * 240, _ and 24o is greater than 197.) 

^ What is the largest multiple of one hundred times 6 <| 

S^that is 'not greater ^than i97^? (300 because: 300 x 6 = l800, 
400 X 6 = 24oo; an<jl^^4dp is grbatei? than 1974.) * . 

Ask the same kind* of questions for rows 
2 aftd 3\ 

When the examples Jg^ve been Worked, discuss 
tl^m in this manneV. ^ . . 



In row 1, do'^you gfee any r.elationship among the 
olntoown factors.?^ ^ 



How can the p?e^RTlt of the first example help y<5U with ' 
J;he» second and third? ' . ' - 

Dl.scuss' row3 2 and 3 similarly. ^ It would 
be valuable -for the teacher to have pupils- 
.t«ll how 'they find the largest multiple of^ 
ten and^ne hundred A-- ^ - . • 



O /'^ /\ * 



P125 



Exercise 'Se» k5 



V. 



' Copy each row of exercises below. 'Complel^e^he blanks 



^o 



that each matheTna4;ical sentence is true. ^ 



X 



1. 

2. 
•3. 
^. 
5. 
6., 
7. 



Use the largest Use the- largest Use the largest 

whole number. ^ multiple of lo; multiple of 100. 

' (a) X 6 < 25 (b) 6 < 25a 

. (a)" X X 4 < 31 -(b) 2fl. X ^.X 315 

(a) ' ^ x 9 < 28 (b) ' X 9 < 283 

(a) X 8 < 4/ (b) -^x 8 < 446. 

(a) ^ X 3 < 26 (b) §£;x 3 < 263 " 

(a) Jl X 8 < 76 (b) lil X 8.< 765, 

■(a).J.x8<60 (b) ^x8< 600. 



8;. (a) _^ X 7, C ^5 (b) ^ X 7 < -456 



c) f^x 6 < 2526 

c) Zg^'x- ^ < 3158 • 

c ) 3^ X 9 ^ 2834 . 

c) 500 X 8^< 4465- \ 



X 3.<^39 



c) f22 X 8 < 7657 
c ) X 8 X ^0 • ' 
c)'4^x7 < 4568 
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> Exercise Set 16 

^ XiopYr each row of exercises be Con^lete ,the blanks 

♦ „ • 

! ao that each mathematical sentence is. true. 





Use the largest 
whole number. 


Use "the largest 
multiple of 10. 


Use the largest 
multiple of 100. 


1. 


(a) 


^ ^ 7 < 23 


(b)' X 7 < 238 


(c) 






(a) 


6 x'X =• 54 


(b) 


6 x'^ =' 5^0- 


(c) 


6 X ^ = 5^po 


3. 


(a) 


Jl X 5 < 21 


(b) 

/ 


f£ X 5 < 219 


(c) 


. jfSi'x 5 < 2197 




'(aj 


5 X < 37 


(b) 


5 X ^ < 375. 


(c) 


5 X ^ < 37» 


5. 


(a) Jlx 7 ' 


(b) 


22. X 7 = 490 


(c.) 


^ X 7 - 4960 


6. 


(a) 


8 X < 78 


^^bj 


8 X <■ 782 


(c) 


8 X ^ j 7828 


7. 


(a) 


X X 7 < 65 


(b) 


xy7 < 654 


(c) 


?(2fl X '7 < 6547 


8. ' 


(>=) 


8 X < 50 


(b) 


8 X 500. 


.(c) 


8 X < 5000 



X 



0 

. r 
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» Exercise Set il * \ — 

Complete with the largest multiple of 10, that may.be 
Ufiied to make the sentence true, 
a. ^^x*5 < 103 f . 8 X ^ < 500 

b?5^ X 6 < 191 g. X 9 < 650 

A'. ^ X 7 < 220^ • ' h. ^ X 7 < 583 

. d. 4 X < 175 ' i. 9 X ^ < 750 

e. 5 X ^ < 311 J. i£. X 6 < 549 

^Complete with *thfe' laVgest multiple, of 100 that may ' 
be used to make the sentence true. 



a. . 


HM. X 6 < 2500 


f. 


4 X < 3000 ., 


b. 


inn X 5^ < 600 


g- 


^^22. X 9 < '♦852 


c. 


Siho X if ,< 1000' 


h. 


5^0 X 3 < 1000 


d." 


6 x- J^ < 2000 


i. 


> X < 1846 ft 


a. 


7 X ^ < 4000' 


J. 


2 x^Q < 1946 



Complete with* the largesit multiple of aOO that may 

'^1^ * 

be, vised to make the sentence true._ If^ this is not 
possible th^n use the largest multiple of 10. 

a. 8 X < 5000 f,' 4 x '< 304 

b. i^x4<2196 ^- g. 6x_^< 4507'' 

c. 7 X < 5,68 \ . h." JgL^ 8 < 4l2 

d. • 6 X 596 ' i-. 22iL X 4 < 3597 
e'. ^ X 8 < 2502 J. 9 X jOO< 8200" ' 
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BECOMING' SKILLFUL IN DIVIDING 



Objective: To help children use ^ division algorism more 
skillfully . • 



Vocabulary: Pa:rti^l quotient • 

Teaching Suggestions : ^ 

Review ways of finding an unknown factor 'starting 
with such an example as n ^ 5 = 365. Note that we 
also can write this: ^ 365 -J- 5 = n. Ask questions 
which will suggest -that pupfls' think about multiples 
of 10 and ,100, For example: 

Is ^5 X 10 < 365 ? 

Is 5 X 100 <^36^ V ' 

^ Is 5 X 100 > 36y^ 

Then ask what does tKis tell us about the quotient? 
(We need to think of the. largest multiple of 10 so 
that when it is multiplied by 5, the product is no 
greater than, 365.) 

Help children' decide what this multiple of 10 is 
to be. For examples 

7 X 5 = 35 so 70 X 5 = 350, . \, ' ' 

8 X 5 = 40 so 80 ;< 5 = ^00 . V 



so 

Then help them with whichever form 
(as completed at the riajPit) is being ^ 
usecj^ by your class to 'record their 'think- 
ing. After recording the partial quotient, 
70, and s,ubtracting 350 from 365, ask • 
•if 'the wojrk'is- completed. If it isn^t, 
what must'^be done? Continue' by thinking: * 
What is the largest multiple of 5 -which 
is equal to or less than 15. ^ Record as 
before. Discuss the result and how it 
can hiflp us to rewrite our 'first sentence." 
Write the sentences-: 

. 73 X 5 = 365 (or; 365 5 = f3) 
.Recall with them how we check our^compu- ' 
tat ion, by multiplying /73 by 5. 

# ChjDose 6ther examples (be ^ure the re- 

rtiainder is O) and "discuss them with the 

chilcixien. Then prs^eed to m^t^rial in the- 
pupil text. 



Form I : 

13 

_3 



J 365 
350 
15 

Form II ; 



5 

3^ 
• 15 



0 



70 



73 




-NOTE,: We want ctjll^^^^ write 0. for the 
remainder in subh Qxai|pli^^^H|||ese This is in 
preparatioci fOp work to /o'^^^^hen we- express the 
result of dividing, using' the form = ,(,b x'n) + r 
in the section "Finding Quotj^ents ah^ -Remainders" 
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.BBC.OMINO SKILLE?UL IN CiVlDING 

■ . v- 

We shall uBe what we know about multiples of numbers 
tO' learn more about divl-ding one number by another. 

Suppose we are^^ to find n in either of these 
sentences. . 



n X k « 332 or 332 4 = n 

t f t 

" Unknown Known * Product 

Factor ^ Factior 

To find n in either sentence we divide' 332 by ^, We 

can use one' of the forms below. You may select the' one you 
would like to use. Use either Form I or Forjn II. 



Form I: 



83 
3 




(3 X 4) 



^ Mathematical Sentencer 83 x 4 



We can check our answer: 83 
• ^ ' X 4 



Form il: 



- ' 4 j 3^2 * 




» 320 ' ■ 


80 


12 




— > 12 


3 * 




83 


0 



332 



332 or 33?. •? 4 =^ 83 
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' Exercise 3et -18 ' * » "^^^ 

• * * #. ; y 

V Find n. Use' either Form I or Form II. ChecK ygur answers. 



1. 


n X 


4 = 52' 


= 


^3) 


11. 


n X ^ 




208^ 


(/7u z 53. ) 


2. 


n X 


6 = 84 


{yru 




12.- 


7 X n 


= 


217 




3. 


n X 




(/TV 


• 


13, 


,3 X n 


= 


153 




4. 


5.x 


n"= 75 






'l4. 


n X 




828^ 




5. 


7 X 


n 98 




■ a ) 


15. 


n 'X 7 


— 






6. 




4' = '84 

< 




■.Al) 


16. 


7 >^ n 


= 


231 


(^-- 


' 7. . 


n X 


8 = 560 


(/^ 


'-- 10) 


17. 


8 X n 




448 


{yro:5.i>) 


•8. 


5 X 


n = 390 




-. 78) 


18. 


4 X n 




192 




9. 


n X 9 = 837 


(/TV 


-- ?3 ) 


19. 


n X"7 




595 




10. 


• 9 X 


ri' = *135 ' 






20. 


n X 3 
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FINDING QUOTIENTS AND REMAINDERS 



Objective 



To help children understand the technique of 
division with remainder ^nd the mathematical • 
sentence which describes this division process 
a = X n) + r or a = (n X b) + r where a 
is the divi'dend, 'b ^ is the divisor, n is 
the quotient.V'^aki" r is the remainder' 



ent,^^/a^^^r U 



Teaching .Suggestions : 

The pupils shcuild Ijfe given practice similar 
to the following .examples to stress understanding 
of mathematical sentences of the form 
a = (b X n) 4 r. . 

^' 37 = (7 X n) + r 

• ' ' 57 = '(8 X n) 

, * 89 = "(n'x 9)^ + r^ 

'For each/ pupils are to find n and r so 
that n^ will be th^* greatest whdle number 
P^^sitole. ^In each instance, r the^i shouM 
beyiess than the 'known" factor in the product 
expression. > 



Exploration: ' . ' - . ^ - ' ^ ^ - 

Wy6an use the division process to solve problems like 
this one. 

Mr. Smith has 372 oranges which 
he wants to pack into 5 crates. 
How many ca'n he put" in each crate? • ^ 
• ^ ' How many \gill.he have left over? 



As you guide children in solving this 
problem, lead them first to write the ^ 
sentence: < 

372^= (5 X n)^ r . , ' • 

Use one of fixe formg shown to find n and 
r. - Rewrite the sentence as: 

' 372 = (5. X 7^) + 2 . 



Have the children interpret the 74 
the ^ 2- in relation to the problem^ 
check their work*. 



and 
and 



256 . 



OP*' 
CO ( 



-JO. 

5 

360 
22 
20 
2 



or 



} 372 
350 

. 22 ■ 
20 


70 

k 


2 


74 



Thig means that Mr. Smith would have Ik oranges 
in, 'each crate wi.th 2 re^maining. ^ 

Using the results of either method we can write a 
mathematical sentence like this; 

372 = (5 x 1k) +• 2. 

74 



r 



the quotient. 



In our woi^, we call 
372 the dividend, and 2 the remainder. ' The remainder is 



5 the diXjisor, 



less than the divisor. a 

To c-heck our work, we can multiply . and 1^. Their 
^product is 370, To this we- add' the remainder 2. '. This ' 
check may be' shown like this: \ 
■ . ' 74 

x' 5 ' - < ■ 



370 

+ 2_ 

.372 



You may wish to use other problem^ such 
as -.this one before the pupils study the 
text material. B9 sure to select 
problems with remainder not 0. ■ 



is, 
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PINDIHO QUOTIENTS AND REMAINDERS ' 

We have used sentences like_thi3 

.* • - (5.x n) + r 

in working with story problems. 

We have sean how we can 'find the largest possible n'^' 
and the smallest r in ways like the*se. 



9^~qtiotient 



2 remainder ' remainder 



TW 


♦dividend 




9 




9<quotient 







.■• We have found. tHat 'tj = (5 x 9) + 2. 

we can see that this sentence is'-true by thinking : 

^7 ' ^5 + 2. • .' , 

We can. use jjhese .same ways to find quotieHts and remainders 
when we.work'witl^arger dividends^- ' • s 

. .Now' look .at this njajbhematicaLsent'enc'e,.' 

/' . ^^7 -\ X 9) + r,. ' * 

8 




3 60 «- 
••■•77 .. 

■ '5 



(8.x 9) 



9)^37 ■ 




— ►aeo 


.AO 


' , 77 ' 




— ' > 72 


8 


" - 5 
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Which number is the quotient? 

Which rijimber is the <U,vidend? (y 3 7) 

Which nuirtDer is. the divisor? \ 

Which number is the rei^inder? 

Is the remainder less than the divisor? ( 

We have found that „ , " - 

. 437 = (48 X 9) ■ + 5. • • 

• - We can check to see if the sentence, is true by 

multlplyliii^ 48 and 9, -and adding b'. Our answer should 
be 437. 

' ^ 48 



432 
437 



ERIC 
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Exercise Set IQ ' 


Use 


either 


Form I or Form 


II to find n ^ and 


revn?ite the sentence using 


bhe nmbers you found. 


1. 


600 = 


: (n X 7) + r . 


i^OO r (8S x 7j t 5 


2. 


138 = 


(n X 9) + r ' 




3. 


21^ = 


(7 X n) + r 


^13 r {7X3C) + 3 




.450 = 


(n X 8) 4. r ' / 




5. 


a 

271 = 


(n X 3) + r 


<<7l - [lOX 3j \ 


. 6- 


107 = 


(3 X n) + r 


t /\ n ( ^ Y ^ \ 4. 

* . X 


7. 


230 = 


(n X 7) + r 




8. 


162 = 


fn X 6) + r 


/ U> ^ \^ / ^ w y T Q 


9. 


738^ 


('9 X n) + r 


/ yJ Q ^7. 0 ^ ^ TO 


10. 


200 =. 


(n x;6) + r 


^00 r {33 XC) + ;l 


11. 


372 = 


(n X 9)' + r 


J 

v^7^ r (^/ X?) +5 


12. 


725 = 


(8 x.n) + r 


, /ci3 : (^aX 10) + 5 


13. 


373 = 


(n X 9) + r 


373 -- {iixi) + y • 


l^t. 


, 288 = 


(n X 8) + r 




15. 


^51 = 


(n X 8) + r 


isi - (5& XS) + 5' 
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B. Use mathematical sentences to solve these problems. 
Express each answer, In a complete sentence « 



left over? 



16. At camp, John made a collection of 176 small stones. 
He pnp the same number of 'stones, in each^'of 4 small 
boxes, ftow many did he put in each box? How many were 

^-A^ /Tlx s, y V 

17. There were 256 children visiting the Natural History 

, ' Museum. Nine guities showed children around the museum. 
How many groups containing the same number of children 
oulA be fonfted? Are there any children left over?- 



\ 



261- 

272 . 



Teaching Suggestions: 

How c^n we find the answer in ^this' example? 



241 
1 
40 
200 
4 )-q55 

8oo 
TE5 
i6o 

5' 
4 
1 



or 



4 )965 
800. 

ISO 



5 

4 I 



200 

40 

1 
2?! 



First ask children the series of\ 
quest-itDns 

4. x^lO = n (read "what number") 

4 >c 100 n 

4 X 1000 = n 

Then ask if we should use the largest / 
multiple of ID, ' of ^100, or of 1000 
and how we can decide. Tell what 
multiple of 100 should be used. Guide 
their thinking by asking for products 
of 4 and 100. 4 and 200, etc., 
seeing that 800 is the largest muT^ole 

After j-ecording 200 and subtracting \ 
800, continue by (Jetermining 4 times- 
what multiple of ' 10 is not greater 
than 165., Ask for products of 4 
and 10, 4 and 2Q, 4 and 40, etc. 
Decide what to use. ' ' 

Record the 40 as a partial quotient 
and subtract 160. Now ask if they 
have completed the computation and ask 
why they should continue. Complete the ' 
I^oblem^ 

Ask how we can find the quotient, 
helping them see that the quotient is 
the sum of the partial quotients. 
When work is completed, ask children 
to name the quotient and the remainder*. 
Also, write the' mathe^natical sentence 
in the form: f y / 

965 = (241 X 4) + 1 J / 
Ask how we can be certain this is- true. 
Suggest that if we find 'the product 
of 241 and 4 and then add 1, the 
result should be 965. 



Use other exarrmles. j 
Select one' such as 376^ (n x 4) + r. ^ 
Continue with comput^ion-^akbefore. 

^ Observe that the remainder is^ 0. 

'That is • 376 = (9^ X^} +' 0 . 
We ca-n shorten th!fk\to 376 L 94 x 4 
Bring out the jbdea that 94 and t k are 
factors of 3i6 and how we know ^ 
Wiis is true. vtmk 



1 



^0 e 
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Exercise Set ' 20 

Name the divisor, .41vldend, quotient , and remainde^r 
for each of the following v 
a; 



2 

30 

ct«K*ov-— 8 ) 258 

oLAridi/rxL 2^0 
^ "IH 

. * ' _!§ 



^JuamJh^ ^ 600 

132 

120 
12 
12 



100 

20 
2 



122 i;> 



Use a nxjinber to complete the following so they are time 



V 

s ^ ^ 



statements. * 

a. If the remainder is O % then^the divftl 
. factor of the^ dividend. ^^Br ^ * 

b. If the remainder is not Q . then tbe divisor ^lis 
not a factor of the dividend. - - - 

c. If 1026 = (7'X 1^6) + ^, thea the remainder is Ji . 

d -If * 8^2 = (6 n) + r with r < 6, then 'n /^o , ar^d 

Vr = ^. , V 

Divide the first number by thf second: '"^en- write the 
mathematical sentence, ^or exan?)le, 258 ^vlded by 
8 gives a quotient 32 arid a remainder>2. The 
ma-^matical' sentence is- 258 = (32 x + 2. 
the llast 5 sentences. 



a. 
b. 

c\ 



Check 



B12 . by 8 

382 by 7 ^ 

251 by 4 

h. by 6 

e. 812 by 9 



f. 756 by; 7_ 

g. 527 by 3 1. 
*hy 805 by 4 m. 

i. 927 by 9 n, 

j. 625 by 5* o. 



"859 by 3 
60^ by 6 

i>OV r (/OOXh) i-*f 

2597 by 7 

;?5"?7 = '311X1 

200V by 5 
7624 by 8. 
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PINDING MULTIPLES' (5P LARGER NUMBERS 



ObJecMve^ 
« 

Materials: Duplicated table' as on the next pupil page 



To help children acquire skill ^in finding 
multiples of larger numbers 



\ 




ERIC 



Teaching Suggestions: 

Have pupils -fill in this^ table as 'they 
did earlier ones • Then discuss with' them 
how the table can be used to find quotients. 
The completion of the table will Serve as a 
review of the facts pupils learned in 
previous units. 

*- In this section we are concerned with 
such product expressions as 

• 20 »x 30 , 

50 X 70 , 

200 x'30, etc. 

I , 

After .children have completed Exercise 
Set 21, use the following mathematical 
sentence to introduce further work with 
these ^multiples . 

i ^0 x-n*< 983 

Gui<ie children to sense hSw^ they can 
use I and & -as "helpers" to determine 
the largest mUltiple pf ' 10 to use with 
40 s6' that the product' of ■ U) ahd n - 
will be less (than 988. In this connection, 
• have them recall how they already have 
, learned how tb use 4 and 9 as "helpers" 
' when ^ividingj 98 by kO, for example. 

^ Us^e furtiWr examples as needed- . Be 
)sure to include some like' 

30 x,n <• 13^i|- 

in which one bf the "helpers'", . 'l3, is 
named by a two-^lace ijiuiheral.' 

Then have cjiildren work independently 
on Exercise Sat 2^2. 



■ / 
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FINDING MULTIPIBS OP LAROER NUMBERS . 

Copy and complete the following ^ble, 



X 


10 


20 




. 40 


50 - 


60 ' 


70 


'80 


90 


Iloo 






<3ob 


300 


' ^00 ^ 






loo 


Soo 


loo 


looo 


20 * 


O >N 1% 


ll A, A 

H-OO 




Sop 




/c< 00 


III A /\ 




1800 . 


^uuu 




300 


i>00 


900 


. i> 

/clOO 


1500 


/Soo 


2100 


OiLA/\ 

<^*rpO 


M lOO 


Ct/i/^A 

^yOUO^ 


TV 




800 


*• 


l600 






<800 


3Soo 


3600 " 


*fooo 




50O 


looo 


h500 


9,000 


2500 


Oaa a 
oOOO 


3500 


^000 


4^00 


5000 


60 


boo 


/AOO 


IS 00 


.2h00 


3000 


3m 00 


4200 


4^00 


S'foo 


bOOO 


•70 


loo ' 


/H-oo ' 


2100 


^ stm 


3500' 


4200 




5i>0o 


\ 




80 ■ 


7^ 

ioo 


/SCO 


Sl*t0Q 


3200 


? 




5600 


* 

Moo 






90 


loo 




27.00 


3&00 


4500 






7200 




^000 


100 


looo' 


itooo\ 


3ooo 


4600 


5 00^ 




7000 


Sooo 


9000 





Use your table to find n 



Exercise Set 21 



1. 


800 + 20 = n ^ 


'yyvc 40) 




.2. 


2800 40 « n 


{/ru ' 70) 


•12. 


3. 


2800 70 => n 




13.- 




20 X:n » 1800 


(yru^-'9oy 


14. 


5. 


n X 70 = 5600* 




15. 


6. 


70 X 90 = n • 


(yyv- 4 Boo) 


16; 


. 7. 


4500 50 = n 


(y7v~ ^0) 


IT/ 


8. 


\ n X. 100 8000 


{yyv = Soy 


18. 


• 9. 


6Q X n - 5^00 


> {/rvj 90 ) 


19. 


10. 


2700^+ 90 = n 




20. 

i 



^ X n =^ 2000 



(.^r Moo)' 

(yru f /oo ) 
(yn^z 90) 



X 90 = 6300 7q)r 
X) X IDO = ^0,000 
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Exercise Set 22 

1. Complete with the largest multiple of 10 which makes the 
• , • sentence, true. , * • * ' 

a. 20X 720 g. _^*x,7o"< 30^+0 ' - ' 

b. ^ X 10 < 836' h.. ^ X 60 ■< 5500 . * 

' V ■ - 

c . X 30 < 506* > ! 1 . X 80 <^5000 

d. _^ X 50 < 918 . ' . J. 90 X '70 <^6^0 I 
e\\20, X _£0..< ^32 k. 80 x ^ < i+yoO' 

f. X 60 < "3290 ' 1. 50x_^<.3500 " 

2^.. Complete with the* largest multiple pf 100 which' makes " 

the sentence tru^. ' ■ 

... ■ ^ J 

a. iiO X £00 ,Qkk2^ ~ g. 50 X '< 36♦01^^ * 

b. 20 xj^\ 5591 h. X 70 < ^,1)00 

c. 10-x j2^"< 21^6 • ■ i. ,20 x'_££tf< 5640 

d. ' ^ X 30 < 6723 •. J. 70 X 5^ < 26,500 
I . . , . ' • ' ■ 
'e. £^ X .6 < 3290 k. 80 .x ^ < 60.,000 

f . '3m. X 3 < 2872 ■ 1. 90 X < 75,000 

Find the largest multiple of 100 wh:^ch makes the 
sentence trUe. If there ds no multiple of 100, then - 

find the largest multiple' of 10; 

a. 20 X ^ < , .f , ^0 X J± < 2kk9 

b. 2aax/6<4830 6. 60 X 7^. ■< 45.000. 

c. J(l X 30 < 7^^ ■ h. 70 x,i00 < 30,000 

d. 30 X 4oO<. 12.200 i. ^o^, x 90 < 7500 




e.^ 50 X _£05 < 2^,200 ' J.- 90 x^g^O < 75.4SO 



4 
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USING DIVISORS -THAT ARE MULTIPLES OP 10 

"Objective; To extend techniques in computation to i^nclude 
dividing by multiples of 10 whic*h are less, 
^ than 100 



Follow pupil exploration cai%fully» If 
you encounter difficulty in terminology, 
refer to earlier parts of the unTt. ^ 



4 



• S3 
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^ USING DIVISORS THAT ARE MULTIPLES OP 10 ' . 

. Exploration ♦ 
'We are going to learn to divide wheTn the diyisors dre 
multiples of 10, Look at each of the examples below. Can 
you tell what was "done fn each ?;;ample'? ' 



7 



Example Ij. ' . ' ' 

^Divide 480 by 2Q. 



Si- 
lt 

20 



2oy¥5o" ^ 20 ptSo 

400 .< — i (20 X 20) >4oo^ 

'■■^ 80 . ^ .80 
|| 80 < — ; — : (4x20) — '■ » 80 



20, 
4 



#. 0 *■ ^/24 

V ■ , • 480 - 20 X. 24 - ' ' ■/ 

• We think of. ri as the largest multiple of ;^10, sd that 
(n is not greater than, 480. (h^ ^ ^^0.) 

We then think of n as the largest number so th^t # 
(n X 20) is not greater than 80. ■ ' Qrv^c^ ¥:) ^ . 

describe the results of the process b^ the mathematical 
sentence: ' / ^ ^ - ' ' • , 

480 = (24 X 20) + 0 or |^480 « 24*x'20^ 
We can check the vjrk by multiplication; 

■ •• x20 

^ ' ■ • • 
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Example 2: 



Divide 9>285 by 4.0; 

232 

,2 . 

30 • - 



' 200 
40 )9285 

; 8000 . 

1285 

1200 
.85 
80 

• 5 



46 j 9285- 
8000 
1285 

1200 

85. 
80 



200 

30 

r 

2 



232 



^ffe think of n as the largest multiple -of 100 so that*^ 
(n X 40) -^3 .not greater than' 9>28^. Qoo.^^ 

"Nextj^ we think of n .as the largest multiple of 10 'so 
that (n X 40) is not 'greater than 1,285. ( ^ ^ 3^0,\i' 
Final-ly, we think of r) ' as the largest n\^er so that 
•Jn X 40) is not -greater than 85. ^ )- 

tVe deWr£.be the .results of the. process by .the mathema'tical 



aentexice . ' ^ . ' 

' ,\ • ,9,285 = (40. X 232) + 5. 

*' We can chej^-. dlinwork by iftultipiication ahd addlSftlon. ^■ 



9285 



ERIC- 
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^ „r ^ Exercise Set 23 

•A. For each of the foilowlng exercises, divide the first 
number by the second.. Then wrlfe a maWiematlcal 
- sentence which describes how we can express the .uesults. 

1. 720 by 30 , 11. 783 by 10 

T^O z saxS-O _ 783-. (.78^,10') ■¥ 3 



,2. ^840 by 20 V% 1 600 by 30. 

i'io: f:ix:io " » ^ ^ jyoo ^ (S3 x3o y-i- /o 

3. " 680 by 1^0 '■. 13. 1956 by 20 

4. 570 by 10 . ^4: 1897 by 

S7o - 57X/0 » ■ /a97.- (V7>fVo)i-/7 

5. ■ 1160 by ho 15, 3162 -by 50 

o. 990 ,by .90 • • 16. • 5599 by 70 . 

7. . 780 by 60 'fx -bjr^eo 



780' /3Xi,o .If A&oo r- (y3A<4«)+4o 

. 8. 3850 by 50 > T 18. '8746 by 90. ' ' 

3*50 = 77 XSO ^ ' 874&''- (97Xfo')+n, « 

. '9. 5810 ■ by 70 19, 75'^3 by 80 

. y . 5SI0-- 83)1.70 . •. .yff*, 7 (?y 

10. 5360 by 80 ^ . 20. 575t by . 70 • ' 

S3i,o r i7X^0 ' ■ S7S7 ' (SA xno) f m 

B. Solve the following problems ♦ 

21. A shipping carton^holds 20 books,. How many cartons will 
^ be* needed to ship an order o^ 900 books?. . 

22^ , An auditorium cart seat looO persons. If eac^ row seats 
J: ^0 persons, *how mfi^ny rows are In this auditorium? 

23. ,How many trips must an -elevator i{ capacity 20 * pers^nsg 



make to ca^rry 25^ peoj^le? (Hint: CJne» trip may not ^ 
' ' - . r ^^4^ ^^^y /4 ^ ^ 5 /V A 

•carr^r a fulL load.) .( ^?JU>. ..Wi^ ..w*:^ ^ I 

2^. The room mothers are boxing candy to seli^t the* arnuSi ^ 

carnival. "^They boueht. 2,880 pieces of candy and each 

r ' ■ ■ • ^ " - ( •', --"'/^ 

box Will hold 30 pieces. How many booces of ca,ndy do^ ' 
the room mothers Viave to*sell? ' ' *i 

* ' y > ' • 

2 70 . , * . 



A SHORTER FORM FOR DIVIDING 



Objective: To develop a shorter division algO'^i^m 



Teaching Suggestions: 

Have the following example worked ^ori the 
chalkboard^ using either FornT I ^or Form II 
of the algorism : ' , ^ 

; i ) 5934 • \ " 

Give pupils' whatever guidance is necessary 
'to determine apprt^prlate multiples of 100 and, 
10 to use in finding the -partial quotients. 

The example should 'be completed and the 
results intef^preted in terms ofv.an appropriate 
mathematical sentences 

s^. 5934 = (847. X 7) '+ 5 . ' 

Then. ask the children^to^think how they might 
develop a shorter form for .computing, ' In 
particular, ask'^them-if the!y can see how 
theyjnight use place valine as a way .to make 
it easier ^to record the partial quot^ients 
and the^^uotient , - . 

Diagrams such as^ the ones illustrated 
below may be used .to help the children see 
the' kind of shorter form ^ that is 'to be 
developed, ^ ' . - ^ 

■ * " m' 

. ' * r 

40^ 

* 800 — ; 



-»847' 



,7/5934 
' ^600 



280 
5 



7>).5^34. 

5600 ■ 
. 33'+ 
280 " 

♦ 

■5 



J 



s 



7 j 593it 




^600 


800 ^ 


•334 




- 280 


40- 








7 


♦ c; 


847^ 



In your dlscusaion' 
the shorter '^jo^m, ^e 'i 
■the-, 4 -"ificllcates ^Qj-f 
prirKTipJ-e of place val 




tes:.'8(K)/ 
^ the , ' 



Continue this' expldr£rttt5h UjslJOg* other 
examples as needed. .'.^"Ip .children s^e \ \ 
/that they can ■ determine f^rcmr/t^hje staUif'-the* 
nurr.b^'r.of plac-^sr.fh'ere in6st--b^ 'in <the - 
quotient' numepai'^ -Then 'di's^Vss'/'^^a'g^ -1^0 
in tfte pupil * text -v^^tH-th^-'cii^Sr, . V .,l^^-' 
• , , After the .pypl-I^-hav^^Smipieted r -^^^ - 
:£xercise :Sfet:.';gir^ devel<jp''Wi:th tKem 1 , - ' 

,simil,ar ^ho'^j^er'algorism .fDi\r-divlsdrs^--.-~.- 
,such as^ 2pj;:,30,„.-6a,>;^tc^C *jalc4'i^^^ 




A Wo^d^ ;of; ' "Cautlfln : 

. GM:ldren.wtH" ^Ii^hrtViir'''the: 't-ime 
. are -p€^dy-rtd/::mj3y^*,Xi?<^'*J^ .'.I-'^r\Fprij^,?I^^^ 



•'cllildr-en',-ai.^a4>iier"^ 



i 
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A SHORTER FORM POR^'dIVIDING* 



« There is a ^horter way to write your quotient in division 
It will .allow you to do your work more quickly • 
Study the examples below. 

a. Longer Form b. Sho!rter Form 

9 ' St 

30 

100 ' " 139 • 



6 ) 836 . ■ ■ 6 ) 836 

^ > 600 - . ' 600 

• ' . ■ .2:36' .236 ■ 

i8o r • - l8o 

- '156 ... . • .55 

• / ~ '/■% ^' ^ 2 ■ • - 

In b, t)b show the partial quotient lOU, we can 
write 1 'ir/the hundred's, place. Instead of writing 30, 
we* can wrf'te "J in the ten«S place. Thfen we can write 
9 in yie^one's plafce. ^ 

,We describe -the results of. either process by the ,' 



mathematical sentence. 



;ei|ce . 

836 = (139 X 6)' + 2. 



273 
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c. • Longer Form 



d. Short.er Poiim 



6)Q36 
■600 

•2'36' 

,1-80 

56 



i6o- 



f20. 



139 



' 836 
600-O 

■■236 ' 
iBo 
56 

2 



In d, to show the pairtia.! quotient 100, we can/ 
write 1* hi 1-he hunjared^'s plac^\- Instead of writing 30, 
we can wrrte 3 in the ten's place. Then we can write 9 
^ i1> the one ^8^' place. ^^^^^^^^^-^ 

- We describe the results of either process by the C 
mathematical sentence ^ . . 



83| « (139 vx' 6) +^2. 



What' do you notice, ^^o:ut ; 




And d?^ V 
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ExeScciae Set 24- 



I- 



For each of the fol.lolirlhg', divide tiie Cif^t" . v'°-%= ' •'^ 



\ 

ftumber by the Second. Write^ a' 'mathematical sfeotenee 
to describe the result"* 



1. 963. by 3 

2. ,848 • "by. '4 



3.' 49ft by^ 3' 




7. 4928- by 

8. 6524 by 9 



9 



9. 7932 by 8 ^.77 j'^' ^^'^ ^ : • ^ 



10. 3654 by. 4 




ERIC 



\ 



'•^A, SHORTER FORM -FOR DIVIDING BY LARGER DIVISORS 
^:,3't\;dy the examples below* ' - - — 



V 



a. . longer Form 



b. Shorter Ponr 



261 
1 
60 
''200 
30 J7833 

6doo. 



V 



■n 



1800 
33 
30 
3 





4 


261 


1 

•A' . •• ^ 


30)7833 . ' 




, 6000 - 


-'J " . r <<- • "° 


. 1833 




1800 




•33 ' 




30 


\ 


3 „ 





In b, to show the partial quotientf 200, we cart write 
2 in the hundred^s place. / Instead of Writ'lng^ 60^ we can 
write 6 in the teri»s place. Then we^pap write 1 in the 



,oiie»j^ plgLce. 



i 



We can describe the results- of either* process by the 
mathemat*^^ sentence • ' , , 



7833 



' (261 x^^ 30) + 3. 
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Longer Por% 



Shortier Form 





/ 


• 


261 




30 ) 7833 




30 ^ 7833 




6000 


2bo 


( 6000 




1833 




1833 


/ 


1800^ , 


60 . . ■ 


1800 




33 




33 




30 




30 




• v-*^:/ 3 


^1 • 


3 



In 'd, to show the partial quotient 200, we can'^wrlt^ 
2 in thQ hundre*d*s/ place. I;^stead of writing 60, we can 
write 6 in ti^S^ten^s place. Then we c"Sn write 1 in the 
one«s place. ^ ► * . 

We can deacribie the results of .either process'^by the 

mathematical sentence . *. 

7833 = (261 X.-30), + 3. V . \- 

• • ' ' \/ / ' ' ' 

What do you notice 4b*out examples b jind d? (jJiu^ 

Find Ihe quotilj^t and^raainder in ea^h of- thes?, ustng 



both 




r form and the porter Corm. 



Kor 



. 40 18153^ , • , 3d ) 10517 

For each example, did you ge/ Ihe same >qubpient 

/ • - / 

and remainder using both foms? You -"should 'have ! 
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Exercise Set ^5 

For each of the following, di'vide the first number bjj 
the second. Write a m$ithematical sentence to describe the 
result of the process. * * 

% ' ' 1. 5820 b^ IP , SS^O^ SScZ^XjO 

2. '^9240 by ^0 ?Jl^o :?3I K'fO , 



3 


13 440 


hv 




73, V^O = 




/ » 


1 7 ^RRO 


k 

■ hv 

oy 


OU 


n 650 = 

} ^ ^ ^ 




c 
p. 


CO , opU 


by 


50 




4A7 X 50 


a. 


5o,goO 


by 


oO 




1 0 0 A (pU 


p 

o. 


0 ( i 04U 
^ I 
40, boO 


Kir 

by 

by. 


90- 




r D A 1 \j 


Q 

A 


< 

<^ I t I 


Dy 


OU 




H aL 'J kA 


■21,000 


by 


en* 




^ J(0 X 5 0 


11. 


3,462 


by 


10 






12. 


18,464 


Ixy. 


20 


V = 




13." 


19,05^ 


by 


. 40 






IV. 


27,291 


fey 


70 


e 




15. 


29,083 


by 


30 






16. 


-32,240 


by 


6o, 






17. 


'15,989 >y 


90' 


4s,, ISO 


(/^-^ X 9o) ^ St 


18. 


^^2,750 


by 


80 


(^f 54 XSO ) ^ 3o 


19. 
SO. 


-40,876 
3a, 4 52 


by 
by 


70 







278- ■ 
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Practice Exercises 



Write each of the fallowing as the product of two factors. 
Write 3 different product expressions^ for each number • 



ExampHe: 


0\J — U. A 0\J f C 


A Jip 9 0 ^ ^ 


a) 


52 = 


1 V CiP P V Pf^ 


A JLO 


b) 


116 


— JL A JLXvJ ^ £ A 


il V PQ ^ 
, t^A c.'y 


c) 


128 


= ^ X 04 , 4X3^ 


, 0 X lb 


d) 


88 = 


2 X 44 , • 4 .X 22 , 


8 X 11 . 


e) 


176 


= 2 x'88 , 4 X 44 


, 8 X 22 


f) 


90- = 


3 X 30 ,"5 X 18 , 


Q X id 


g) 


81 = 


1 x'8l , 3 X 2r , 


9x9 


h) 


126 


= 2 X 63 , .3 X 42 


, 6 X 21 


i) 


110 


= 2 X 55 , 5 "x 22 


, ip X 11 



Solve the -following. 



a) 


8 X 


(9000 + 6) 


(72,048) 


b) 


(32 


+ 78) - 41 ' 


(69). 


■c) 


9 X 


847 


>(7,623) 


d) 


*6 H 


- .45 +1.7+8 


(10.75) 


e) 


(74 


X 600). + (74 X 95) 


(51; ^30) 


f) 


835 


-'585 


(250) 


g) 


301 


V 1 


(^3) • 




•7 X 


7 x''912 


(44,6^8) 


■1) 


.61 


+ .09 +8.5 + .48 


(9.68) 


J) 


976 


•r 8 


(122). " 



r ^ 



2^9 



Write the number, that n represents^ 





yu X 0 ^ u =! n 


(33,300; 




^y^ovjo n =/*oy,yoD 


(9^067; 




\ 


(10^; 


ri \ 


oof + 00 + oyy - n = o 


(2, 4bi; 


o ^ 


*-i ^ Q oft 

n -r y = yO , 




D 


7 X n = 637 '\ 


"^(91) 


s) 


■835 - 257 •= n • 


^ (578)- 


h) 


(104 ^ 9)-+ n = 950 ' • 


/1 ji \ 


1) 


__?7 ;x 86^7 = n • . - ' 


(o43, o09i 


J) 


2275 = (n- X 35) +, 0 


(65) 


Solve the following; 


' \ 

• 


a)- 


n 4- 8'= 5632 


(^5iV5oj 


b) 


52. X (6000 + 40) = n . 




c) 


" 64o8 (8" X n) + 0 


(001/ 


'<!)■ 


■70 X 490-= n • * , » " 


(34^o00 j 


e) 


7' X n = 672 . ' . • . 


\9o) 


n 


3^ ^+ a + 41 = 162 ^ > . , 


^ (89)- 


s) 


.n_+ 184 = 986 


(802) 




503 = (6 X m) + 5 ■ 


(83) 


!)■ 


764 =■ '(34 X 22) + n 


(16; 


J)' 


3 X 3 X 465 =' n 


/I. 1 Qc \ 

(^>lo5} 
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5) S()lve: 



6: 



997 = (33 X h) + 7 
9076 X ^6 X 6 = n 
5^72-= (8 X n).+,0 

^ 16% = '(41 X 4)-+ 
5838 = (6 X n) + 0 
n = (7 X 906) + 3 
6:x 465 X 3 = n 
48 X 7080 = n ' 
' 97 X 8697,= n 

•* 2275 = (n X 35) + 0 



Add 1) 57B 
4,549 
. • 496 ' 
27.083 
32,706 
Subtract : 

6) 58; 931 
•• 6.336 

52,595 
Multiply: 

10) 354 

26 

9,204 



2) 6,324 
■'Y96 
39^137 

Ao3i 

- 50,291 

7) 6,719 
2.480 -. 
4,239 



11) 



836 



(30) • 
(326,736)a 
0684.) : 

(0) • . 

(973) 

(6,345) 

(8,370) 

(•339,840) 

(84»3,609) 

(65) 



3) .304 
76,451 
3,517 
25.064 
105,3"36 



8), 5,833 



5) 



80 



^ 13 
50)-^ 



9) ■ . 12f 

6o)"75Bo 



2,736 ^ 



12) 8235 



,13) 709 14), 126 
16 



45,144. 

15) 789 Subtract: I6) 5837 

__56 

44,184 
\ 

-309 



.•,61 

288,225 43^249 

17) 25,813 
" 5.804 ^ 



2,016 



.3309 ' 
19) * 408 / 

20) Bim 



•20,009 

« * 

20) 



Review 
SET I 



Part A 



1. 



2. 



Write each of these as a decimal 
for you. 



Example a. is done 



b)- (.34) . e) '^=(4.1) 



= (25.13) > g) 
h) 



i§ =* (1,02) 
16* 



c) (16,9) f) i§ = (^.5) 



(5.016) 



i) 



Write the decimal numeral for each of these: ' - ^ \ 

a) (9x100) +. (8x 10) +"(6x1) = (986) ' ^ ' ' 

b) (3 x1,000) + (4x100) + ,(2x10) + (5x1) = (3,425) 

c) (4 xl, 000) + (2x 100)+ (2x10)+ (3x 1) = (4,223) 

d) {9x 10,000) + (3 xl,000)+ (l x 100)+ (7 x lO) + (4x l) = 

(93 174) 

e) (6 X 100,000)+ (3 X 10,000) + (4x 1,000) + (7>^ ip)+ (^x l) = 

X , (634,074). 

f) . (5x 100,000)+ (8x 10,000)+ (9x 1,000)+ (6x 10)= (599,06o) 

g) -.(Ix 10,000)+ (5x 1,006) + (8x10) +(7x.l)= (15,687)' 

h) (8x 10,000)+ (9x/o)+ (4x^1) =♦ (^0,094) 



3. Which of these numbers are divisible by 10 ? 
a) 353 (212^^000) ( j)- 960) 

.b) 63,7 <SOo) *h) 16 .' 

c)" 21 f) 42 i) 462 

Which of these, numbers are divisible by 
,a) 38 ( dj~~3055 ) \ g) 1114 , 

( b) .700^ 



( T) '5,8oj ) ■ 





68g) 
i) 53' 
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^ Which' of these numbers are divisible -by 2 ?. 

. ( ^r"89^ V S) .201' ■ ' j) '27 



;^ rill2 ) " (e yp^QOO ) (ji) 50) • . ( j). 1,128 ) 
c) • ^+23 .f) ,633 •:(!) 192) ■ ' . " 1-)- '7?9- . 



4. ^ C<»nplete the folloy/ing to.^ke them t; rue- Sentences.. 
■ ' a ) 68 X 11 = 680 + -^68) V ^ ' 

b) . 28 X 64 = 512 + (1280) _ . 

c) 7^ X 1'4 = (74 X 7) + (74 x'ir . 

•d) 571x318= (50b X 318) -H (70x318) + (lx3l8V ' , 
e ) . 74 X 386 = 21 .'000 +5,^00 + 420 + laOQ / + 320 + - 2'4 . 

5. Use* 2_ as. many timers as you can as a repeated factor of 

each of tJJJese numbers. 'Example _ a is done for you. , • 

^ ' ' '-^ - ■ \ ■ - ' ' - 

>. a) 28.= 2 X 2 X 7 . • , f ) 42 = , (2 x 3 x 7)j i." 

' bV 16 = (2 X 2 X 2 x 2) ' g) 22 = (2 X 11) , 
■ c) 24 = '(2x 2 x2x 3) h) . 6 = (2,.x 3) • .' ^ - ' " ' . 

d) , 14 = . (-2 7). i) 12 (2-^2, X 3) ' ' 

^ • e) 20 = (3 X 2 X 5) ^ j) 32 = (2 x 2 X 2 > 2 x 2) 

What do Vou notice *apout alf^of *tlie factors above? (They are 
prime factors.) ^ , • • • \ 

6. In each of ^ the follovfing explain v^at the' h rjspresents. 
A sample problem is done for-you.^ 

a) In* 242^£^^ h represjents- ' jj^; sets of five 

• '^^ *I">Oeight (;4--^Y^je) •I^1024^even('^'fYi21>' 
. d) • Irt 47' (if ^ . ^g) V-432gight '(^^^ -^f^ 
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7. Write each of the following as decimal numerals., , 
' a) Twenty-^ix t^housand eight hundred twelve (26;8r:^)/ 

b) Pdrty thousand, three hundred alxty"" (^0\36o) 

c) Eight hundred fifty-seven thousand^ ninety-on*e (857,091) 

d) Pour milli\>ri7^seveh hundred sixty-three thousand 

^ V . ' • ' \ ^ • (^,763,000) 

^e; One'miilion^ one. thousand, one (1,001,001). 

' ' - - \ ■' • 

Part B . / ^ - - ' ♦ 

■ . • ■ ■ ■ , ■. ■ 

Write 'a mathematical sentence (or two sentences if necessary) 
arid solve. Write an answer sentence. ' * • 

1. The, Jackson School bought^/ new wall maps.' Each -map cost . 

^ $9.95. What was the total cost of the map^? (7 x Q*95'^ h» . 
In = 69.65 The tdta^ cost .of the maps was $69.65.) * 

2., Jim had $3.25. ^Tom had 75 cents more than Jim. How much ^ ^ 

money did the two boys have together? (3.25 + ,75 i= t 
•t =• 4;00 4.00 + 3.75.^n^ n =-7.25^ or (3.25 + .75) + 3.25 =n - 
. n = J.25 Together the boys had $7^.25..) 

3. Joanne went to a, party dressed ^s a witch.- She paid 85 ' 
cents for black cloth for a dress, 72 cents for a'^broom, 

'and. 29 cents^for.a mask. - How much did she pay for the 

entire costum^? She gave the clerk five dollars. 'How much 

change did she get? • (5*00 (.85 +^72 + .29) = n n-= 3.14 
^ .pr .85 + .72 + .29 = t t = 1.86 5-.00 - i.86 ^ n n = 3.a4 
Joanne paid $1.96 for her costume. She shouia get $3.-14 
•change from the clerk.) 

4. The pupils in Peggy «s class are making bookcovers. There - * 

^ \ . ^ ' . ' . 

were 2$^ books to cover. 'They had a dozen and a half sheets 

^ • . J» 

of Colored paper. How many more sheets of paper will'they 

need in order to have a sheet for eachjbooki? (2$^ (12 + 6)- = n . 
^ .or n + (12 + 6) =-26 n = .8* Peggy's class needed "8 more , ^ 
.sheets of paper.) 



29 
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5. The" Hoover School was buill: in 1934," Thfe Lincoln School 

was built in I960.. The Hoover School is how many years 

older than the' Lincoln 'school? (196O - 1934 = .n n = 2^ 

The Hopver School is -26 years oider than the Lincoln SchooL) 

6,, There are 32 children in Mr. Lang»s class,. For a party ^ 

S ' ' ' • • 

each child received -4 cookies. How. many cookies did the 

' ' class have? (4 x 32 = c ' c =^128 The class had 128 coqkies.) 
•* . . • 

^ , , Suggested Activities 

Group Activity 

Rela^ys - Working with Multiples * , ' , ^ 

The object of the game is to locate points named by multiples 
of the number on the ni^mibe'r line . ^e first member of each 
I team draws the line and locates the first point, for example 
using multi^ples of T he would locate and name 7. The next 
player in each team would go up..t*o locate l4, the third 
player names* 21, and so on. The. team that can correctly 
name the most points in a, determined .time period wins. This 

may also be used for counting in other bas.es. . ; 

/ 

Individual Project 

- " ' • r 

. Prepare and show your class a magic trick with numbers. Tricks 
with numbers fall into three*main groups— lightning <^loula- 
tions, predictions, or mind reading effects. You will find 
/ information about number tricks in many books about. 

mathenjatics. One clue — try looking up some of the ^mysteries 
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Part A 



Review 
SET 11--^ 



Using the symbols >, <^ or make the following true 
* ^ • * * ' 

sentences. • - . 



a) 
b) 
c) 

100 



.40 

JL" - 

100 



. .4 

;o6 " 

. -34' 
. .5 
. .^5 



S) 
h) 
i). 
J) 



.64 



■10 — ^ 

100 

.4 

•.3 



•7 • 

j_ .65 ' 

.36 • 



.40 



3. 



!. Writhe these nuJnerals in, expanded notation. 
■ ; a) 114 = (1 xlOO) + (1 xlQ)-+ (4x1) • - 

,b) 2,236 = (2x1,000) + (?X100)+ (3 xlO)+ (6x1) 
^ c) -7,330 = (7 X 1, 000)' 4- (3 X 100) + (3x10) + (0x1) ' ' " 

^ 'd) 5,050 =i (5xl,000; + (0x 100) + (5 xlO)+ (0x1) ^ 

e) 6,8q3 = (6 x1,000) +»<8'xlO,0) +(OxlO)+ (3 xl)- - " 

. f) -49,527 j(4xlO,^900)-h(9xi,000)-h (5xioO)-H(2xlO)-H ' 

g) 827,666 = (8 X 100, 000) +(2 X 10, 000) (7x1, 000) -H '16 XlOO) -h 
... \ (ox 10)-h Xfe^; 1) • ■, 

. h) '412,^05-= (4 X 100, 000) (1 x10, 000) (2 x1, 000) -h" (3 XlOO) -H 

(0x10) (5x3>) ' 

On the number line below, the points for 0 and.'P are 

labeled. Label the other .points with base fiv^ numerals. 



J. 



J I 



J r I 



0 ' 2 3-4 10 II 12 13, 14 20^ 21 22 23 24 30 



-T — ► 
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Pill in the blanks with the numerals 20^., _ and 24^. ^. 

rive five 

to make each o.f the following true sentences. 

* ^Pfive "^^^^ '''^^five ' ^^five greater than 

^Qflve ' FQflve' i^^^ leftbf 24^^^^ ; ^^fiye 
is to the right of 20^^^^* ^ n 



A*= {1, 3, 5, Y, 9, 11, 13)-^ . • 

Sets T, S, E^and P are subsets >of A* 

The 'members of Se,t T are divisible by 3* ^ 
T = [3, 9) • ' 

b) The memberi^ of* Set S are divisible by 1. 

S = {1, 3, 5, J,. 9, 11, 13) 

c) The members of Set E are divisible by 2. 
, > E = C ) . • • 

d) The members of Set P are prime numbers. 

^_X3^'5r 7r 11,^13) 
eX__Hew:ri~te-Set"A and ijename its members* as product*. . 

! 

expressions. *Call^it set M. 

M = {ix 1, 1x3^ 1x5, 1x7, 1x9 or 3 X 3, Ixil, 1x13) 
B ='{0, 2; '4, 6,, 8, 10^ 12, 14, 16). ^ 
Sets P, R, Q and H are subsets of B. 

a) trfe members of Set P are divisible by 2. 

P = [2, 4, 6, 8, 10, 12, 14, l6)* 

b) The members of .Set R ^re divisible by 3. . ,^ 

R [6, 12)- . 

c) ' 'The members of Set Q are divisible -by 1. 

Q = [2, 4, 6^ 8, 10, 12, 14; 16) 

d) The members of Set are prime numbers. 

H = [2) ^ • ' 

e) , Write the members of the Set AlJ-B, 

• AUB='{1, 2, 3, 4, 5. 6, 7, 8,5,-10, 11, 12, 13, 14, 16] 

f ) Write the members of the Set AIIB. 

AflB = ( • ) . 

Rename each of these decimals. The fijpst one is done for you. 

a) 6.84 = 6 ones + 8 tenths -^^ _4 hundredths. 

b) , 12,62 = 12 6nes 6 tenths + 2 hundredths.- 
^) •07= 0 ones'+ 0 tenths + 7 'hundredths', 
d)* 1.01 = 1^ ones +* 0 tenths + 1 hundredths. 

387" ^ 
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This Is one way of changing .a basf five numeral to a, base 
ten numeral. ' , 

^-^VlVe = twenty five) + (1 five) C4 ones)- 
^^*five = (1 X" 25) <+•(! X 5) + (4 x'l) . 
ll^f ive = 25 H- 5 -H 4 . ^ ^ • ■ ; , 

iiWe = ^^ - • ■ 

Using the same procedure change the following^ base five 
numerals to base ten ''numerala. ^ ^ 

''five (24) , d) 123,,;^ ' " (33, 



Part B 



Write a mathetotical sentence (or two sentences if necessary) 
and solve. Write an answej?^ sentence . \ 

1. : Roy bought four fish for his aquarium. He paid 60**cents 

for one, 28 cents for another, 85 cents' for another, ^nd 

45 cents for the fourth one. How much money 'did he spfend 

for all the fiah? (.60 +'28 + 35'V ^^5 = n n = 168 
Roy spent $1.68, -for the fish.) . • * ' > 

2. ' The Smfth family went *on a vacajbion^ The first day they 

. , ^ ^ - ^ , ; 

drove an average of 41 miles an hour. They traveled 9 

*■ 

hours. * How many miles. (Jid they drive -the first day? 
(9^ 41 = d ,d = 369 They Had gone 369 miles.) 

Janis and her sister .madd^'. 75 - pieces of fudge for a party. 

After-the party only 19- .pieces of fudge were left. How 

many pieces of fudg^ were eaten at the- party? (19+ n = 75; 
75 • 19 = n n = 5b-, There were '56 pieces of fudge eaten 
at the party. ) , . • ' 
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4^ Mrs. Oi*ay has ^he milkman deliver 3 quarts milk each 

day. The m^lk costs 26 cents a quart. What is the total 

milk bill\for,a week? '{3 x 7 = 21 21 x 26 - a - n = 5^6' 
or (3 X 7) x^26 = n -n = 5^6 The milk bill is $5.^6 for a 
week.) ' ' * ' . * 

5. Shirley has been saving quarters. She now has 10 quarters 

If she changes ^hem to , nickels, hov/.many will she get? 

(5 X 10 = m m = 50 Shirley will have 50 nickels.) ' ^ 

6. Mr. Norman pays l6 ^ dollars* a morfth fo^ garage rent; How 

much rent doea he pay in one year? (l6 x 12 = n n = 19? 
Mr. Noi^n pays $192- rent in one year.) • ' 

Braintwisters 

1. A frog*is climbing out of a well twenty feet deep..'- He 

'/ climbs four Feet every day and slips down three feet every^ 

night. How long ddes it take >the frog to $et to the top? 
( 20 - 3 = 17 i7 days.O. ... 

2. You have* 8 sections of silver chain, each of four^ links. 

The cost of* cutting open a link is 10)^ ancj of wQlding it 

together again is 25j^. What is the least you can 'pay t*o 

have the eight p^ieces joined together in a single, chain? 
' * (6 X 25) + (6 x-'lO) •= 210. ,^$2a0 

3. Sally had a piecesof ribbon 4« inches long. She found , 

j^nother piece ' 4.^ finches long^. " Now she has 13^ inches 

of ribbon. What number base was Sally using? (^se fiv^ 
S ^-^.^ = 8 8.= : V ' - 

^4. Two boys' were comparing &ticks. One boy had a sti(^k 6 ^ 

inches long. > The other^t>oy's stick .was 3^ inches longer 

or 12^ Inches long. \iM^t number base we're th^y using? 

(Base seven 6 + 3 = 9 ' 9 = ^^se^en^ 
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SET HI 



Part A 
1 



Wf^ite each of the following expressions using symbols^ 
Example: The number n increased by "6 '= n, + 6 , 



a) 


. The 


number n 


increased by 8' . 


n 


"+ 


8 




The 


number J 


multiplied^ by n 


, n 


X 


7 


c) 


The 


sum of * n 


and 9 


n 


+ 






The 


number n 


decreased by 4 


n 




4 


e) 


The 


product of 


6 and n 


6 


X 


n 


f ) 


The 


number'^ n 

• 


divided by 3 


n 




3 ^ 




The 


number which is the result of 










10 


subtracted 


•from n ' ' 


n 




10 



2. What number is represented by each' of the expressions in 



Problem^ 1 if n = 12? 4 ' 
a) 20 b) ^84^ c) 21 



d) --8 



e) 72 



s) 



Answer each of the "following with' a completib^ sentence • 

a) How many 4«s are there. in six 8«s? 

There are twelve 4<s in six 8<s, 

" " : / * ^ 

b) How many 7«s are there in three l4«s? 
There are six 7*s in three l4«s . 

c) How many 6»8 are there in fifteisri 4«s? 
There are ten in fifteea 4»s . 

d) How many 3*s are there ±h four 12^8? 
There are giyteen 3*8^ .in four 12 <s . 

e) How many 8<s are there ifi fourteen 4<s? 
There are seven. 8>s in fourteen 4»8. ♦ 
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4.. * Find wl^at number y ^represents in each of these. Tell • 
what operation is needed tcj find y. Example a is done 
' for you . ' I . . . ' ^ 

a) 108 + y = 1^4' y ^ >36 subtraction . 

b) ' 87+ 11\= y y = 2Q3 addition 

c) 30 X 74 = ^ ' . y = 2^220 multiplication 

d) Jy/-= 54- X 18^ ' y = 972 multiplication 

e) 2563 4- y = 8,010 y == 5. ^^7 " subtraction 

f) 58 X 867 =..y y ^ 50v286 * multiplication . 
' g) y. - 2649^ 6763 ' - y = 9.^12 addition 

h) 30,600 - y = 408 y = 30,192 ^subtraction 

5*. Name the first ten members 'of each of the following sets:' 
S = (Tlie set of multiples of. 100} 

S = (100, 200, 300, 400, 500, 600, 700, 800, 900, 1000) * 
T - (The set of multiples of 1,000) • 

T = .(1,000, 2,000, 3,000, 4,000, 5,000, 6,000, 7,000, 
• . 8,090, 9,000> 10,000) 

6. Complete these sentences with a multiple of IQO or - 1000 
'needed to make them true sentences. Here -are some 
possibilities. Example: 2 . OOP x 5 < .12,100 

a) ' 1000 X 6 > 932 f) 100 X 33 = 3,300 

b) " 9 X 400 < 40,lgl g) 25 X 100 > 2,312* ' 

c) 1.000 X 4 < 5,210 , h) 2.000 V 140 < 293,000' 

d) 70 X 2Cy < '15, 316 1) 30 X 200 = 6,000 

e) • 6 X 5.000 p 27,880 • S) 200 x 25 = 5,000 - 
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7. Complete eacn of these. Example a is done for vou: 

a) .58 58 hundredths or'_^ tenths plus-^^ hundredths 

b) .33 =^ 33 .hundredths or 3 tenths plus 3 hundredths 
^ ''c) '•07 - 7 hundredths or 0 'tenths plus^ 7 hundredths 

d) /JO = 70 hundredths or J tenths plus 0 hundredths 

.09 - 2- hundredths or tenth^ plus '9 hundredths 

f) »99 = 99 hundredths or tenths plus 9 hundredths 

8. How many dots are there in this diagrams -Write the answer 
in each of the following number bases, 

- » ; . . ^ a) Base ten 33 e) Base nine 36 

b) Base, five 113 f ) Base seven 45 

****** c) Base six 53 g) Base eight 41 

d) Base four 2Q1 
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Part B . 

Write d mathematical sentence (or two sentences if necessary) 

V 

and solve » Write an answer sentei*ice. 

J' ' 

o 

1, .Mark ^aid, "Tonight I am going to sleep "9 hours 'and 30 

minutes. How many minutes will Mark sleep? (9x6o)+30 = n 
n = 570; (9x 60) = t t = 5^0 5^0 + 30 = n n = 570 
Mark. Will sleep 570- minutes, - 

2, An army division has 3^5 platoons. There are 38 soldiers 

in* each platoon. How many soldiei?s a^e there in the division? 
345 X 38 =..d d ^ 13,110 There ar'e 13,110 soldiers in 
the division. ^ . 

3, -Mr, Jones bought^ 12 gallons *of gasoline. He paid 33 cents 

a gallon. How much money did he spent* for gasoline? 

.33 X 12 = n n =*3,96 Mr, Jones spent $3,96 for gasoline. 
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4. Mary ^nd, Martha ^were selling greeting c^rds at 50 center 
^ a box. The fi^st day. Mary s61d 16 iSoxes and fertha sold 

10 boxes. How much money did they /make altogether that 

day? (50 x 16) + (50 x 10) = n <iv (l6 + 10) x 50 = rr 
n =^1300 Ma^y and Martha made >4l3,O0 altogether,) 

5. There were t?wo fifth grade clashes in th^' Marshall School*. 

There were 57 fifth grade pUpils In' the two classes. 23 

of these were girls. How many boys were. there? 23 + n = 57 
or 57 - 23 = n n = 34 There were ,34 boys in the two 
5th grade classes. 

6. >Dick rides his bicycle to and from school in 10 minutes. He 

walks to and from school! in 26 minutes. How much time 

• will he savfe riding his bicycle to school all week? 

(26 - 10) X 5 = y ^or 26 - 10 = 16, 16 x 5 = y, y = 80 
DJLck will save 8o minutes each week. 

Suggested Activities ' . ; 

Group Project v ' ^ 

Column Relays - Have the class choose teams and form team 
■.coltimns facing the boar^d. A dittoed sheet of problems is 

handed to the first , person in line.' He moves to the board, 
^ead,s'and works the first problem then returns the- problem 
"Sheet to the secohd person in line as he moves to the rear 
of the line. Each person moves up, works his problem, and 
returns to line until all members haVe had a turn. One point 
is scored for each correct answer. 
Example: l6 x _n_ = 212 or 325. 30 - 10 + 25 
Ot)ier questions may be given 'on: 

. k) writing expanded notations ^ 

b) changing to other bases 

c) wri'ting decimals as fractions and viSe versa. 
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' w -Chapter 4 ' > ^. 

'CONaRU?NCE OP COMMON GEOMETRIC FIGURES 

PURPOSE OP UNIT ... 

i The purpose of trhls unit is: * , ^ ' , 

1. To review geometric concrepts and terms introduced 
\ earlier in the fourth grade chapter. Recognition of Common 
Geometric Figures,- ' , 

' ^ 2. To achieve familiarity witi:i*the Intuitive concept 
^ of congruence of*'g^oinetric figures, particlilarly as applied 
' io li»ei segments, triangles, and angles. 

3, To gain facility in using compass and straightedge 
in copying and comparing such simple figures as line segments; 
^ triangles, and angles* 
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/ . 'MATHEMATICAL BACKGROUND ' * - ^ 

^ • . - / • V- ■ ■ • ^ , . 

.• . The fa^ that e,yery .object which we see has size apd shape 
suggests t^at the atudy af geometry be begun- as early as possible 
' in the ch/id»s .schbol life, jft previous" units the child is m&de 

• aware -'of - rei)resytations of "geometric figures in his' envit^ent. 
He, recognizes tide models of some geometric figures and can ' , 
ria|te them. /' ' ' " ; 

We bielWe' that the -chilia caii now come to greater under- 
standing and/greater enjoyment of his environment through more ' ' 

► discrimina^ng -observation. He will be ^provided with guidelines 
for productive thinking about tf^e figures with which he is now 
familiar^ means of exploratotv discussions and" "developmental 
exercise^. Another tnajor objective is to develop ability to 
read mathematical material independently, m the preparation of 
this material, care has been taken to foster achievement of- 
this g/al'. ^ •' ' * 

, _ basic geometric^ cjoncept developed In , this unit is the 
concept of congruence. Pupil? will learn tb recognize congruent 
- geometric figures (figures of the same size and shape) by tracing 
^e figure on a sheet of thin paper and determining whether this 
tracing will fit exactly on anothjer geometric figure. • They will 
learn that two triangles are congruent to each other when three 
sides of one triangle are congruent to three sides of the other" 
^triangle. This is used in copying a triangle with compass and 
straightedge. Congruent angles will be discussed, using first 
^ J the- method of tracing and then copying an angle using the stralght- 
? I edge ^djcompass. The s^e two methods will be used to e.xplorl \ . 
■ I inequalities in size of' angles. - " 

i ■ : ^v®" your last exposure to mathematics was in your' 

\4 early high school -years, we think you' will enjoy the' teaching 
: of informal geometry, it is an intuitive approach and an inductive ' 
, development of some of the basic understandings and skills of 
geometry. _ We do not propose that pupils^ at this level study a 
set of formal proofs to reach generalizations about common geometric 
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figures. This material is planned to provide opportunity for , 
observation of common figures and f©r reaching generalizations 
about them as a result of this observation. 

A geometric- Tl^ure is a set of points. We know that we can- - 
not make a point on a piece of paper since a mathematical point 
has no size at all. What we can n^ke is a mod^l or a picture of 
the point. When we draw a side of a triangle we are drawing a 
model of this set of points. In this text when we' say, "Look 
at the triangle," we really mean, "Look at this model of the 
triangle." ^ 

A lifie (the term "line" means "straight line") is a particular 
set'^f points in space with certain properties. One important 
property is. that through any two different points in space there 
is exactly one line. A second important property is that a line 
has no. end ^ints. We represent a line by a drawing such as 
thf 6 : \ . . , ' • 

^ ► 



If we wish to give it a name we label two points^on the line, 
for example. 



A B 



and call it the line AB, written AB or the line BA, written 



"bA. Observe that the order of the letters A and « is immate- 



ri^l wh^nwe are talking about a line. 

A segment is the set of points on a line consisting of two 
points called end-points> and all the points between. We 
represent a segment by a drawing such as this: 



A B 



and we name it "segment AB" or segment BA", written A§, or 
BA. Observe that the order of the letters A and B is immate- 
rial when we are talking about a line segment . 

) 
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ft polrit/pn a. line, such -as' point P, 




sep'ar'a.ees the line into three sets of points: the\et consisting 
of the- point P and- two .other sets of points called half lines . 
The-_ point is not in either half lir^e. We call a set of 
.-. points consisting of a half line together with point p *a ra;^. ^ 
- .We indicate a ray with endpoint A like this, . -A, 

^ 1 K 

. and we name it r^y AB, written AB, writing first the let't^er 
which names the endpoint . It is clear th^t a ray has only, one 
endpoint and that, ray AB ii^ifferent fro;n ray ^A. " A model 
of ray BA looks like this: 

^ A ' Bo' 

Observe that the order of the letters A and B is .very . ' 
important when we are talking about a ray. We need to use the 
words line; segment , and ra;^ carefully. * . . 

Any flat surface such as the top *of a desk> or the wall, of 'a 
room suggests the idea of a plane . Like a line, a plane is 
thought of as being unlimited in extent. * We think of a plane 
as containing many points and many lines. Just as a line is 
a. set of points that has certain properties, so a plane is a set 
of points that has certain properties. One important pt*Dperty 
of a plane' is -H^hat^ any three points not on the same line are in 
oite' and only one plane. We have seen that a point separates a 
line Into three sets of points, and .in the same manner a \lne 
separates a plane into Vir^e sets of points: the set- consisting , 
of-^the points of the line itself and two other aets of .points 

> called half planes . The line of separation is not in eitlier 

' half plane. 



298 

J 

• 308 



An angle is a set of points consisting of two rays not on^ 
the same line but with a common endpoint. We' represent an angle 
by a drawing such as this^ ^ • , ' ' 




\ 



We namd this angle; ^/RST or ^TSR or .(Many students 

have suggest|d the symbol RST, but /RST or one ofT the other ^ 
variations is quite standard.) It is, very Important to observe 
.t'h^t the endpoint, S, of the; rays is named second in both /RST 
and in ^TSR. On thf other hand, the order of 'R , and T ig 
^iramateridl. ^ If there -is no chance for misunderstanding, we just 
Ikrite ^S..' Thi*s abbreviation could not be used for a drawing 
such as 




An angle separates -a' plane into three setp of points: the set. 
consisting of the^set of points of the angle itself and two, 
other sets of points called the exterior of the angle and the 
interior "^f the angle. These are suggested' by the following 

"^xplbdeti" model: 
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The set of points i'e^resented by the cross hatched* piece In^the 
sketch on the right Is called the Interior of the '.ari^lfe W t^he 
cross hatched piece' In the sketch on the left repres^ts the . , 
exterior. The angle itself' is not included in either the ' / 
interior' or exterior. In order that such 'concepts as these rtill 
have exactly one meaning, we restrict our concept of angl^ "so ' 
that the rays will not be'"brt the same' line. '"Thus, situations 
like these wi;Ll not be considered (although th^ rays ^epres^nted 
by each drawifjg do have the same endpoint). • ^ • '* ' 



R 
»- 



A B 

Ctoincidlng rays, 



-1 



r 



AB and RS 



Rays extending in opposite 

directions AB and 'RS 
It consista c?f thre^e points 



triangle is a s^t of points, 
not all on .the s^me lirie and the points on the three segment's 
Joining them.. Each of the three pointa (endpoints bf|2fitie three 
segments) is called a vertex of the triangle./ We label the- 
vertices of a model of a' triangle with capital' letters^ -.such as 
By and - C,. like this: " • , ' ' 

''We indicate the- segment 
Joining^he ppin^s^ A and B - 
as aF and call this segment 
a side of .the triangle. The 
triangle wilP^ named A ABC 
or ABAC or - ABCA^or with 
any other arrang^mept^ of the^ 




B • C 

letters naming the ver^tices. A triangle detfermlnek t\\vd^. angipa ' 
called the angles of thej triangle . Although>^ A'^ABC 'det^rmin^s 
three angles (^ABC, for example), not all" the pidnts of ./^ABC . 
are points of the triangle, as can be illustrated' by .the* following 
fl^re: ^/ ' ^ ^ L ^ ' - ' I 

The side - Sa is just.§' part -of the^ 
ray BA and the side is- Just \ 

a part of the ray * bQ . Remember 
that BA and b5, > extend- Indef 1-' 
nicely from B, ' * ' ; ' ' 




300 



Suppose we have another triangle, ADEF, * which is an exact 
copy of AA^C. We cannot say that A ABC is equal to ADEF, 
for this woula mean that A ABC ^is* another name for ADEF, and' 
yet the set *of points constituting »A ABC is not the BSme as the 
^set of points forming A DEP. But we would like to show that 
a' tracing of A ABC ^its ^exactly on A DEF when we pla^ 
^ ^ vertex A on vertex D,. 

vertex B on vertex E, and 
* vertex C on vertex . ' ' 





We Introduce a new w'ord for this relation and we say that A ABC 
(with its vertices named in the order A, B, C) is congruent , 
to A DEF (wit*i its vertices named in the order D, E, F) and' 
write A ABC = A DEF. Jfe call the vertices that must be placed 
together so that A ABC will fit exactly on A DEF, corresponding 
vertices ♦ Note that this correspondence shown ^hen we write 
A ABC = ADEF,^since the first vertex^ A, named in AaBC 
corresponds to the first vertex, D^ named in. A DEF. The second 
named vertex/ B, of A ABC ^ corresppnds to the* second vertex, 
E, named in A DEF, and similarly for the third vertex of each 
triangle. '< , . . 

After the/pupils have studied congi\ient figures by using 
tracings^ (which can be "turned over", if needed) for comparison, 
they will be introduced to reproducing a geometric figure using 
tile straightedge a^ compa&s. The pupils should use a straight- 
edge and not a jniler in this portion of the chapter.' The diffi- 
culty- with a ruler i6 that it encourages, measuring when such is 
n'ot desired for, the construe tior^ irtvolved The straightedge. 
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can be used only for tirawing a line segment, (Tf only rulers 
are available then it should be stressed that th^y are to 
uffed onl;^' as a straight^d^ ^nd not' as a measuring device.) * 
JThie compass is Tised only if or drawing a circle or an arc ( that 
is, a connected piece of a circle). Using these instruments 
and their knowledge of congruent figures, the pupils will learn • 
how to make congruent segments, '^congruent triangles, .and congruent 
angles. * ' • , 



Materials Needed: * ' : 

Teacher: Box of , colored chalky model of a pyramid, 
model of a qjriinder, cfial^box, or other, 
, ' rectangular bcu, chalkboard compass or . , 

string compass, long straightedge (a 36" > 
I. V ruler will do), some type. of transparent ' 

sheet for tracing triangles at the chalk- 
board, paper fasteners, cardboa;?d strips, ^ 
r . ^ scissors ' • ' * f ^ 

Pupil: Straightedge,, compass, tracing paper (ordinary^ 
pap^r might do), protractor, scissors, paper • 
fasteners, cardboard strips, paper and-pencil 
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TEACHING ^flE UNIT ^ ^ 

The lessoiiis In this unit vary in their composition. Some 
have three parts which are: first /"" Suggfest^d Teaching Procedure , 
J second*, Explp^at^ion, and third,^ Exercises v/hich the children 
should do independently. In some lesspns the Exploration and 
^Exercises are suffi'bient to develop the lesspn. Some lessons ^ 
need only 'the Explpration to clarify the concepts for the^ , 
ehildre^jf. , '-^ , : 

The first part i^uggested' Teaching Procedure pro\/ldes $tn 
ov6rvievf of the .lessorx^. it is here that the teacher will find 
sugges'ijions for providing the background the children will need 
for the unders.tanqings and skills to* be developed. ^ 

• Some* teachers may t>refer,to have the children'^s books -closed 
during this" introduction of the concepts. During the second, part 
of tl7e lesson, the Exploration in the pupil's book, the pupils 
and' teacher will read and answer the questions together. She 

may say, for example "Nov/ turn to page and look at the 

Exploration. Is this what we did? Is this what we found to. 
be 'true?V. A resourceful teacher will be^ sensitive to the Qnood 
of her class and viill not extend this part of the lesson beyond 
the point of interest. 

Other ^eachers' may go immediately into tl^e Explorations.' 
TUe Exploration then serves as a guide for the lesson, jv St ilA 
others may wish to have the pupil's book closed during. the 
presentation and then have the pupils read the Eixploration 
^independently for review. ' , . * 

The third part of the lesson is the Independent Exercises. 
The^e are designed for the pupi^l to work in\3epen^^jvt?±y. Th^y 
are provided for maintenance and establishmeni;- of skill but 
the/ ^re also developmental in nature and help pupils gain 
additional understandings and^skills^ 

♦ . Each teacher should feel free to adapt these 'ideas in a way 
that will suit her method of teaching and in a way that meets 
the particular needs of her class. * ^ 
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Ttte first section of ^this unit 'is a reviev; of. material l. 
covered dn, the SMSG text for tliie* fourth grade. If .th^ pupils 
have not studied this , material! you \iill need^to ^penxT more 
time on this section. In' either case, you should have a 
copy of 'the SMSQ €ext for grade four. ' - 

References:! 1. Schpol Mathematics Study Group Text'for 
. "Grade Four. 

^ Mathematics for Junior High School , Volume I, 

, ^ ^ Chapter IV, S^ool Mathematics Study 'Gro\)p. 

^3. Freeman, Mae and /ra, Fua with^ Figures, 
Nev/ York: Random Hofise, 19^6. 

# »^ 

Ravielli, A., An Adventure .in Geometiy ,^ 

' Neu^ Yoz*lc: Viking Press. 
t 

5. Bassetti, F., Solid Shapes Dab , New York 
Science Material Center.* 

6. Anderson, R. D.,' ConQepte of Informal Geometry 
Volume V, , Studies in Mathematics, School 
Mathematics Study Group. f 
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REVIEV/ OF GEOMETRIC FIGURES 

Objective: To develop the following understandings and skills 

(1) The primary purpose of this se-ction is to 
recall those understandings previously 
•developed which Kill be used in this upit. 

(2) Tl:^e idea that plane geometric figures are 
parts of the solid figures is emphasized. 

(3) A review of some of the mathematical vocabulary 
occurs in a natural setting in. which solid 
figures are manipulated and discussed. 



Materials Needed: 

Teacher: Any rectangular space figure such as a chalkbox 
^ or a shoe box, or a piece of lurrtber such 
as a "Jbwo by four;-" a pyramid, made of 
paper (or of wood); a cylinder, such as an^ 
unopened soup can; a straightedge for use 
at the ,chalkboard; chalkboard and colored 
chalk; chalkboard compass or string compass 

Pupil: Paper and pencil; if practical, examples 
' or models of rectangular solids, pyramids, 
and cylinders for each pupil 
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Vocabulary: ^ 

Mathematical .vocabulary usQd which has been taught 
previously includes:., 



/ace V 


endpoint 


interior 


edge 


* rectangle 


•tripingul^r 


vertex 


square 


cylinder 


ve rtic^s 


intersection 


ray 


segment 


union 


half plane 


Of 

plane 


pyramid 


compass 


point 


J)ase 


measure 


square region 


circular region 


length 



Suggested Teaching Procedures: 

You may wish to begin by saying to the cl2t«s something of 
this nature: "For the next few weeks v/e are going^ to be doing 
tilings 'in mathematics that are a little different from v/hat v;e 
have been doing," What is meant when we use the term geometric 
figure? Lo(5k around the room* What are some'of the geometrj^c 
figures you see? Can you see .any t*riangle3> squares^ or rectangles? 
V/hat -sh^pe are the windows? V/hat shape is the door? What figures 
do you see on your desk? On my desk? Baere are examples of^ 
geometric figures all about us. Can yoii look anywhere and NOT 
see examples of them?*. We will be studying many of them in our 
new work." ^ ^ . 

^Have you ever. used a compass? For v/hat cah it be used? 
This is Just one of the tools, we will be u4ing« Each of you 
will have one. " ^ ^ 
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Show a compass. Do not taJce time now to 
explain its use. Shov/ the rectangular solid, 
pyramid, and cylinder. Ask v/hether anyone can 
%ell the names of these figures. Any other 
type of introduction v/hich gets children thinking 
about ^he idea of the unit and provides motivation 
could, of course, be ,u6ed. The presentation above 
gives Just one v/ay ajid ^the resourceful teacher v/ill 
no doubt think of many superior introductions. 

Use the rectangular solids an<i? haVe pupils 
do the activities called for /In Exercise 1, page i6l. 
If possible, each pupil should have a rectangular 
solid. 

V * 

The meaning of - face, edge , vertex , segment, 
£lgne, vertices , poinli, and endpolnt are reviewed • 

Draw a model of ^he rectangular splid on the 
board and label it as 'in the sketch on'page l6l. 
Review the way af v/ritinp names of line segments 
^such as 'fe, DE,^ and AH.' The pupils could, for 
''example, write the symbols for segments DC, » BG, 
ajid FG. -They could also trace on the diagram 
on the board the segment s^dr which you vncite the 



syfhbols such as - UG or CF. 
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Chapter 4 

CONGRUENCE OP COMMON GEOMETRIC FIGURES 



REVIEW OP GEOMETRIC PIGURES , 
Rectangular Prism 



Exploration 



Look at a chalkbox. 
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1. a) Place your finger on the top face.^ 

Place your finger on the bottom^face. 
How many faces has a chalkbox? (^<^^ 

b) Trace any edge of the box with your finger tip. 
How many edges has the ,box? 

t 

o) Point to a vertex of the box. , ^ 

- , How many vertices has the box? (jlL^/J') 

2. Suppose we namS each comer (vertex) of the box with the 
letter given in the above -sketch. 



a), 



N,aine 3_ edges of _thls rectangular prism. ( 4*^. ^^J^ 
^ /IH, ff£, Sp, 5a^b^_^, ef, ff6, ffo, GF^rc^ ^ £b.) 



,b) Nanlf 4 . faces of this rectangular prism. . 

AotH, oen, BCFc^ bg///>j hb^c,^ ^ f^eco.) 
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' Emphasize in Exercise 3, pa&e Ra62, that plane 
geometric figures are observed in solid figures 
in the physical worv^cf— that solid figures can be 
used as a source of plane figures • To help the / 
pupils see that the edges form rectangles, the ^ 
edges may be trace;i with the fingertips. If the 
solid is held so that only one face is visible 
at a time, the -outline is a rectangle, . 

The intersection of two faces is a ling 
segment as illustrated in Example 4,. page 152. 
This can be shown, by having the pupils again 
trace the intersection on the solids with their 
fingers. The "intersection of the set of points, 
of the bottom fa'ce and the set o f po ints of the 
front face" is the line segment BC (We are call- 
ing face ABCD the "front" face. If face DEPC 
is called the "front" face then the intersection 
is ,CP). 

In Exercise 5$^ page p 163 children can best 
get the idea of intersecti<ji by again tracing the 
edg^s on the solid figures with their fingers, 
Thte idea of point and vertex will be reviewed here. 

There are at least two different types of 
answers ^to "Name the three sets* whose intersection 
ia the point H." 'One would be the intersection 
of the line segments AH, EH, and GH. Another 
would be the intersection of the three faces which 
are parts of planes. Help the pupils find both 
of these answers. There are, of course, other 
answers . ^ ' ' 

There are other illustrations of the empty ' 
set in addition to the intersection of AD and 
BC. They would include the intersection of any 
of the segments which are parallel such as 'HS^ ^ 
s and aH, W and and AH and' IBE. 

Another illust'ration is the intersection of 
aC and 

In J)xercisey,6,.. other unions of sets which 
result in ^rec tangles include the union of, 
M, HA, aU, 15E; aF, EC, BA; 55", 5p, 

F^, 5g. Children S'hould name all* six of Jbhe 
rectangles . 
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c) You can see that a vertex represents a point; afi edge 
.represents a line segment, and a face represents a 
part » of a plane. 

I? 

Every line segment has two endpoints . ' We label the 
endpoints with capital letters. 

Then we may name a line segment by using the letters 

at its endpoints with a bar over tHem, ;Thus: W or (Jp. 




3. What geometric figures can you f ind^ that are formed by 
the edges; of the box? (^^r^-^i.^ o-^J^t-^^l^ "^"^ -^f^-^^^) 
How many rectlhglep dici you find? How many sqixares did 
2^ou f ind?. (W- -^-^-'-i^^ 

4. Name the intersection of the top -face and the front face. 
What is the intersection of the set of . points pn the ^ - 
bottom face and' the set of points qn_ th^Brront face? ■ " 
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5. What is the Intersection of W and oF? i^J 

vnis^t is the^ intersection of IE and the top face? [^} 
Name th]hee seta wl)OSO intersection is the .point H, 
What is the intersection of IP and E?J? f/ 
Name some other pairs of ^sets whose intea^section is 
the empty set. (^^ , _ ' ^ 

6, Name^ tbe geometric figure which is the union of the 
sets M, IF, and s^. ^^^su^zi-^ CObf) 
Name the geometric figure which is the union of the 
sets M, ^TIP, C^^^^^f^ --t^--^ 



/ 
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Pyramid 

In' guiding the children to recall v^at they 
learned about the pyramid, ask them if they have 
ever seen anything shaped like this as you show 
a model of a pyramid. Write the word pyramid on 
the board, and encourage pupil s^to respond. 
(They may mention the Pyramids-^ of Egypt and 
this would be an excellent response. Perhaps 
a child could show pictures of these pyramids ' . 
or make a report about one of" them, ) 

^ 

You might use Just one pyramid for demonstra- 
tion and as you show a model of a pyraml^d have 
the children handle the model to find the answers 
to leading questions. Or you can (duplicate the 
pattern for a pyramid, £iven on the next page, 
and let each child made a model, of it (possibly -as 
a home assignment). 

In either case, the pupil? can find the 
answers by handling the pyramid. Ask them to 
close their eyes and tell what they oan "feel" • . 
about the pyramid. Have a child describe the 
pyramid as he handles it with his eyes closed. 
The base of a pyramid is also called a^face.' 
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Pattern for. a .Pyramid 

Dlrectlohs: ^ 

!• ' Cut along the outer line 
segments 6f the figure. 




Told' along the 
dashed line 
segments • 

Tape or paste 
tab 1 under ' i 
face OAB so 
OS" ^ lies along 
'US. 

•Tape or paste 
tabs'2, 3, 'and 
h to the inside 
of the faces so 
that lies 
along Ea, _ ^ 
along W, and 
along eF. 



If you use tape you may 
want to triin the tdbs' 
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Pyramid 



Draw on the chalkboard the pynamiQ pictured 
in the pupil ^text. Use this drawing to answer 
the questions in Exercise 1, of the Exploration 
on the pyramid after you have^ introduced the 
pyramid. Pyramid^ must have triangular sides. 
However they may have bases which ai?e triangular 
or which have four or mpre sides. 

- Look at Exercise 1, and 2 of the Exploration 
to see what you might conclude at this^ointc 
Any two of the faces of a pyramid ipterasct In 
a line segment. All faces 'except the \>t 
intersect at 0.^ ' ' . ; 

' The main idea of Exercise 3, is that the 
, edges of each face— other than the base--of 
a pyramid form a triangle. In other words, 
you can see an illustration of a triangle on"" 
a pyramid. ^ ^ * 

The intersection of the- edges jDf the .f ouiJ« 
triangular faces is the set whose only member ' 
is the point' 0. Children can see^lhis by 
running their fingers along the edges of -the • , 
pyramid up to the vertex at 0. 

You may want ta ref^r to the chapter on ' 
Recognijbion of Common Geometric Figures in 
the text for Grade JPpur forT^eviemftg the 
definition and idea about pyramids.* 
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Pyramid 



Exploration 



^ 1. a) How. many faces nas this pyramid? (/^^ 
,b) How many edges does the pyramid 

have? ^^^'^'^''^^'^'^'^'^'^ 
o) How many vertices nas the figure? 

d) Which edges outline tne^^bottom , 
face? JSC ^ CD , 579) 

e) Name the figure *^armed by tne 



:c\rme 




ed^es of the bottom faqe. >93C£) 

a) Whicn faces intersect on ^? ( 

b) Which faces Intersect on "SC? On ^? On TB? 
^^r^o faces OAD, OBC, OAB, ODC, and ABCQ represent 

planes? ^i-^**--) ^ 
d) Which o^ these planes intersect at 0'> (JL^ 0/\B j 6^C^ 

a) Name the -geometric figure 'outlined by tne ed^es 

b) Trace tnpse eBges with your. finger tip. Name tjvema— v 

' . (^^Oj oCj DC ) 

0) Place your .finger tip in tne- interior of &OAD. ' ^ 

. - • • c 

Name tne interseqtlon of the edges of the four triangular 
faces. (/^^ 

a) Could a pyramid nave Just 3 face%? Remember tnat 
tne base is calleda face, too. 

b) Could a pyramid na-ve Just faces 

c) Could a pyramid have Just. 999 faces? - C 
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Cylirtder , v ^ 

Show the cylinder next, writi ng L^ e wordi 
cylinder on the board. (Remember that a 
cylinder includes the two bases as well as, the 
"lateral surface", but doe& not Include the 
Interior. That Is a cylinder Is. hollow,) Ask 
the chlWren what the object is and relate It 
to Its mathematical -^name on the board. Ask for 
examples of cylinders. Encourage children to 
brlftg examples of cylinders to school, (Be sure 
the examples have a "top^' 'and a "bottom"..) A 
committee mlgl*t make a display of these and^of 
►other geometric figures, , 

Show one of .the faces ("top" or*bottom") of 
the cylinder as- you ask for the name of the figure 
which outlines a base, GlVe children opportunities 
to handle the cylinder. , « 

You may want to refer ^toT;he chapter on 
Recognltlson of Common Geometric Figures In .thef 
text for Grade Pour for reviewing • ti^e defit\^.tlon 
and Ideas about cylinders. 
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Cylinder 



* Exploration 




1. Nearly every time you select a can of food at the 
store, you are handling an object like a geoi.»etric 
figure called a .cylinder. 

a) What are the "top" and "bottom" of % cylinder 
called? 

b) What is the name of the geometric figure whicii 
outlines a base of this kind of^' cylinder? ' (a cx^xJt) 

2. Howmany such figures are outlined on^this cylinder? CXi^) 
Trace them- witn your finder tip. 

0. JDo the bases of a cylinder jia^^ to be circular regions'? 

4, Could the base^ of a cylinder be square regions? 

0. Could ea.ch base of a cylinder have 1001 sides? (y^) 

• 317' 
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• Triangle 



Draw a triangle on the board as shorn in 
the Exploration on the Triangle, .^mphasize that T 
an angle is the vmiqn of i^wo- rays^ ith the same 
endpoint but not on the same line. Rays of an > 
angle are sometimes called' the sides of the angle. 
Any particular drawing can show only a portion 
of the rays of* ah angle. Show more of the rays 
of the /ODC, a^^^ Exercise 2, to- illustrate * 
this. Snow a line segment that (except for its 
"endpoints) is in the interior of each angle of 
the triangle ODC. Cit will be for /ODC, 

DC for ./DOC, 'and OD for ^CO. ) ^ 

This is a good tlmd to distinguish between 
a triangle and its interior. Some childreli may * 
still think the tem triangle* includes the interior 
of the triar^gle. Hkving them trace with th^eir 
lingers Just the sides of the triangle and then 
place their finger tip in the interior of the ' ' 
triangle, may help them understand which set of 
points is the triangle' and which set of points 
is the interior of the triangle. 

You may want Uo^^fe^ to the chapter on 
Sets of Points in the tex6 for Grade Four for 
renewing the definition and i^eas about 
triangles. 
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Triangle x* ' ' ' \ 

Exploration. 

/ if • » • . 




K 

1. ac) Copy figure ODC on a sheet of paper. 

What set of points form LQT>^'>tU^^y^^^ 

^b) Trace AODQ with your finger tip. 

Place. your finger in the interior of the trianglfe. 

c) ^Name the angle .whose vertex is at ^ /60^J 

d) Name the angle whose vertex is at 0. (^Looc L COo) 

e) How many names were given for the angle whose 
vertex i^ at D? 

^ * f ) How many names were given for the angle whose 

vertex ia at^ 0? ( ^fc^.X^ * ^ ^ 
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2- a) Recall that an angle -is the set of points on two rays 
which have a common endpoint and which are not on the 
> same line, / ^ ■ ^ 




V Trace the rays (that is, 'part of them") with your finger tip 

b) Name the rays that form ^ODC. ( Oo DC ) 

c) ' Name the common endpoint'. ( r>|) 

d) Poes DC end 3t C? i7U> , J: t^^Ju^^ u^cyl'^l/>) 
ej; How many endpoints does DC have? C^^^J 

f ) Why was t^he letter D plated in the middle (between 0 
and C)* in the name, /ODC? C^ <fc - *-fc>^ <»^yAjJitLJt J^^a^ 

aj^ wake another drawing to ahow the rays which fo^m^ /OCD, 
^Why is the letter ,C placed between 
the letters 0 and D in the name /OCD? 
b) Make another drawing to show the rays which 




form ^OC, Why is the letter 0 .-placed 
between -the letters D and C in the o 
name, ^Docl^^^^^^^'-^--^ O 
. In the drawing for Exercise 2 which line segment (except for 
^*±t» end points) is in the interior of ^ODC? ^oc) 

Draw an angle on your paper. Color the interior of the 
angle red. If only the interior ^of the angle is to b^ 
\red, should the rays of . the angle be made red? (/(yuJUJU-^ , 

4 
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Half plane 

,The concept of a half plane may need to be 
developed here. By first disciissing a plane you 
may make half plane more understandable to l^h'e 
pupil. Show lines of a plane in various positions. 
Observe that a line separates a plane into three 
sets of points: the set consisting of the ppint^ 
of the line itself and two other sets of points. 
Each of these other sets is called a half plane. 

The exploration is written for the children 
to do the indicated steps. You may not want each 
pup\l to do the coloring or make his own models. 
Instead, you may -prefer to imagine that the" 
coloring has been done and then ask the children 
to point out the sets involved. Alternately, 
you could do^tne exploration as a class 
demonstration and discussion. 
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Half Plane 



Exploration 
1. a) Copy^the figure be]^ow, ^ . • 




b) Color the line EB red, 

c) C^lor the portion of the plane below ^ (the part 
which contains C) blue. Do' not get aqy blue on the 
line EB. 

d) What would be a good, name for the part of your figure 
which is colored blue? ( a. J^^iC^iJ^^J v ^ 

e) What is the name for the part your figure which is 
colored red? 

f ) What would be a good name for the part of your figure 
. which is not colored? ( "^^^^ Z*^^^ ) . 



2. a) Color the half plane above DC (the part which contains 
E) yellow. Do not get any yplloW on line CD., 
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CONGRUENT FIGURES 

{Objective: To develop the follov/ing understandings and skills 

(1) Two geometric, figurei^ are called congruent when a 
tracing (which may be'^^tufned over") of one figure 
will fit' exactly oh the other* 

(2) Two triangles are congruent only , when .certain - 
vertices are placed together. 

(3) When two triangles are congruent the coi::resi)ond4ng 
.angles are congruent and the co;?responding 3ides 
^are congruent. 

Materials Needed: ^ ^ 

Teacher: Straightedge, sheet 6f transparent plastic 
Pupil: Straightedge, paper suitable for tracing 

'« * 
Vocabulary: Congruent, .corresponding 

Suggested Teaching Procedure: 

The first paragraph bf the pupil text should be read 
wi^h the class and the distinction between the concept and 
it^ representjations noted. However, when you draw a triangle 
oA the board say, "Here is a pictur^' of a triangle," and 
emphasize the fact that you 'have actually drawn only a model 
or picture of a triangle. When you draw triangles -or other 
geometric figures on the board, comment frequently that you 
are really drawing only a pict\;ire o'f a triachgle or a model 
of a geometric figure. 

. 
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C€NaRUENT PIQURES 

Congruence ' ^ 

Exploration 

1. .Can you find pairs-- of* figures which look as If one 




(6) 




(L) iM) . in) 
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2. Which figure will fit exactly on v_i 

A " . ' - " 

Triangle A (/ j * Rectangle F (f/'^^c) 

Segment's (j) ' , Triangle G [p/o^*-) 

Square C ,(l^o^e) Figure L (V^^^)* 

/ 

^ circle, D (h) Figure N-. ir/o^e) 

Figure M ^^)7orui^) . - 

3 • How can you use tracing paper to. see whether your 

answers are correct? (^Xf-^ ^ ^ -iN^<-t-^ f^f^ 

^ Sumrnaiy . ' ' . 

A geometric figure is a set of points. . We know that we 
cannot make a point on a piece of paper but only a model or 
a picture of a point. *teien we draw a l^ie or a triangle we 
are drawing a model. In this text when we say, "Look at the 
triangle," we really mean, "Look dt this model of the triangle." 

.Two geometric figures are congruent to'each other if 
they have exactly the same si^ze and ^hape. ^is means that 
if we make a tracing of one figure and place it on top of the 
other figure, and if it flta exactly, then we say that the two 
figures are congruent. 
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Cong]^ent Line Segments 



Explorat: 



i 

A»- ^ 



Trace AB on a .thin sheet of paper» Can you place this 

tracing of AB so that It fits eActlyt on CD? Did you place 

•Mr t 
the tracing of the point k on the point > C or the point D? 

Does it matter? ( ^) ' . • * 

Recall that A « B means . A and B are names for 'the 
same thing. We cannot write /S - CD because the points 
of AB are not- polnts pf CD. For exangJe, there is no point 
Oh CD- that is the same point as the point A on AB. But 
yfe would l^ke to write briefly that. a. tracing of one segment ' 
fits. exactly on the other. We will write AB to say 

that the two segments are congruent. 
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Exercise Set 1 

^ Can you find 'two congruent segments in .each figure? 
Can •you find more than two? Trace* segments on a thin sheet 
of paper to help you decide. Write your answers like this: 




/IB ^ DC J flo S 0C 




/}5 = iSc 



2. 




5. 




/95 = CD 




0(1 = CO, ffc, = DF^ fiH = D£ J C/>S^ 
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Congruent Tj^iangles . ' * 

By, use of the exploration on Congruent 
Triangles draw congruent triangles 'aBC, DPE, 
on the, board. You may use straightedge and 
compass and the method shown in the Exoloratlon • 
on Copying a Triangle (pupil text p^e I89) to con 
struct the congruent triangles. (Pupils Should not 
see tne construction at tnis rime.' They will 
learn it at a later -time.) Trac6 AABd that 
you constructed on the/boarO-^n the sheet of 
transparent plastic.-^ tou^ighr^jnphasize the 
corresponding vertices of the' congrden^ triangles 
by writing the names *on jbhe board as follows 

. /\ A'5 C 

-i-.-r.! 

empliasize th^t 
thl l>j:»ig^^:]^ al?e coQgrueht ^ only ^-when certain 
vertic^" Xv^-tf ^-j — ^*r!:-i.^^^k„ . , 

AABC 




^^placecfi-to'^et^rj' that lj3/ 



^ . ^'A^PE, -but -AA^^is not^/ADEP. . 

This means, of cpurse, tti|i^j«^u 'will ^Ti^ye' 'to 
very careful about^ the o^Qer ofj naming lyertlc^W 
when talking ^about ^ongruenGe*^ 
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Congruenjb Triangles . * 

Exploration — . 

You have learned that we call two. flgurels congruent '^If a 
tracing of one figure^ can- be placed to fit exactly on the 
other • (The tracing may be "turned over*") Let us see whether 
the .following two triangles are congruent? 





Trace A ABC on a s 



t^^ofthinS^aper and see whether 
it will fit exactly on ^DPE. — ^-^ ^ ^ 



I ^ 

Notice that th^.triangles will fit exactly if 

•1. Vertex A is placed on vertex' D of ADFE. 

of ^ ^ A DFE ; 



is placed on vertex' D 

1 

2* Vertex B is placed on vertex 

' m ^ / 

3. Vertex C ia .placed on vertex £ of A DFE. 



We*noticiS then that when the vertices are matched the 
sides also match. Complete the following: . 

4. .aF, is congruerjt to side DF of A DFE. 
5* aC' is congruent to -side Oa of ADFE. 
'6. 57 is congruent- to side F£ of A DFE. 

. We call the vertices A . and D, B and F, C and E 
corresponding vertices since when A is placed on: D, B on F, 
and C on-E, one triangle fits exactly on the other. We cstll 
sides*^ AB and DF corresponding sides since, they Join \ ^ • 
corresponding (matching) vertices^^ - ^ 
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1.^ Name the_ other j)airs of corresponding sides 
We can use^the game symbol that we used for congruent 

line s-egments to show that one triangle is congruent to another. 
If, the triangles Xlt when V 

point A is placedy^on^ point ^ . 

point B is placed on point P, 
point C is placed on point E, 
^ we s^ll show this by writing' . , ^ 
• AABC » LT>¥E. , 

"8. Is A ABC « ADEF? fThis means: Can you place the 

- . triangles so that A sis on D, B is on E, and C is 

on p?), (yL) ' ' ' ' 



Use your tracing of- A ABC ^ 
to see wTiether'the following 



triangle is congruent to A ABC. 

Are the triangles congruent? 
( Zl = ^ I R 

10. List the correc(J>onding^vertlce8. 
A and T , b and 6 , A c and 
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Exercise Set 2 

By tracing one triangle on a' sheet of thin paper find 
the triangles which are congruent to each other. Be sure 
to neune corresponding vertices In order. In Exercise I, 
state your answer like this: A BAD = ADQB. In Exercises 
3, 5, and 6 you may have to trace more than one 'triangle . 

C 

C 



I) .B 



3) 




B 









6 


" B 


A OGC) 
f 

C 




\£i Ape ^ t^oc^Jy 



A o D 





; [AvcB ^*^iiftH ^AHGf ^ 
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Congruent Angles 

The exploration on Congrueht Angles develop 
the idea that angles may ^be congruent although 
the segments shown which are parts of the rays 
are not congruent.. In the previous work the 
congruent angles ha ve^ been parts of congruent 
triangles and consequently hal^e had congruent 
segments as representatives of the rays. The 
student should realize that an angle actually 
, consists of, two ray^ and that the segments are 
parts of the rays; You may wish to discuss the 
Exploration on Congruence with tl^ children to 
be sure that they will understand that angles 
can be* congruent' although the parts of the rays 
shown ar^ not ' congruent . The hands of a large, 
(tower) clock compared with the hands' of a,, 
small wrist watch (^,3:00 p.m., for example) 
would provide ^n illustration of this idea. 




r 
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Congruent Angles 

^'Exploration 

We say two angles are congruent to each othtr If we can 
place the vertex of a tracing of one* angle on the yertex of 
the other angle and the rays of the tracing can be placed to 
lie exactly along the rays of the seconij angle. 

Exercise Seft 3 ^ 



By tracing . ^ABC on a 3lieet of thin paper, determine 

*' ^ • 

which of the following auigles are congruent to /ABC. 
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Corresponding Angles 



Trl,ang?es JKL and 



Exploration 

MNP are congruent,*, ^ [ 





Trace A MNP and place this tracing s^ It fits ^ 
exactly on A JKL. ' ^ 

Where does fall? ^ AK) 

and /K are corresponding angles. 
Where (Joes fall? ( Ll JJl-'^ A ^) ^ 

/Jj arid ^P * are corresponding angles, 
v Where Soea ^3 fall? [l j/JL^ L M)" 

and /Vi ' are^ corresponding angles. ' - 

Con*e spending angles of congruent:'trlapgles aa^fe tho^ 
which fit together vrtien a tracing of one lirlangle Is 
placed so It fits ^exactly on the other.' 
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. . * Summary ^ ^ 

in this section we learned some facts about congruent 
line segments, congznient angles, and congruent trijipgles. 

We learned .thlat: ' ; ^ , 

\ ' / 1. Line segments sire congruent if a tracing - 

of one Jean* be placed to .fit exactly along 

. ' the/other, • - , ' 



^ 2. . Triangles are congruent if a tracing of one. 
can.be placed to fit exactly along 'the other. 
The tracing may be "turned over;"\ 

> ^ 3*- In naming* congruent trianglea, vertices mttst 
. b^->named in the' proper ordfer..^ ^ \ 

Two angles are congruent if we can place the 
vertex of a tracing of one anfele on the. vertex 
of the other angle, and the rays of the tracing 

' ' can be made to lie exactly along the rays of 

** _ — 

the second angle; C/ 
./ • . '^^^ • ^ ^ 

5* 'When two triangiea are congruent the corresponding 

'Singles are congruent and ^ the corresponding sides 

a;^ congjuerit. 

Do 'you agree that" this summary tells what we found? Can " 
you think of anything that should be added? 



COPYING A LINE SEGMENT » . • . i 

) 

Objective: T9 develop' the following understandings and skills. 

(1) Lengths of line segments' may be. compared with 
the aid of a compass, 

(2) Every point on an arc of a circle is the same 
distance from its center. Hie center. of an - 
arc is the center of the circle of which the 

arc is a part. ^ / 

' , (3) Line segments may be ^copied with the aid of 

a straightedge and compass. * ' 



Materials Needed: 



Teacher: Board' compass or string 'compass, ^ ' 
lyardstick >^ , 

Pupil; Straightedge, compass, cardboard strips, 
. • . papVr fasteners (Unlined paiper f,or ^ , 
construction/work is preferable.') 



Vocabuljary:*' Aro 



■/ 
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Suggested Teaching Proc;e<iures: 



If in the exploration of jComparing. Lengths 
of Line Segments wii;h a Compass, the pupils do 
not recall from their fourth grade experiences 
the use of the compass for comparison of line 
segments, re'view this here. Actually when a 
compass is to l5e used merely for comparing the 
lengths of line segments, a pair of dividers 
< (which have Jbv;o points at the ends, and no 
pencil) is w sufficient substitute. The children 
can make their o\m dividers by, using two cardboard 
strips ^^: > and a paper fastener: 




In-* coinparing lengths. oT line segments, Remonstrate on the board 

' . (1) V/e place the endpoints of the dividers on the ^ 
endj^oints of one of the line segments. 

(2) Without changing "the setting, ,mpve the dividers 
to the other line segment.* 

(3) , Place one endpoint of the dividers on one ^ 

endpoint of the second iiae segment ♦ 



(4) Tf the seqond endpoint of the dividers falls 
between the endpoints of the second segment, 
then the first segment is shorter ^han the 
secon4 segment. 




A 

(5) If the se/cond Endpoint of the dividers falls 
.beyond the second endpoint of the line^ segment, 
^.then the riivst segment is l9nger than the second 
* ^ segment. ^ ^ ' ' » ^ , 




After you have given the above demonsti*ation on 
the boards have the children do Exercise Set 4/ 
independently. 
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GOtYim A LINE SEOMENT 

Comparing Lengths of Line Segments 

Exploration 
1. Do" you remember how to use 



B 



your compass to compare the 
llSngths of two line segments? 
Look at TS and W. 

Whici^ appears to be longer^ 
or 7!S7 (^Z/yvdo^^nAy ujjlM Vom^ ) 

Use your compass to compare the 
lenfifth of aE with that of 7SB\ 
WhA-t'do you observe now? (-^ 



C 



4 

A 



3. * Does your observation agree with the guess you made 
toy Just looking* at thej.ine segment? 



Kxeroise Set 4 



Use your compass to find answers to the following 
questions. f ' 
1. How does the length of 

W compare with that of 

RJ? Which is longer? 

How do you know? 




, 'j^>Ujk aX^j^ J^m i ^ ' t ju» ^A-c#^ 



A 



. a39 
3^9 



. Is the length of MN greater than, equal to, 
or less than the length of i5i? 



M 



N 

4 



Which side of AabC Is the longest? (/JcJ 




Con5>are the length of 
AC with that of m. 




a)' Comipare the lengths of <; 



JS, VS, W. 

Compare the lengths of 
CSTi ?5ff,, (RT, 15!, CH. 
b) Since 0 names the 

center of the circle, do 
yoUr results -agree with 
what you already knew 
about circles? C^j^i ' 
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« Copying a Line Segment Using the Compass 

Exercise 5^ in the Exploration on Copying 
a Line Segment^ provided an opportunity to 
review, with the pupils the fact that every 
•point on a circle is equidistant from the center. 
Follow the exploration in the text to make clear 
that an arc is part of a circle, ariU hence every^ 
point of an arc is equidistant from the c*enter o'f ^ » 
the circle. Dividers are no longer satiigfaatory , 
We need a pencil point on the Compass In order to 
draw an arc. In 'the demonstration the teachei' 
may use ,a string and a piece of chalk instead of 
..the board compass. Discuss with the pupils why 
this is a satisfactory substitute. ^ In this section ^ 
line is named by a small letter, for the first 
• time. The letters k, and ' 1, are most frequently 
used, but this does not mean" that other -letters are 
not acceptable.- It is suggested that for this 
.exploration, the tea^cher work at the board, discus- 
sing, and demonstrating. 

After the .development^f the procedure 'for 
copying a lioe segment any^7?^e on another line, 
have each child do this at hi\seat. Then 
illustrate, at the board, copy\ig a line segment 
when one endpoint of the copy i» indicated. • 
'Follow this with provision for each child to 
practice this skill at his seat, under close 
)| sup^ervision. Make clear that the intersection 
of*, the set of points on the arb rii^e with the 
compass, and the set of points of the 'line on 
which we make the copy, is a set whose only * 
member is a single point. This is an endpoint 
of the copy. In the exercises which give 
opportunity . to fix the understandings and skills 
of this subsection, it is assumed that the^upils 
will make reasonable facsimilies of the figures ♦ . 
•-on their papers and do the construction work 
there . 
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Copying a line Segment Using the Coijipass^ .1^' 

f Exploration 

Recall that every point on a circle is the same dist^ince' 
from the center of the circle. We Qall a connected part^.of ^ 
circle an |^ of-.a 'circle, and we call the center of the circle 
the' center of the arc . 

In this picture the part of the circle from A to E 



which does not- include C represents 



arc AE. The points A and E 
^re the endpoints of the arc. 
The arc may be named fire AE or 

arc EA. .(If there is a possibility 

C 

of ^confusion we name this arc, 
arc ADE.) 



You do not have to draw a complete 
circle to make an arc of a oircle-. You 
could draw arc AE with your compass 
like this: . • ' 




^very point on an aVc of a circle Is the 

same distance from its center. The ^ 

lengths of OA, W, and TSE are the 

same, since 0 names 'the center. ; 
9 
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You may use^an arc to help make a copy of a line segment. 
Suppose you are given a line segment TS which you wish to 
copy on line k. (Sometimes we name a line with a small letter.) 



S 



How is the compass placed on T?S? 

Since you haven't beea told where 

^ # 

on line k to copy T3 you may 

place it anywhere on the line. 





The sharp metal point of the compass was placed at M. ^ 
The pencil point of the compass made an 'arc intersecting the 
line k at a point we name N. Is » TS"? Why? 
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Sometimes yqu are asked to copy a line s^ent^at a* 
special place. If you are given SIT, andi^told to cop^ it 
on line k so that\one endpoint of the new segment iSL^t 
point P, then the picture would look like .this: 




If is a copy of then 7q 2?* p. 



Exercise Set ^ 



Trace aF and k • on a sheet of paper. 



' 1. ' Copy fS on line k so that one endpoint di the 
line segment is at ^ y. 
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2. Copy each segment so tha€ one endpolnt Is at the 



point named on the line. 



a. 





iir 



in 



How many segments catf you miake^ on line ^ m ^ iritis one 
endpolnt at J and with/ the length the sam^ as the 
' length of HT? (J^ -^r^ - ^ X^.^ ^^ i^^^^ 




a) Co^y thl^a figure on a. piece of 'paper, 

B : u ^ t 




F . >/ 



b) *Copy AB on AC of your drawing so that one - 

endpoint of the new segment is at a» Nam^^he 

other' endpoint D . 

^ " * ^ f 

c) O^y AB on AC ,/Df your drawing so that one 

endpoint of the hew segment is at, C, Name the 
other ehdpoint -B. ' 

d) Copy pS. on AC of your drawing so that one 

endpoint of\he new segment is at a. Name the 

^x^her endpoint F. - . . , ■ 

" ^ \ . / ' - . 

e) Copy BC pt). a5 of your drawing s<9 that one 

^ *^ ^ , ' ^ ^ 

iendpoin€ of the hew segment is. at C. Nuie 

the other^ndpoint -Q. . • ' 
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*a) Copy this figure on a piece* of -paper. 

■ ^ ^/ B 




b) Copy ISff on of your figure using' C as^ 
an'endpoint , Label the other endpoint H. 

c) Copy PP on EC of your -figure using C as 
an endpoint. Label the other endpoint I. 

d) Copy W on (3iJ of • your figui^' using Q -as an 
endpoint. Label the endpoint J. ^ ^ ^ 

e) Can you copy 7Sf[ on W of your figure using * 
P as an endpoint? 

Why? (C£ >o'iK^ U^Bd) . 

Can. you do ;it using D' as an ^endpoint? (yu) 

Can you do it using any point on. PD" as the 
endpoint? ( ) ' ' 
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TRIANGLES. , ' 

Objective: To develop the following understandings and skills; 

(1) A tri'angle is determined, if the length of its 
, ' three sides are given, 

(2) V/e can make a copy of a triangle by copying 
its three sides. 

(3) *We can make a triangle if we are given the three 

line segments whose lengths are the lengths of 
its sides. 

(^) We cannot always m^ke ^ triangle wit^ sides 

^whose-^lengths v/ill be those of just any thr^^e ^ - 

line segments. * ' ' ' ^ 



Materials Needed? ^ 

Teacher: Board compass or string compass, colpred chalit, 
yardstick * 

Pupil: Straightedge, compass, -paper fasteners, cardboard 
^ scrips 

Vocat^lafy: 'determine 



Suggested Teaching Procedur^: 

The brief section on '"Seeing Triangles In the' 
pupil text will help children "see" triangles In 
geometric figures.. Do this work orally with them > 
as they-loqk at the pictures of the bam, riapkln, ' 
and star in their texts. 

.1 . 
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TRIANGLES 



Seeing Triarigres . 



Exploration 



Here are sketches of a bam, a folded paper napkin, 
and a six pointed sta:/. 






Trace the triangles in. each picture vrlth the tip of your 
finger* Hbw many triangles;^ did you find in the picture of 
the six pointed star? Did you find as many as eight? 
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Exercise Set 6 * . . 

Trace, with your, finger the triangles in the following 



figures. Tell how many found in each case. 




Making a Triangle with Strips 

^^t this time there is value in a teacher 
demoi^stration ^Iftsson showing the Construction 
a^ Triangle with Strips'/ , , 



Materials Needed: 

The te'acher should have* a kit of plastic or -cardboard . 
stripa and paper fasteners. A kit should have a dozen paper 

fasteners and at least 

**** 

2 strips 
2 strips 



1 strip 
. 2 strips- 



12 in^l^s long 
11- inches long 
9 inchfes^^ong 
5' inches long 



^ - 1 strip - 7 inches long * * 

a ' 

1 strip - 10 inches long 

«. 

The strips m ay be ^an inch' wide with holes rtlade 
a\half Inda^-s^TJ^meaiOh end. A compass point makes 
' suilK^blfi*^oles. It should be brought out that 

when^wo strips are fastened together and one 
' strip is rotatefd around %he fastenier, then the 
endpoint of that strip traces a circl^. Be sure 
that when the third st3?ip is selected to attach 
•at 'N, the sum of -the lengths of strip PZ and 
strip*.- is "greater than the 'length of*strip' 
PN'.i^ To^ assure this, choose one 12 inch sti^ip, 
one 10 inch strip and one '9 inch strip. 



f 



Teacher Demonstration: Making a Triangle with Strips 

^ -Choose a 12 inch strip. Name one hole P, 
ar\^ the other hole N. Attach' a 10 inch strip 
^at P and a 9 in-ch strip at N, as shorn in th^. 
figure . ' •'1 





Yau may wish to ask tthe follov/ing questions as 
you proceed with the demonstration lesson. 

Can, I swing strip PZ aro\ind P?f)*i>hat kind of geometric 
figure does point Z trace if I swing the strip al^ljhe 
v;ay around? cxAytM^\ ^ 

How can I make point ^^^^| ^^^/same kinti of geometric 
figure? ^u^-cm^ u/// ^^^^^t^^^^^^rt^ /t/J 

Watch as I swing both strip? around at the same time; 

When are the points Z arid W farthest atiart? 

When are they closest? >? j . ^ 

Caii' Z and* W fall on the same point? Now I put a 

sdhgle ' fastener through V/ and Z. . What geometric* 

figure is formed by the three stripa^^^^lpan \ awing either' 

strip around nov/? ^tz^J 
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5. Nov/ I' choose three other strips whose lengths are the 
^same as 'PZ, PN, and NW, and attach them to fo^m a 
triangle. 

D.- I place these two modelg;of triangles so that one 
fits exactly on the otJ.err\\^at can you tell me ^ 
, about the two. models of triangles? <2>^^^'t<-:^*<^r^ 
' / , 

if three sides of one triangle^ I|ave the same lengths 
as three sides of anather tciangle, then* the triangles are 
congruent. , ' 



Make two tijiarigles of different .shapes using 
paper strips. Make a third triangle congruent 
to one of these triangijjes. Letter the vertices 
of the t-riangles Whiph are congruent to each 
other. 



Is tm.s third triangle cojigruent to bo^th of the other 
f 0^ " 

tria/glea you watched me construct? iJiu^ iM>^PL^£L. 

List the corresponding vertices of the congruent 
triangles*. " . ' ^ 

List the corresponding sides of -the congruent triangles'. 
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Copying g Triangle 

Thev expl9ra.tion in Copying. a Triangle is 
in sufficient detail in the ptipil text to provide 
a suitable development for t?ie teacher to follow. 

The teacher might carry through the entire 
construction for copying a triangle at the board 
with pupil participation whenever ind?.cated. Use 
on6 color of chalk to make the arc whose radius 
,1s the length oT AB. Use a contrasting color 
to- make the. Arc whose radius is t?he length of bS". 
This refers to Exploration on Copying a Triangle. 
Repeat the construction/ this time having pupils 
work at their seats. Have each pupil start with a 
triangle 6f the same general. shape and size of 
lAABC in the text^. 

After working through tiie exploration for " 
constructing a. triangle injfie Pupil^s Text in 
Constructing a Triahgle Gi^^Three Segments and 
'before' the. pup4^1s attempt the .exercises, the 
teacher should emphasize that it is not' always 
possible to make a triangle with si\ies whose 
lengths will be those of Just any. three line 
segments." , . 



ERIC 



354 



36^ 



Teaching Procedure 

Do you think ws can always construct a triangle when 
we are given three line segments to use for th% sides? 

Choose, three line segments whose measures, in inches, 
are 2, 3, and 7.. Can we construct, a triangle using 
line segments with these measures? {^0^ • 



Let the children experiment to see the 
difficult?^' which arises. 

Demonstrate at the board, how you' would 
try to draw a triangle using sides whose lengths 
are 2, 3, and 7 inches. The chilc^ren will 
be doing the same 'work at their seats. For your - 
drawing at the board, u%e sides four times as 

.great as the £, 3, and 7. This would^give you 
♦lengths 'of 8, 12' and '28 inches with which to 

;.wdrk 'and *will be a scale drawing of the shorter 
segments. ^Children can eee your work better if 

.you Use these longer segments. 





'•7 inches /or?^ 



I 



Why. can't, we make a triangle with the sides wljose 
measures. In inches are 2, 3 - and 7? ft" W-/i.fa5J 
^" NOW let's try this: Make a trla^J^e wl^T^t'^^"^ 
whose measures, Ix^ Inches, are = J, 3, and 6. 

Again do your demonstration at the board 
while the children do It at their seats. You 
might use lengths of 12, ^2, aqd 2^' inches 
at the board. 



< < 



3 inches /o/^q 



\ 



3 /nc/7es /oi^^ 



Have- we made a 



triangle? Why not'>\t^4^M^'^ 



Bring out that the sum of the measures of ^ 
two sides of a triangle must be greater than the 
measures of the third side, otherwise a triangle 
will not be formed, . " 

The explorat,lon Ir) "How many Sides Determine 
Exactly One Triangle" Is In sufficient detail in 
the pupil text to provfde a suitable development 
for the teacher to follow. 
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Bring put that: 



(1) two triangles are not consruent if 
Q^^y pair of corresponding sides 
^are congruent;* ' . ' 

0 (2) \wo triangles are not congruent if 

only two pairs of corresponding sides 
are congruent; 

,(3) two triangles are ,congruent if all • 
three pairs of corresponding sides ' 
of the triangles'are congruent. 

Since all triangles with sides congruent to three 
given line segments* are congruent, v/e say that 
these threel given line segments determine a 
triangle, ' ^ 
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Copying a Triangle 



Exploration 



When you. saw a trlangig. made with thg. strips, do you 
remembgrr that 'two of -the attached 'strips could be moved 
around? * ' . ' ' 




Here are three strips like the ones I used before. 'l will 
pu\ the model on the chalkboard, holding strip PQ firmly in 
place. With the chalkpoint through' the hole at' R, "I will 
swing ^ PR around, -.'h^t figure dpes the chalk point trace?^4<„*,i^ 
■Let's do the s^me thing with the other strip. Do the two arcs 
''I mad^ pross each other? JU^x-e^ tM Vuhu .<AyKJli^.tL. JjUiftk 

Does this suggest how you Might use^a compass to copy a <S^j 
•triangle? 
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Copying a Triangle 



^ Exploration 
^ 



Trace A ABC on another sheet of paper 

?h?ace ^K^ on this Qkme sheet of paper. 
We may.statt by copying * AC on line 
kT Call the ends of the segment T 
and S. Your copy should look like 
this • 

Then place the « points of your cojnpass- 
at ^ and B. Move your compass so 
.that the sharp point is on point T. 
Swing the pencil point to make an arc. 

\ 

Copy 55*. This time put the sharp 
point of your compass at and 
swing the pencil point to make an 
a^c, 'Label the intersection of 
the two arcs Q.» / ^ 



f 

Draw Tq and Your copy of 

A ABC will-be named ATQ3. Is 
A TQS ^ AABC^y*Itow can yx)u be 

sure? (j^ ^-M fs ^ Jl ^ sq ^ ^ 
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Exercise Set 7 



In each of the following exercises draw your own line 
k and choose some point on it to be an endpoint 'of the line 
segment you copy on ^ - ^ 

Copy each of the folloijfng triangles u^jUig a compass 
and- straightedge. 








Y - — Z 

Copy the triangle whose 
/interior Is shaded. 
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BRAINTWISTER 



2. a) ^ How does the length of aC compare with 
f that of ^ in the figure below? 



b) How does the length pf 
Cff compart with that 
of. E5? 



\c) What can you predict 

about A ABC and*AABD? 
fldC S A M.u^^ AC ^ AD 
VSC = BB iiU AS ^ fid. 
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Constructing a Triangle, Given Three Segments 



. c 

■Exploration 



You have been copj/^Lng triangles. However, you might be " 
.'given these line segments and be a§ked to' construct a triangle 



M , N 



whose sides have' the lengths of these segments. Of course, " 
you woull need "to choose your own line k and point p ^ 
it. Does It matter which of Tthe three givfen segments you 
copy (5n line k? ^<rj If you copy ii"* on line k, which 
two segments will you^use for finding the intersection of. the 
arcs?^-^a*»y>v§] Could you copy on line k?, (^t^J . 

Qould you copy NQ on line • k? (^yc^) 

- If each child in the class constructs a triangle using 
RS^ TM^NQ- as lerigths of sides, what can you, predict about 
all the resulting triangles? ' ' - ' ', " 
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Exercise Set 8 
'If possible, ,in each exercise construct a triahgle 



using the lengths of t;he given line segments for'' the lengths 
' \ff the sides of the triangle, Jf it is not possible, tell why 
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How Many Sides Determine , Exactly One Triangle ? s 

Exploration * 

Be sure to read all the^instructions for each pr^oblem 
before yqu start. This will help you in arranging your 
drawings on your paper, 

• / * % 

1. sa) Draw five congruent line segments, eslch about four 

inches long. Call them aE";- W, SIT, and KT, 

. :h) * Draw, a triangle usinfe aF ' for one side. 

^c) "Draw a differently shaped triangle on each of the 
other segments, * 

d) If. you had fifty congruent segments, could you draw 
triangle on ea^of them, each one different in shap 
and size from the other 49^ triangles? l^'^j^] 

2, a; Draw five new congruent 'se^nents . 

' b) * Draw a special sixth segment different in 
* length. 

♦ ** 

^\ c) , On each of the first fVve seg^nts d^aw^a triangle. > 
This time, make the -second sid^^f e^ch triangle 
congruent* to your sixth segment.^ 

. Try to* make each triangle different in size. and 
t shape from all other?. Can you. do' thi9? /^^^ J 
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3^./^ a) Draw three new con^ue;it segments. 

\ * ^ . ^ , * * ' 

> 'b) Dyaw a foarth segment not congruent to any one of 

the first three. ^ • ! * 

c) Draw a fifth segment not congruent to any one -of these 



four segments.^ Choose the length. of this fifth 
S segment carefully. We Vant to ^construct a triang-le ' 

on each of yoiir first three segments with sides *^ 
congruent to the fourth and fifth segments. • • 

•9- . f 

d) Draw three triangles on the Tirst three s.jggments.' 

In each triangle, make' the second side congruent to 

K.,^,^^^ the fourth segment^ and the third side congruent 'to 
' the f if th,. segment . * 

' . e) Can you mke each triangle different in size and 
^ ^' shape from ^L^jy of the others? {'^/ 

^f) What is true about alf your triangles? (^^^/^-^T^^ 

Because all of the triangles are C9ngru8fitj|^e*say 
that three sides determine exactly one ^ triangle. 

; ; — - • . " . ' r 

4. '"Did two sides determine^ exao»tly one triangle? • 

I 

"5. Did one 'side d^ ermine^ e;cact^ly one triangle? />^) 
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COPYING AN ANGLE USING STRAIGHTEDGE AND COMPASS ' ■ 

- * . r 

Ob^'ective: To develop the following understandings and skills, 

(i> An angle may be copied by making it an angle of a 

triangle, ^ and then copying, that triangle. 
(2^ Ifc is more convenient to make it an angle of an" 
isosceles triangle,^ and then copy tnat triangle, 
(j) Skill in using a. compass should be increased. 

Materials Needed: " . ' ' 

Teacner: Yardstick or meter stick, string, and chalk or ' 
blackboard compass, colored 'chalk; plastic sheet., 
for tracing % ' • 

• Pupil: Compass, straightedge;, paper transparent enough 

to be used as tracing paper • ~, 

Vocabulary; .No new words are included', *9 • • . 

J ■ 

Suggested Teaching Procedure: 

Effective use of tnis^ section depends upon certain concepts^ 
developed previously. S9me br thefee have been mentioned above. 
' Review what is meant by ■ , . , 

^ "(1) An angle (set 'of^oints of two ^s with 'same endpoint 

■ * but not on same line); 

(2) ^ a ra^ (the union of ope point (the endpoint' of the ray.) 
V * • of a line and the set of -all points^ of the, line in one 

^ . ' " ^ . " "-direction from this 'endpoint); ' ^ 
•(3)^ angle^ of a* triangle . " 
The sides „'0f a triangle are segments wj^ile tbe sid^s of an angle 
are rays. ^I-n ^Av\BC,* angle aAC is the kngle' d^termin^d' by. 
^ :' -land aU", ' bu-t^ ^.and^'SAC' include»poi-nt's not- on"' AB and AC 
1^ ^ - Thu^n ang^ .a triangle 1*. d^ermlned by --t 
^ tjie ^ triangle, . but the an^Ie 'j.s'' not a subset ' 
of the triangle. ' 
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COPYINQ AN AlKQLEr USING S.TRAIQHTEDQE 'AND' COMPASS 

' • ' ' . * Exploration * 

/ ' You have learned how to copy line segments artd triangles 
"using the straightedge and compass. Now you will learn how 
* ^ to copy;en angle using the straighte(||e and compass. 



J 



1. Do you remember 'how to copy a triangle using the 
straightedge and* compass?, /Draw a triarigle and • 
copy it . . ^ 



2. 



3. 



When' you copied the triangle, did you also copy 
its angles? 

Suppose you wish to copy /C. 

(When we name an angle ''by a 

single /letter we mean the 

angle whose vertex is the 

ggint rmmed by' ^^hat .Jetter ..) C-Zl 

How could y-ou make. pa^*t of • 
'two sides of a triangle? Draw a dashed line to complete 

a tViangle, ^The^^a^shed line will help to keep in mitid 
' the.ar;igle ypu are copying. . . - ^^^^ * & 




4.. 
5. 



^«ij>ake a- copy of the tf'iangle you made In iKercise 3.. 



Which angle of the triangle that you mad^in Jbcercise^ ^ 
do^yo.u think is congruent to */C? Tr^ce this angle an^ 



place it on /C t^.see whether it is a fcopy. 



1 • 
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If no pupil thinks. -of an'X^nswer for Exercise. 6, < 
ask. How could you have chose^ point R and 
point S? Which segments could have been made 
the same length? Bring out 'that choosing an- ^• 
isosceles triangle • would make the constructionT 
simpler. ^ & 




In discussing the, Summary it might be wise to 
carry out the steps on the board a^ the pupils do 
^the construction at their seats. Be sui»e to discuss^ 
the questions, following Step 5, so tha-t^|ite reasons* 
for the validij^'of the procedure * a r^ uiWlr^tood.^ 



. / In .Exercise- 3 you made /C an angle of a -triangle.'- 

Would some special triangle have made^he opnstructipn ^ 
easier?. -Can you think of -a special triapgle .Which^-/ 
. -.would' have required fevipr changes i^ the; distance 
' between the points of your Qompass?'^^J^'*t^ 

77* Lilst the things you do in' copying 'an angle, £nd then 
s^e how your list compares with the^ list iry the 
following- summary. . 



7 



To copy an angle siieh-aa-* /C 



<make it- an angle of $i' triangle* • Next, 



copy the* triangle by making the'three^ 
sides t^he. same, lengths 'as, the thr^e 
^ sides of the- first tr.iangle^ * , v ' 

The' I'ol lowing procedure can* 
^,be usec^: ^ 




i*T • The' veriex.-af ' the: *angW|w^ ^■ 
wish t&lbopy* is- pdnt * C- - - --- 

With" C as-.^^L^enter^.xons^^ruct '"^y- - 
' ' ah/ arc '."CutTtin'g the-. -sides .-at ' - 
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3. Draw a ray (leave enough 
room so you can construct 

.. , • 

the triangle using part of d 
'this ray) and call the endpoint, D 

^. With point j5 as the center 
'^/^ and with 'the same setting, ot 
your compass as in Step 1, 
construct an arc. Call the 
point^ where this a:*c intersects 
the ray, point ' E. ' - 

'5; Change the setting of your / 

^ • compass so that its point 'are 

^ a|. points A and B of ^CA. 

• Keep this setting and place 

the point of the. compass at q ' 

p 'ahd'^draw an arc which 

:y4tersects the first arc, 

Cal-1 the point of intersection. 
- 7 • » . • : 

*of the two arc^ F, 



. 6* Draw DF, * 

Have you( ma'de /PDE - ^CA? Let us see 

Draw BA and fE. 

I& A FDE = ABCArrWhy? 
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Is ^FDE = ^CA?' Why^? 

^ We know A PDE = ABCA because, we have made three sides 
of one triangle congruent to three sides of 'the other triangle. 
We have .chosen two sides tjie same length for convenience. Now, 
6in(?e we know that «porrespondj|iig angles of cbngruent triangles 
ar^^^ngruent, we know -that ^;^P!DE*= ^CA. 



CO^^PARIJ?C^• SlfES'^'OP AlfGLES- 



Objective rv,'^Tb\dev'elop the following understandings and skills; 
; /(l'>' fthe sl-zes of angles- can be compared. 



'(20 The sizes o^ angles may be compared byVuse of tracings 
. or compass afhd-^^ftralghtedge construction. 



Mkt/*eria*i'S Needed: 



Teacher: chalkboard compass or string compass, meterstlckl j 
or yardstick, ^ colored chalk, tracing plastic 



Pupil : compass, straightedge, tracing paper 



Su^g^ ted. Teaching B^ocedurefe: 



, . The definition of an angle as^s set of points^ 
of two rays suggests that, since § ray has only^prie ' 
endpc^lnt iand therefore has no definite length^'' tHe 
Idea Qf/ihe "size" of an angle^has no meaning. 
Howey*^ Intultlorl tells us that some angles are 
"largi^r in' size" than others'. In this section we - 
'define what is meant by this term, that is,. how 
sizes of angles are compared. 

We examine first, the. case in which the angles 
have one ray in common with the second ray of one 
angle lying in .the interior of the o^ther anglfe. 
T!he sketch of the thr^e roads represents such a 
situation. It will probably 'be necessary to review 
the meaning of "interior of an ang-le" and, "exterior 
of an angle." You may wish to have the pupils * 
observe that all points in. a plane|are in one of- 
three sets; the set^'of points Jji ilhe interior, the 
set of p'oints in the ^ exterior, *id the set of points 
on the angle itself; and that no point is in more 
than one of these 'sets. v 

We next examine the case^^^ij^^which both rays 
of one' angle lie in thfe interibr of the other angle # 
The^ questi-ons in Exercises 11-15^ provide practice 
' in identifying aogles* larger in size and sma'ller 
in size than giv^ angles, ^ using^he definitions 
whicji have been dfeveioped. 

• ' , , . ^ * 
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i %ercise 16 show>s a case -of congruent angles 

The pwplls shoul<i,,note that the tracing of one 
angle can be placed to-" fit exac1:ly on the other; 
therefore jjSihce a ray 'of one angle does^ not fall - 
in the in^rior of the dther, they have the same'/ 
* size . ' ' i 

In .ExetcU^e Set 10, Exercise 8; the pupils 

may. fail to recognize that f is in the interior 

of. ^ABC, since^he sides are the rays CA and 
..CB, not the segments CA and CB. 

^^The explorajtion^, *'*Angles Without a Common * 
Ray, deals with corjtpari'n^ sizes of angles which 
have no point in ^mmori. ^Most pupils will use 
th6 tracing method^wi'|hout difficulty, but some* '. 

^ may place pe^rfectly me vertices and one pair of . 
rays of the t;v^o angles,^ but place th4 second pair 
ofy&ys in opposite hair planes. Note that in 
Exercise_2, either ED or EF jnay be«^plaped op 
either ^e- or BA. The second pair of rays must - 
theij-be placed on trte same side of the first ray. 

► 'This exploratlo^fv siiggests placing a tracing of 
on>e angl^.on the otner. Exercise Set 12 provides 
practice for this. ^' ^ ^ 

^ Using^the "Congruent Angle Construction," the 
next exploration, sug^Jests^nse of the^ compass con- 

'•struction for congruent angles to make a copy of 
one of the angles in-such a position as to compare 
their sizes. •^'^ . . ^ 

^ . ' " / 

' In using the compass construction foF copying 
an angle, work i;hrough the construction on the 
board as the .pupils worjk on their papers . ConsWer- 
a.tiofi of Exercise 3 and, 4 in -this exp^lp^r>atian, is 
importi^t for Aphasizlng t^e basic idea' developed 
in^thi^secticM\ ; ' . , * 

The ExplcBt^ions ^n<\ Exer^iiVes should make ft 
possible in ^many. cases for tfte. pupila to decidei^ ^ 
which of two angles has* the largel: size without 
using either the tracing or. the cons"tructlx)ei proce- 
dure. In Exercise S$fe,l3*, Exercises, 1~$; they 
should be able, in ma(ny .exercises, /to make the * 
.-comparison intuitiy^ly. , This will be more difficult 
in Exercises 6-11. Purt^hermGire, since the angles 
J:o be compared are angles of trianai^ia^pr of other 
polS'gons, sqme^pupils may need heilS in applying- th4 
tracing or cohstrui^tipn procedure," * - 
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COMPARING SIZES OT? ANGLES 

Three "roads run from a point in the town of Ashton — one 
•to Bayshore/ one to Camden and one fo Devon, The man in the 
sketch is walking ^toward Ashton. When he comes to the . 
intersection in Ashton, he will choose whether he will follow 
the. road to Camden or the road to Devon. * We sometimes Bay, 
"The Camden road angles off from thp Bayshore road." If he 
goes to Camden he turns off "at an angle" of one size. If 
he goes to Devon, he turns off "at. an angle" of a different 
size. Let us •see what we^mean by the "size" of an angle. 
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Angles Wit)h a Conundn Ray 



N 



Expl^oration * 



The f^rst sketch below snows the Bayshore and Camden roa<^s. 
,The* second shows 'the Bayshore and Devon roads. Think of the ^ 
roads as representing rays with endpoint A. Which angle do 
you think has the larger size? (^iU ^t^-^-^w**.*^ ^'^-/•♦^^ ^ 




1.- Recall ,whaj: we mean by the Word ••angle." How have 



^we def^lned Itl {Jd ^ */^^ ^^^^ 

2. Name the sides of ^AC and ^AD. , Are. the sides 
segment rays, or lines?. 

• 3.- Do the sides of an angle have a definite length? 

'4, Do you thinl<: the size of an angle depends on the lengths 
■• of the sides\yQU actifally dr^w? , 

\ • ' ■ 

It is clear that the size of an angle cannot depend on 
the length of its sides, since rays have no definite 
length. ^ 

* • ' ' ' i ' 

■ To see what is meant by "One angle is larger in siz« thanj 
AnGther angle/ look at the sketch Qf tlie isbads to Bayshore, 
Camden, and Devon . ' • 
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t>^. Name the slides of ^kCr(^,.^) i . 
^, Name the sides of ^AD. (fl^ ^ ^) 
, What ray Is' a side of both angles ?i 

X 

6. Is point. C in the' interior, or. In the exterior. 

1. ^la ^"KS ^except for point A) in the, interi'op, 
i • or in. the exterior of, ^^1^?" (^'J-^^^) . . 

Because a) ^AD and ^AC both have sfde A?j^ and 

• ^0"* * point C is rn the interior of ^AD, 

• * 

We say that the ^'siz'e of 2^AD is larger than the size 
of (Or v/fe.;can say that the size of j^AC is 

smaller than th^>61ze of ^AD.) 
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8. Name all the angles in the sketch, (There are six^) 
(Lfi/K,^ ^3/f£^ Z5AD^ lae, jLCUD^ IBAO) ^ • 

9. Look at /CAE. What Pays ar6 its, sides.? //9C,>?|J 

10. Are E and^ C in the interior of ^ADl^Qcause E ^ 
and ' C are in the interior 'of ^AD we say, •*The ^ 
si?e of ^AD is larger th^n the size of /CAE.** 

(Or^ "The size of /CAE- is sinaller than .the size 
. of ^AD.**) ^ 

11. 'Name an' angle whose size Is smaller than the size of ^ - 
•^AC.^ Nalme another one that ^appears to, be smaller .y^^^^ 

How -can you be sure your answer is- right? 25i-*JX*^ V 

12. Name an angle of larger size ^n l^P3.{cUv • * 



Name another one. ;3Iow can you be sure? (£ ---^r^ -/ 

13. Name ,three angles,- each- of larger size thfijn ^AC. 

1^. Suppose another' town. Parley, is on the Ashton-Cainden 

Road. Copy the sketch and represent Farley b^ypoint P. 

15.* ^t can you say about the sizes of /CAE and /PASf 
About ^AP' and /DAC? ^AC and /PAB? (^^<uy^^ • 



388 



P205 

t 



16. , In this sketch, ^A^C" is congruent to ^ST* 





a) Trace ^ABC on tracing paper. Place B on 
♦ S and BC on Sff. Put BA on the R-side - 
of TS • Must BA He on SR? ^"^^ 
/ b) Is either of these angles larger than the other? 
/ c.)^ If two angles are congruent, can the size of one 
be. larger than the size of the other? 

/ ' Suimnar^ 

/ /■ . . 

The examples above show: 

1. The size of 6r!e angle is smaller than the size of . 
a second angle; * * * 

j ^- .... . . 

a) If the angles have one ray ih common, and 
a point op the other -ray of the first angle 
^lies in the interior of the second angle-. . 

b) If a point on each ray of the first angle 
lies in the interior of the ^second angle. * * ; 

, 2^, Congruent angles have the safme size. ^ ' ^ 
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Exercise Set IC 



a) Trace ^T^. ^ Choosy -a point 

in the- interior:, of /RSf.": 

C^ll t;his point}, Draw - 

- • . ; * » 

' SW. 

b) Compare the si^e of '^RST 
witb the size of '/RS\i\ 

c) Compare the size ot- 2^ST 
with the sfze of^ '21!^ST. 

a) Trace /Tli an4 point - 
Point K is iJi the {jjti^'^) 
of /XYZ. Draw YK. • 

b) Compare the siaes of ^XYZ ' 





9)^ Compare the sizes of /K^Z, 

and gL^^/KVz '^^^-^'^ a. ^ 

>a; Cut along YX and YZ and tear alor^ tfae Jagged 

, curve. ,Fold al6pg ^YK. - Does YZ fall alon| nC?^*J 
b) Is ^XYK «'^YZ?.6cJ\ ^ ' , \ 

In the interior of ' ii^yx^ place a point N near Z'^ 
, and -draw YNr. 'Poid along* YN. ' Which has the larger 
si2e> ^XYN or /NYZ'? . (^^\'^) > . , , 

Draw an^^ngle. Name it ^R. ^ Choose, a point (fall l^t' 
S) so "that you.c^n.be g^ire the isize* of /SPM is .smaller 
than the size •of /MPR .. Where did you pi^ace S? 

• ' ? ' ^ 380 ^ ' 
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6. Using tfie angle of exercise 5, choose a point (call 

T) .*8o you, can be sure that the size of /TPM ' is larger* • 
than the size of ^ /MPR. Where did' ypu place T?v ^^TU^/^^W 

7. ' a; -Is polfVt^u^in t'he interior of 




* ^AC shown in this figure? 

7 

b) Is it'iR-the interior of ^ABC?(^-). 
of 21ACB? l^) ' N 

. -8. a) Is E in the interior of ^ACB . ' , 

shown in -the figure? 
b) Is it 'in the interior^ of /BkQ'> 

•a • ' 

Of ^CBA? CJ(o) , ■ . 

3.^ a) Draw A ABC ^and 'label a point D as in the 
\ previous sketch* I'hen draw AD. 

' b) What two* angles are smaller in size than /CAB? 

10. a)' Draw- a A ABC and labgl a point E as- in the 
sketch above ^ Draw B?. 

b) "WlTpt angle of *A ABC is smaller in size than 
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Angles Without a Common Ray 

* t , 

Exploration 



Ydu know how the sizes of two angles are compared when ' 
the two angles have one ray in.coiranon, or when^he rays (except 
'for the vertex) of one are in the interior of the other. Jlow 
shall we oompare the sizes of two angles which are not placed 
in either bf these ways? 





1. 'Copy ^EP^ by tracing it on' thin paper. Copy the 

letters, too. ^ , ' 

2. a) How should the rays of /DEF be placed' on ^ABC 

' to compa"re -the sizes of the angles? Yoti may want^^ 

to turn your tracing over, "* ^ - - 




b) Is there mor^ than one way to place '^EF in order 
to compare its size with that of /ABC? ^y^^ <^ ^ 

How do the sizes of /ABC and ^EP' compare? 
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i?xercis4 Set 11 ^ 



1. "Trace /dAB; on thin 'paper. , Then 
^ compare the size of. /CAB with 

the size of eadh angle below.. 





(3M .^ly ^ Z CAS >^ "^"^ 






(IL^ ^tCJ^f^ ---^ 
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Ueing the Congruent Angle -Construction 

« ^ Exploration' 



You know how to construct an angle congruent to^a given 
angle, and you know thati congruent angles hav6 the same size. 
Can'yau \xb^ what you I910W to compare the sizes of two angles, 
no matter what, their positions? . 





a) ^Look at /ABC and ^EP. Where should • ^EP be 

copied /SO as to compare the sizes? Whtt point shoCild 
you usevas vertex? ' , * 

b) What ray should you use as one side^ of the copy? x 
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2. a)- 



b) 



In the figu^es, ^ABG was constructed congruent 
to ^EP, so they have the sme size* What angles 
can we compare now? C^ABCy^'^ ^ H<i) 
What does this tell us about the sizes**bf ^ABO 
and \^Z'>A^^i^^''^-^,^'^^t^^''^^ • 



3. a) In what other posi^^ion could be copy /D£P to^ 



compare its size with^the size of /ABC? Could 
we use some point other than- B as <rertex>? 
Coiild we .use a ray different from B^ a^^^ 
side? ^^^'-^ • ' . 



V 



a>) Could the com^iarison be the same? 



4, a) 
c) 



Could we copy /ABC* instead of /DEP? '(V^) 
If so> what. point should be the »vert^x^. C^^, 



What ray should ^e a side? 



Ceo ^ BP 



' Exercise Set 12 

•1. Copy" /ABC and ^EP by tracing them on thin paper 
Use youV compass and straightedge to. cons-truct an 
angle congruent to » ^EP so -you can compare the 




( 06 ^ ^ /.DEK ^ J*fyr -J/^ pO. mu^ ^ /.flSC . ) 
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2. Conjpare the sizes of ^ST and /PQR, 



< — 




R 



« 

3.. Compare the sizes of /ABC 'and /fcs. - 





When'yo\i- understand vrtiat 'is -meant by « "The size of £k 
is larger than the size of and v^t is mear^ by "/A 

,you can often tell by 109lcing at two angles which has the larger,., 
size. You can also. tell whether they niay 6e congruent. . ^ 
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• r . Exercise Set 13 . 

' Compare the sizes^f Ik and ^ in eaclji pair below. 

If you. can't decide which' is larger, ^race one angle on thin 

paper and place the tracing on the o'ther angle, or^use your^ 

compass and straightedge to construct con'gruent angles* 
< • • ■ 






3. 



B 
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, In the ^:igure8 b^low, /a and are angles of triangles 

or angles -of other polygons. lo each figure, compare the sizes 
-of /k and ^ ^ as you did in Exercises 1 to 5. 





\ 




(2U 



10. 



11 
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SUGGESTED TEST ITEMS" ^ 

' These sample test questions aje meant to serve as 
suggestions^ for types of items which the teacher may v/ant 
to include An a unit test.^ 

1. Choose the item from Column 2 that matches each item- 
in Column 1. Write the word' in the space provided. 

' A. Matching Symbols 



* Column 1 



t AB 



m 



[oy ^ Alj tt4M ^ ) a < b 



Column 2 

a', ray 

b\ line ' 

c . segment 

d . angle 

e. triangle 

f . a is greater than 

g. a is less than b 

h . congruent 



. \ 
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Matching the word with the sentence 
that describes it. 



triangle with only two 
' *. sides* that are congruent 

— A connected part of a circle 



A set of points of two rays 
wh'ich have a common endpoirh 



Ujl 



' and which do not lie in the 
same straight line 

triangle which has at least 
two sides which are congruent 
to each other . ^ 

^QytT) A part of a line which 
' ^ includes two endpoints and 

all points of the line 
' between them 

^^^h'^A^Lj The intersection of two sides/ 
.of a triangle ^ ^ / 

Ia triangle which has three angles, 
each congruent to the oth^ two 

The set of points in a plane 
all of which are equidistant 
from a given point. , 



i ♦ angle 

J ♦ segment 

k. isosceles 

1. vertex 

m . equ,i 1? 

n . arc 

0. -cir^l^ 




390 

400 



2. Chdbse the 'paii«s x)f figures which' appear to be congruent. 








'• 3» Suppose we know tnat A PQP = A STW-! 



a) List the corresponding vertices . J^' r*^^ 

b) -'List the corresporiding sides. |^'^fjj] 
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Suppose we know that A CD® = APGH. List the congruent 
angles. ' ^ ^ - . 




DC £ ^/L GFH \ 

a; Suppose you haye two triangles, A ABC and ADEP All 
you know about them is that AB = EP. * Can you be 
certain that the two triangles are congruent? / 

b) Suppose you have two triangles, A RST and AXZY. All 
you know about them Is that 
RS = 

ST = ZY , and- 

Rf = 3CY. / \ 

Can you be certain that the two triangle are congruent? 
6) Suppose you have two triangles AGHI and A JKL. All 
^ you, .know about them is that i 

TfT = Kl and c 

[TU) 

Can you be oiarfcain that the two triangles are congruent 
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d) Suppose you have tw$'tri,angles, AMNO and APQR. Ail 
you know atiout them iis 'that 

' . . . 

•ZN = 'lQ.>* and . • 

' Can you be certain* that the two triangles are congruent? 

e) Suppose you have'two triangles, A STU andA.VWX. ^All 
you know about them Is that 

S CQrresponds to V, 

T corresponds to W, and 

cQrresporTds to X. 

Can you be certain that the two triangles are congruent 

Choose the situations which you thlnlc best Illustrate 



the use of the idea of congruence . ^ 

a) 'Lining shelves'tf a dish closet with paper. 

b) Covering living r|om floor with wall-to-wai; carpeting, 

c) Enlarging a photograph.* 

d) Pitting a coffee tSbie with a glass top;' 

Use your compass ,knd. straightedge 
to copy AB on ^ AC so 'that 
A Is one endpoint of* the coi>y. 
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. Point 'a is the- center, of the 

wfiich MP is an arc. 

Us6 only your straightedge to 

draw three* line segments of the 
p * 

same l^gth In this figure. 

Use your compass to find four 
different pairs /of congruent 



your answers . 




segments In the figure. List" 

Complete the following sentences to compare the sizes of 
angles: Use "larger than," "smaller- than, " or "about- 
the same as." 




B 




1 . The size -of /a" Is ^lJuM^^Ll)the ^Ize of ' . 

2. The size of ^ Is {^.jhutil.^) f.h. size of /E. 

3. The Size of Is , /j^/iLA t M. size of /p. , 
•4. Thg_slze of >s {cJ^'ftbA^,4t ^. size of^C. 

5. The size of /A Is {^^}h,ytL^) t^. size of 

6. The size of ^, 1s (Aa^j^^^} t h. size of^'^. 

7. The size of Is {^ILb.j-tL^ th^ size^^A. 

8. The size of ZB Is ^^^WZ-W^^) t h^ size of /C. ' 

39^' ^ 



11. Bob at .the "top of a lighthouse* Hf sees two ships 
C and -D --^s shQwn below • A, C, and D 'are on the 




Is the ^ize of "^ABD- greater than, less than, or the 
same a5 the.siz^ of /ABC? , ^ 

12/ a)* Osfe pompass and straightedge 

to show that the size of '/AOB 
is smaller than th^ size of 

* - \^ • 

bj tjse compass and str'aigljji^dge 
■ to show that the size of ^OC 
"is larger than' the size oX 
^OC. 
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13. Use your compaSs 'and - q 
straightedge to make a copy 
of Aabc .ojrvyour.paper.^ 

1^, Use your aompass and 
straightedge to 'make a 
triangle whose sides 
have, the lengths of the 
three given line segments. 




15; 



16. 



Make a triangle .whose side.s have measures, in inches''' pf. 
,^2, 4, and 8, if vP0ssibley^(^^:*^J^7.^^ 

Use your compass and ^ ^ ^ ^ ^ 

straightedge to copy '^T 
>on yoixr paper. 



17. Use your* compass and 

straightedge to copy • /k 
so that the copy has poj^nt 
D as its vertex; one side 
shall be DE and the 
interior of the •angle 
. shall be below- EF. 




/ 
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Chapter 5 

EXTENDING MULTIPLICATION AND* DIVISION II 



PURPOSE OP UNI* . . 

The pur^ose of this unit is to^ help, pupils 
becipme more proficient in multiplying and dividing 
using large numbers ♦ \ 

.- ■ ;.; ■ • ' ■ \' 

.MATHJ^TICAL BACKOftOUjn) ' 

The' mathematical background for thi\ unit is 
pi^esented- in Chapter 3. 




' v' 



J 
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teachInq* the unit 



This tJhapter is organized in the *f ollowing wayT^ — 

1. There are' teaching suggestions and explorati6ns 

which appear^only^in the teacherts commentary. 

' ' ? , * 

2, • Therd are' suimnaries and explorations which 

appear only in the pupil text. 

.3. There a;>e pupil exercises to be done 

indep en den tly*/ - . - ^ 

It 1$ rec amended that whenever exploration sections 
appear in the commentary, these should' l?e followed befo^^. 
work ip done with pupils on the material' in the pupkl . 

The explorations in the pupi; text are designed *, 
to' ser^e as guides to pupil discovery. They^ are to be 
read'* and discussed^ teacher and pupils. It is 
essential that teachers.be thoroughly familiar with*the^ 
tB^hing suggestions, which usually precede the explo- 
rations, as well as the e^cplorations themselves before 
•lessons are .undertaken. 



. In those few instances where' additional teaching 
suggestions are not given, it is recommended that'the^ 
teacher take time to (jpnsider what possible questions 
or difficulties might ^rise in his particular class. 

The development and utilization of 'shortened forms 
In the* 'division process is probably more individual 
than many other skills which pupils acquire. Therefore, 
the teacher must be particulap;Ly alert to the thinking 



/ 
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of his pupils. ' He must be ready to offer leading 

ff * 

questions especially in relation to multiples, 
*place valoie, and "helpers" to ^id children .in 
their own discoveries . • ' 

. It should be emphasized that pgupils shorten 
their work only to thej.r .level of understanding. 
Pupils should not be encouraged to adopt shorter 
procedures they are »nat able to comprehend. On 
the other hand/ when a pupil eV;^dences that he is 
able to shorten his-^work with understanding/ he' 
should be encouraged to do so. 

• \ ^ / 

It must be recognized tnat some ^pupils may 

not be, ready to shorten their work as^cjuickly as 

: others during the course of this chapter. Such 

pupils should not be forced to do so at this timer 

Rather, they are' to be encouraged throughout the 

rest of the year to shorten their ^work as .they 

becbme able. 

Maintenance and improvement of techniques of 
division must not be neglected aft^ the con- 
clusion of this unit; rather, they must be 
dontinued throughcfut the fiJt|;h and sixth grades.' 
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MULTIPLYING 'LARGE NUMBERS , 



Objective: ' To help pupils become^ m6re proficient in 
niultiplying using large _whole numbers 

Teaching Suggestions: ^ - • - . ' 



. In this chapter pupils learn that -a 
knowledge of place value^f fords a shorter 
and more efficient algcflEn^sm for multipli- 
cation. • / 

As an introduction to this chapter, 
review multiplication as" follows. Compare^ 
.Uhe two forms only if pupils need the 
review. Pupils who are, not using a short 
*form ^Should be encouraged to do so. Yet, 
the longer form or ;nodif ication of it may 
be more* desirable for individual pupii^s. 



5 X 6; 

5 X 4o; 

5 X 30o 
^^0 X 6' 
(.40 X ho' 
[ho X 300, 



E3camples like the ones below some- 
times offer unexpected problems tp ^ 
children.. For this reason, some fike 
these should be included 'during an' ^ ^ 
exploration l^fison^. 




ho X y\s, . 

hj> X 370, 

82 X 4o9, etc. 



400, 



These examples may be worked in dlffe-r.ent 
ways according to the level of achievement of 
the pupils. 



546 

1600 >• 
12000 J 



346 
X 4o 
•15B50 



570 
X 45 

900 
2800 ■ 
12000 , 

15^- 



( 3X370), 




570 
X 45 
•TTTU 
■ 14800 
• 15^ 




800 
720 
52000 



409 
X 82 

52720 
5555H 



After review, extend the scope of 
multiplication examples to include la'rger 
nximbers. Such exercises- as 

; _ 542 X 856 and' 

56 X 9578 . - 

should be worked together by pupils and 
teacher. - ■ ^ 

Attention should be given to the way 
in v/hich 'J)artial products are -obtained. 

Before assigning Exercise Set 1, read 
and discus^ with pupils the section en- 
titled Multiplying Large " Numbers in the 
pupil text^. ■ 

After Exercise -Set 1 has been completed, 
read with the pupils the section entitled 
Multiplying Larger Numbers . Children then 
should De able 
independently. 



o complete Exercise Set 2 
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Chapter 5 ' 
EXTENDING J4ULTIPLICATI0N AND DIVISION II 



MULTIPLYING LARGE NUMBERS 

'In Chapter 3 you learned how to find the product of two 
numbers . Now we want to find shorter ways to find these 
products.' Let»s look at these multiplication ^xamples^ ' 




Explain how to* get each of the partial t)roducts in the 
shorter form of, these examplgs. 

. ^ 402 
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Exercise Set 1 



Use a vertical form to compute the follovjing. 



i;- 86 X 925 (l%37g) 11. 625 X (s2l,2So) 

2. 48x654 (3lj2 92) , . 658x762 {SoI,3?l) 

5. 57x874 J sis) 1^. 846x648 '(S4f]aos) 

^- '^7^ X 52 C'?^^.^^^ . 14. 607 x 546 t^Sl,'^^^) 

5. 56x504 (/f,JV6^) 15. 971x556 (J'^-^A'^^) 

6. 56x780 16. 656x750 i4'i^j00o) 
-:^.__58-^{-§^46— 17. 720 X 856 (ilUj ^^^ 



8. 76x5^98 C^i^^^^O 18. 584 X- 507 {iH,^9s) 

9. ^058 X 79 (31'}, 002) 19. 854 X 720 i^0Oj4fio) 

10. 57 x 7239 (f'^j^^^y ' 20. 3^5x657 (;i/?^7^j 
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Use mathematical sentences to help" solve the following 
problems. Express each answer in a complete sentence. . 

21. There are 64 rows of seats -in the auditorixjm. 

There are 45 seats in each -row. Hqw many people 



can be seated in the auditorium?' / ^^^.5/^7^ 



22. .John kept a record of how .much gasoline his family 
) car used on their vacation last summer. They used 
.^167 gallons. If they can travel 18 miles on. each 
gallon of gas, how many miles did they travel during 
thMr vacation? ( ^ /Lj^z^n ^ n ^ 30oC ^ 

25. A brick wall is 126^ bricks .long and 42 bricks 

high. How many bricks are there in the wall? » • \ 

24. If 76 nails are used in making a shoe, how many 
nail_s_.are_needed--to — 25^ - pairs of. these shoes? " 



25 . A helicopter makes a round trip of 102 m^les three 
times daily to collect and deliver maik in the San 
- Francisco Bay area. How many miles- does it travel 
in a year? (;iote: Use 365 'days.) " . ^ ^ 



404 
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MULTIPLYING LARGER NUMBERS ^ 

Example' !:• • Multiply 4365 and•^7i^39. 

• .7^39 
. . X 4365 ^ * 

■ 37195 V ' - . 

2231700 ,.•> 
29756000 }* 
^ . 32471235 

How many partial prodxwts are there in this example? (¥) ■ 
. Example 2: Multiply 5063 and '8309. • , 

X 5063 , 
24927 

498540 
41545000 
42068467 

Notice that there are only 3 partial products in this •* 

' ♦ 

example. Explain Itow each of these partial products v?as 

i « 

obtained. - > ' » . 

Multiply the numbers in the following example and 
compare the prjoxiuct with" the product in example 2. V 
' . ' 5065 ^ . ^ 

Are the products the same? V/hy? ((Lt^ ^ ^ ^^j^^^^^a. 
Are the partiaj products"' the samei{x) ^'^^fluf.^ fi^^ 

0* 

405 ■ . - ■ ■ \ 

r - ■ ' 415, ' • . ■ 
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Exercise Set 2 

> 

j use a vertical form to find the product oi> each of these 
pairs of numbers. 

I • • 

' 1. 557 and 4572 (2,3'^7,U4) ij. ■^^h2 and 4673 nL,sfi,nu) 

2. 200 and 317 (^3,400) 12. 254 and 5112 (jiS.ios) 

5. 96 and 897 ^n,)ii) 15 y 909 and 673 iLHjT^l) 
4. 4569 and' 5007 (^i.^T'^ffs) 14. 251 and 706 Clki^OSl.) 
5: 957 and 8060 (7,7/3, V-J^j 15. -3570^ and ^^^1 {n,9i>3,S-?o) 

6. 557 and 892 (3iS^4H) 16. 8971 and 6113 (^£:3^7,9t3) 

7. 5^50 and |^9 (^,012^^) 17. 2005 and 215I (:¥,3l.g^3l3) 
.8. 709 and 5080 (SA'^^'h '^^O 18. 5672 • and 48l9 

9. 101 and 525 U^^^^^? 19. 8080* and 5599 fv< «^ 

IQ. 3586 and, 367 (l,3/ijOia) 20. 2712 and 5486 (fy^^y^^ 
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Use mathematical sentenpes to help solve the* following ^ 

problems. Express each ''answer in a complete sentence. 

\ 



21 • . A cab driver mglces many trips to and from a large city 
airport. He drives about 315 milfs a*'day. About 
how many miles does he drive in 28 days? 

22. A grapefruit orchard has 32 ^ rows of grapefruit trees 
with 45 trees in each row. How many trees, are, there 
in the orchard? ^Uu< 



23. A jet plane travel3 ^85 miles per hour on the average 
^ One month it is flown ll4 hours.* If that is an S 
leverage month, how many miles is it flown in a year? • 



24. The Lincoln family spent #224 for an B-day trip. 
If they /spent the same ainount each da^, how much 
should they plan to save for next ^rear^s 21-day » 
trip? /^^/^:^"^ ■ C;j/^^pJ.a/.*i U^J^ JL^;^\ 

25. There \^ere 103 'passengers on a Jet^plane going from^ 
J^ew York to Toronto. Each passenger was allowed to ^ 
take 66 pounds of luggage without charge. If each , 
passenger- took the full amount, how many pounds of 

free luggage were carried? * ' 

* ' 407 , ' 
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A SHORTER FORM FOR MULTIPLYING 

Objective: ' To develop a shorter form for multiplying 



Teaching Suggestions: 



At this time it might be well to call 
attention to a way of shortening the form 
of recording partial products. 

i 

Put several examples on the chalkboard 
and ask pupils to discover a shorter way . 
which has been used to record the partial 
products. As in the earlier development, 
pupils should not be given a mle but shoixld 
be led through examples to discover one for 
themselves, although they- may hot be able to> 
verbalize it precisely. Neither should all 
pupils be expected to arrive at the saine i ^ 
level of;, achievement at the same time. Of 
course, pupils should be- encouraged to use " 
shorter forms as soon as, they appear ready 
for them. » 

You may wish to use such examples as 
the follq|fing: 

562 562 

3934 * 3934 

22480 , 2248 



26414 

362 

1810 
25340 
144800 
171950 



26414 

362 
X 475 
1810 
253.4 
1448 
171950 
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/ SHORTER FORM FOR MULTIPLYING . ^ ■ 

Study the following examples. See what has beeh 
done to sljorte/h the way we record the partial products 
Why "ean we do- this? 



Example 1_: 

X 3528 
43808 
• ^9520 
2738000 

. 16428000 
19319328 



• 5476 
X 3528 
43808' 
10952 

, 27380 

16428 

19319328 



Excunple -2 : 

439 
X 605 
2195 
26;?4oo 

265595 



439 

X 605 
2195 f 
2634 



265595 
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Exercise Set ^^ , * 



Use a vertical form to find t^i^ product of each- of' 
these pairs of numbers; ' . ^ 



1. 


47 


and 


6^ 6, ni) ' 


11. 


25 and 2359 {Vi'*97^J 


2. 


92 " 


' and 


- 

78 (i.nc) 


> 

12. 


V 

^^65' and 750 (s^i.y^^) 


-2 

J' 


'478 


and 


356 (nOjiL.^) 


13. 


3049 (and 4540 (^iy^i;?^^^?^ 


4. 


r 

'4234 and 6209 [2l.^xs(,9oi,)\\. 


'-.'.H -' ■. 

89 .'and 7| •{'^y^iV-; * 


5'. 


465 


and 


688 (injUo) 


15. 


< 

ligh- and -325 (:t,376,sso) 


I. 


407 


and 




'16. 


56 and 1289 (I'^^'^l'^) ' 










t 




7. 


634 


and 


6070 (3,S^fj3fi^) 


17. 


73 V«i ^96 (Sl-j^^^) 








401 (Slj^fj) 




■ ■ -'/s 


i 


97 


and 


18. 


2Sl and 639 i/3X;2')3) 


9. 


392 


and 


847 (333 J 02*) 


19. 


36 and- ^74 {'2.jU'^y' 


10. 


5^ 


and 


286 h^^'^^) 


20. 

< 


66 and,^ 247 ' (^^^■'**'-^- 
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EXPRESSING NUMBERS TO THE NEAREST MULTIPLE OP TEN 

Objective: Ito develop skill in expressing numbers to the 
^ nearest multiply of 10 '^^^ ^ 



Teaching Suggestions: 



Expressing numbers as multiples of 10 and 
100 is useful in dividing by Targer numbers. 
Although there are several techniques for ex- 
pressing numbers as multiples, only one technique 
is used throughout the unit.. 

The number line is a helpful visual aid, 
therefore it is used throughout the exploration. 
You should have ,a number line with points 
labelled from 20 Mshrough 50 on the chalk- 
board befdre the lesson begins. 

It i^ important that children be led to 
discover a way to determine the nearer multiple 
oT To to any number. The* development of 
fonnal rules should be 'avoided because it ' - 
frfiijiieptly leads to rote learning rather thein 
.nderstanding. 



V 



Exploration: Look at the number line on the chalkboard. 



20 7l 24 26 28 30 3 2 34 36 3ft' 40 .42 44 46 48 50 



\ 



Find 28 on €he number line. Is it closer to 20 or 
30? (30) If you were asked to express 28 to the nearer 
multiple of . 10, ' would you choose 20 or 30? (30) 
i-Zhy? C 28 is nearer to ' 30 than 20 on the num^ line.) 



Find 37 on, the number line. 
(4^0) If you *were to express 
10, would you choose' 30 or 40? 

Is 24 . closer to 20 or to 30? 
be expressed to the nearer multiple of 



4o? 
of 



Is. it closer to 30 or 
37 to the nearer multiple 

(20) HOW should 2^^ 
10? (20,) 
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Consider the points shown from 20 through 30. If we 
were to choose the nearer multiple of 10 to 21, 22, 23, 
or 2k, what number should we choose? (20) If we were to 
choose the nearer multiple of 10 to 26, 27, 28, or 2S, 
^what number should w^ choose? (30) 

What about 25? Vis it closer to 20 or 30? (25 is 
the same distance f rpm^^^-^SCi^ as from 30.) 

How can we choose the nearer multiple of 10^ to 25? 
Should we choose 20 or 3d? (we don'^t know.y 

Except when we ifave 5 in th^ ones^ place, it .is' easy 
to see the nearest multiple of 10 to a, number on the number 
line. How can we know the nearest multiple of ten to a number 
when we have no number'^line? is there a way to discover 
quickly the nearest multiple of 10 to any number? 



Some child will suggest, that if the ones^ 
digit is less than 5, think of the next lower 
multiple of 10. If the onest digit is .g2?^er 
than 5, ■ think of the^next greater multjb^e of 
10. You should not expect the child to state 
this idea in such'precise language, nor is it ' 
desirable ^ that he do so.\ It is important for 
children io be able t6 xandersTahd and use this 
^knowledge. ^ * 

When we havft a 5 in the onest place^ 
lead children to see that to find the nearest ^ 
multiple of 10 w^ will have to make ah 
Ji^eement that e^ryone will do the same thing. 
Lead children to agi^ee to use the next higher 
multiple of lo. i 
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Let's find hov/ well we can use 'Qur new way to find the 
nearest multiple^f 10^ to a^ntunber. What is the nearest 
multiple of p.0 to 42? (Ho) to 56? (60)" 
to 75? (80) to (50) to 15? (20) 



Consider 144, What 'number would v/e use as the nearest 
multiple of 10 to 144^ Should it be 1^6 or I50? (l4o) 
Why? (If we had a number line, :^.44 "is nearer to l4o 



than 150.) 
multiple of 
(Yes) 



Do you think the way we*, found the nearest ^ 
10 earlier will help us with numbers like l44? 



to 



What is the nearest^ multiple of 
5^5? (550) to 572? (570)' 



10 to* 279? (280) 



Read and discuss with the pupils the 
section in the pupil text entitled 
. Expressing Numbers to the- Nearer Multiple 
of Ten ♦ If you feel that ad^tlonal 
pracTTce is necessary, provide other oral 
Qr written exercises. 
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^EXPRESSING NUI^RS TO THE NEAREST MULTIPLE OP TEN ' 

40 42 44 46 4 8 50 52 54 55 58/ 60 62 64 

1 

We have us^a-^iumber line to help us see that: 

53 is nearer to 50 than 6o.. 
5y is nearer to 6o ^an 50* f 

V/e have discovered a way to find the nearest multiple 
of 10 to a number without using a number line. 



V/hat is the nearest multiple of 10 to e^ch of these 



numbers? 

92^(9^) 
kS (so) 

75 U!") 

J - ■ 17 

I. 



6\ ii'") 



(30) 

46 M 
58 f^^i 
25 (-^^^ 



383 (ii"^; 

285 

567 1^9^) 



.684. (CS^) 
139 (/'^e^ 



^88 f^^e^' 
476 Z'^^-) 

341 (J^) 
675 \ifo) 
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EXPRESSING NUMBERS TO TH£ NEAREST MULTIPLE OP ONE HUNDRED 

Objecti.ye: To develop skill in expressing n\ambers to the'-. 
^ . nearest multiple of 100 , 

Materials:' n\imber line numbered 100 through 200 

Exploration: ' ^ / 

Look at the nvimber line on the chalkboard.* 



100 110 120 130 140 150 160 ^170 iSO 190 200 

Find l60 oo the number 34ne. .Is it nearer to- 100 
or 200?' (200) V/hat number would we uste as the nearer 
multipl#'of 100 to 160? (200-) 

^ Find 125 or^ the number line. Is^ it nearer to 100 or • 
200? (lOO)K V/hat number should we choose as the nearer 
.multiple of 100 to 125? (lOO) How could we find these* 
multiples if we did not have thje number line? (V/e could 
work v;ith' multiples of 100 Just as we di4 with multiples 
of 10 only now we look at the tens^ place of our numeral 0 

^ ^is 1^0 nearer to 100 or 200? .(It is half-way _ 
between them. )' 

V/hen we were finding the nearest multiple of 10 to 
numbers like 45, 65,^125, etc., what did we do? (V/e agreed 
to choose the higher multiple v^hen the number was half-way 
between, the two multiples .J . 

'vfhat shall we do here? ' (Let us again agree, to choose the 
next higher multiple of 100.) . * 

» V/hat shall jve choose for I50? (200) 550? (4oo) 

v/hat is the nearest multiple of 100 to each of these 
numbers? . ' ' 

170 (200) 195 (200) 

21? • (200) . ^86 (500)- 

1429 C^OO) ' 150 (100) ' X 

128 (100) 255 . (500^) 

^ 250 (500) ^ 750 (80Cr') 

* ' '' ' ' * 

... 
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EXPRESSING NUMBERS TO THE NEAREST MULTIPLE OP ONE HUNDRED 

^ i » > > i n . . . ^ 

•100 .110 M20 130 140 150 160 170 180 190 200 210A 



We have use<i a number line to help us see that: 

1^2 is nearer to 100 than* 200: 
167 is nearer to 200 than 100. 

We have discovered a way to find the nearest multiple 
of 100 to a n\amBer without using a number line* 

V/hafis the nearest multiple of 100 to each of these 
numbers? 



155 M ■ 203 (200) 230 625 (ico) 

186 [200 ■ <^j35o (foo) ^ns (sco) 650(7^0) 

llk'X^oo) 290 i3o^>) J>0k ijoo) $57(9^) 

: > , ^ 

156 (^^*) 224 (Jio) 5j,2 (^A»> '7hg {jeS) 
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DIVISION 



> 

Objective: To help pupils become^ more proficient 'in dividing 
using large n\iinbers 



Teaching Suggestions: 



The exploration in the pupil text reviews 
the language and techniques of division. 
Increased eniphasis is placed on the importance 
of place value in using shorter forms » At the 
end of the review, it is suggested that pupils 
tiy to find a still shorter v/ay of dividing 
v/^itinp: only the quotient and remainder. En- 
courage children tO' sliorten their work. Do 
not tell them at this time» With under- 
standing, children can develop short cuts on 
their own» 

Read and discuss Review of Dlvi>8ion in 
the pupil text. If some pupils cannot shorten 
their work readily, reassure. thMi that they 
will receive help later in the chapter. Do 
not dwell on a shorter foiTjj^t this time; . 
rather, "be supportive. 
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""REVIEV; OF DIVISION ; ' 

Exploration 

In Chapter 3 we learned about 'a shoipter form for dividing. 
The boxes below show seyejal forms, for dividing 856 ^by 6. 



Longer Forms 



139 , 




- 






9 • 

30 


• 


* 


A 


Shorter Form 


100 








139 


6 ) §5^ 


6 ) 836" 






6 J 53^ 


600 


600 


100 




600 ' 


•-236 


236 


f 




236 


180 


180 


" 30 




180 


56 


56' 






" ' 56 ' 






9 






2 


2 


139 




2 



^•/hen 856 is divided by 6, what is the quotient? What 
is the remainder? . ^ ^ . . ^ 

Find a mathematical sentence that tells us that when we 
divide 836 by 6, the quotient Is I39 arid the remainder is 2 

We may say that 100 and 30 and 9 arej parts of the 
quotient. Using place value, explain how "the shorter form 
teXis us this. * > \ 

< » 
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In this chapter we are going to learn about dividing 
by larger minb^s. We al^b will learn things that can 
help usyliecome more skillful when we divide. 

/can you find a short way to divide 928 by 6 so 
that you need to write only the quotient and remainder? 

If you cannot discover' this short way of dividing, 
this chapter will help you with it^ater. 
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Exercise Set 4 



For each of the following, divide the .first 
nmbey by the second., .V/rlte a mathematical senfence 
to describe the result. 



f 



1. 579 by 8 7. 4758 by 9 



2. 68^7 ' by 9 8. 1690 by 5 

:3. '^^^96 by 8; 9. 5670 by 6 



^. 4701 by 8 10." 5549 by 5 

fi-'70l = C-S-inx9)i-S' , 3^4^? =/7^7f x^jf-/ 

5. 1728 by 9 11.' 5535 b:f 7 . 

6. ^ 2505 by ^ ^ ' 12. « 6572 by 8 
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DIVIDING ^ NUMBERS GREATER THAN lO/^D LESS THAN 100 

* 

Teaching Suggestions:^ 



' throughout ' "bhe remainder of this unit," 
considerable exjploratory material has been 
included in the pupil book!, It is im- 
portant to follow the development carefully. 
Note that much of it is done by raising 
questions. .These are not necessarily all of 
the questions that need to b^ asked about 
the examples. Indeed, you may need, to ask ^ 
mamy additional questions^ It is hoped that 
pupils by thinking, -discussing, and com- 
puting ^•/iil develop insight into the process. 

Essentially, the intent of ^this \init is 
to. guide through inquiry, rather than to 
achieve rote learning. . ' 



1 
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DIVIDING BY NUMBERS GREATER THAN 10 ' AND LESS THAN 100 * ♦ 

Exploration *»- 

Let us divide 859 by 23 • First, we will use one of t^e 
long forms. After we do this, maybe you pan see how we cap' use 
a shorter form. 











23 ) 859 




25 ) 859 




i 690 




690 


30 


•169 




169 





A. • V/ill the quotient be at least iqo ('i^jJU^^ 23^/^^ 2ti9^ a3o<2,fp^ 
v/ill the quotient be as great as. 100?('Xi,^-— *:n>/*^-a5»*'^^**^^^'*) 
^ V/hat does this information tell us? (jJU/^.^tiJ' ^ L y>*^ :ti^ /o 



B. \^ can use multiples of '10 to help us find part of thtf 
quotient. 

What are €he multiples of 10 that are less than-, 100? / 
' We try to find the largest multiple of ic that will be 
part of the quotient. ' 

What is 10 X 23? ^^3^) Whatsis 30'x.23? ((^f^^ 
. What is 20 X 23? ' What is 4o x 23? {jf^i^ . ' 

Have we found the largest multiple of ig .that will bp 
part of the quotient?^^*'^ is it? [So)" ' 

CO 

How do w^' know 'that 30 is the largest multiple of' 10 
that will be part of the quotient? (joyi2% -(,90 j ^ox-^z r:.92^> ^ 

Now explain the work shown in the boxes near the^'top.bf the 
page: ^ • 
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C. Now we will find the remaining pai*t of the quotient. 

^ How do we know that the remaining part of the quotient 
will be less than lo? (/^ ^ S3o>/6,9-) 

V/e try^^to find the largest number so that ihat number times 
25 will be* no greater than I69. V/hat'^is it? (7) 

How did you find that 7 is the largest number to u^?' 

• Now explain how the work in the boxes belo^/ was completed". 




•we divided 859- by 25, 
^-Jhat is the quotient? [3"^) 

What is the ^r^ijiainder? (^^) 

^ • / . 
*T^- - : 



) 859 








690 


50- 


169 




161 


< 

7 






8 


'3T 



V/rl't'e-^'a mathematical sentence that tells us these things. 
[fsf = (jn* 313)+ ej 

^ . / 33 

Show how. to cheok your woric, / " ^7- 

- /' 1^' 
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NOW let us divide 1724 by 67, 
are showp^'in the boxes below. 



Tv;o|. forms for doing this 



5 
20 

67 } 1724 
13^0 

335 



49 



' " t 




67 ) 1724 




• '• 1340 


20" 


. • 384 


I 

?■ 


335^ 


5 




. 25 

, 1 



Answer these questions , about the division. 

How do we know that the quotient must "be greater than 10 
but ip^s^thap lOoV ('/^f^^7=C7^ , x\7= ^7^-. i-- \ 

/• "^^y'l^f^ "^^^^ ^^"""^ f i^ the^ f if st, part of the ^ 
quotiient^r H6w j^an we find^the la^rgeaj; multipie of 10 to use 
the firstN)a^t^f the ^<5tien^?., V/Kat ij? it?(^^3 

How do we know that t^e reifiLpl^ng' part-'d^l^ the cjtJotient 



as 



will be less than 10? 



the' quo^fent? V/hat 



How can we find the remaining^ p^art 
is it^ (s) 

we divided 1724 by 67. 
V{hat is the quotient?, (-3^3 
v/hat is the remainder?- 

Write a mathematical sentence that , tells us these things. 



matical sentence that,t 
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Exercise Set ^ , 

Divide the first niimber by the 'second number. VJrite 
a Wthematical sentence to describe the result. 



1.. Soh /by 82 



6. 4090. by - 73 
\4090 - (73 ".5-^)4 oj- 



2. by 41 



7. 5136 by 66 



3. 2681 by 39 



4. 2464 by 57 



8. 1^4 by 2r • 

9. 6434 "by 75'" 



5. 695 by 9^ 



• IQ. 5103' by 88 
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Use mathematiqal sentences to help solve the following 
problems. Express each ansv;er in a' complete sentence. 

t 

11. It cost $128 for a bus to take 52 ' .fifth-graders 
to the state capitol. How much does each pupil have 
to pay? f/^^ = (3:a xtn)+ r . ^i^y^ >L^:^ ^^uu^ V.^^J 

12* A box holds 24 books • How many boxes will be needed 
-to hold 984 bpoksr^?^^^^^^^^-3^r 

13. . A store had a sale on one model of a bicycle. 68 

M'&ycles of this model were sold for ^ total amount 
of ^^2,856. J/hat was the sale price of a bicycle? ^ 

14. Jane has 650 • stamps that she wants to put into 
envelopes. If she puts 45 stamps in each envelope, 
hpw many envelopes 'Wili she nepd? , ■ 

15* An automobile is moving at a s^eed of 28 feet 

•per second. How'many seconds will it takfe it^to.move I 
980 feet? r^'^^-C^^^^)^^ ^^^:d,aJiuM, 1] 

I 



f 



A 



" -^3-6 



» 



FINDING SHORTER WAYS OP DIVIDING 



Teaching Suggestions: 



This pupil exploration contains several 
shortened forms. Depending upon yoir class, 
you'may wish to emphasize only Vart of *it at 
this time. There is some advantage, however, 
-fjoiL-pupils to have several shortened forms 
before them. Because developing a shorter 
form varies with the individual, the display, 
of several forms suggests various possi- 
bilities to children. 

Throughout the work try to qnc^ourage 
pupils to select the one form that they 
understand best and then concentrate on it. 
Children should not be expected to 'have 
equals mastery of ^ all shortened forms. 'They 
should shorten "their work only in-so-far as 
they uiiderstand it. 

t 

In this -lesson, it will be profitably 
to write on the chalkboard examples similar . 
to those in the pupil exploration. You may 
wish to begin by showing either Form I or^ 
Form II (whichever your class l;ias used),'*, 
and comparing it with Form A. When this ^ 
comparison is made, the work should be .pi^t 
on theyboard as the discussion imfolds. > 
This causes pupils to focus more dlrec^tly^ 
or\ the topic imder discussion. . ^ 

As seeraau-iidvisable, continue comparing 
the 'other foinns. Remember, it is not ex- 
pected that all children will attain the 
level of skiTr"needed Xor Form C. For some 
children, 'the introducx^ion of Form C may 
need to be delayed imtil later. In any 
event,, this 'exploration Is one to which you 
may want to ret\irn frequently. 

When children are asked to exjtfain'the 
work in examples, the^may need* to be guided 
by^ leading questions provided by the tea<5her. 
Such questions should 4|erve to emphasize the 
i?iportance of place value. 
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pindInq shorter ways -op -dividino 

J Exploration 

Let us think about dividing 856 by 6» 
We have learned how^ to^ shorten our work from either one 
or the two f02^ at the left to the one at the ri'ght. 



159 






9 - 


* 










100 


- 




6 ) 856 ' 


6 ) §5^ 


♦ 


"600 


600 


100 


• 256 


. ' 256 




t 

180 


' * 180 


50 


56 * 


. 56 








9 


2 


^ • 


.159 


we divided 


856 by 6. 





155' 

600 

256 

i8a-- 



56 

5^ 



What is ,the quotient? (/3"^J'***^^ 

\fna.t is the remainder? , \ ' 

What mathematical sentence tells us these things? 

Explain how we used place value to shorten the writing 
of -the quotient nuifteral^in the form at the rights 
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Now let us see how we can shorten 6ur work' even more. 
. ■ 139 ■ i 139 , 



6 6 - 

600 '■ -^_6 (- 6 hundreds) 

# 

236 • 236 

180 *- 18 (18 tens) 

56 . -^.-56 



5^^ ' ^ 5i (5^ ones) 



We have. used* jplace value to help us shorten^the writinf 
of the quotient numeral. In the form* at the right we also 
use place value to help us shorten other parts of our 

* 

work. ' ^ 



.How did we use place vedue to shorten the -writing 

of 600?* r^-j^^^i^ ^ ^ uji^f..^^ 

»7^How did we use place yeilue to shorten the writing 
of 180? (1^^ ^^^^J>^^ f^'^ 



Why^s 54 . written the same way in both forms? 
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can we sHorten our work even more than we have already? 
Look at^ tfie forms below. 

'236 . \ ■ 25 



56 • ^ ; -56 



In Fonn % explain 'hov; yj^u could use each of these 
"helpers'% £Long with pla#e value/.to Wrk the- example. 



,V/hen dividing the ^hundreds/ thinlc: 



\ 8tJ^6. Tb quotient' is 1; the remainder is 2. 

V/hen dividing the tens-^ think: . ' 

23-7-6. , The quotient is , 3; Uhe ^em^in^P^ " 5. ' . 

.When dividing the ones, thinb: 

56-7-6. The ^quotient is 9; the 'remainder is -2/ ' 

Could yqu use these same "helpers" with Form C'r^Explain. 
, What does r,^2 " ^ m^an in Form ,C? (^^ ^ A^a.-^Wc^ o^;2.J 

If .you have a good memory, you 'don* t- eveji havp to \^rite 
the (2) and the (5) in Form C. If you remember them, all yoy 
need to wl?ite is the quotient and the remaihder: 
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Let us study together three forms of dividing for the 
example, 1670 -j-7. ' ■ 

'A. ^ , B.'. C. . 

238' 238 2 3 8 r 4 

7 ) , i670- " , 7 ) 1670 ' 77 i I ^^0. . 

'270 * • 27 ^ 

• 21 • 21 • ^ ^ 



60 ^' ' ^ • 60 " 

56 . ^ 56-r 



5xpl3.in hov/ you could/tfee each of' thes^ "helpers", 
a^ong v/ith pl3.ce value, i^i forms. 3 'and "C. 

When dividing the' hundi^eds, t'hink: 

' ' 16 4" 7^. The quotientr i the remainder is 2, 

^ V^^'When d4ylding'"the->tens, think: 

' ' 27.-7-7. The quotie'nt is 3; the remainder is 6. 

, vrnen dividing -the on^s/ thinks 

6o-7-7» The quotient is .8; the remainder is- 
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Exercise Set 6 



Find each quotient and remainder using the 'shortest 



form you can. 



1. « . 3 r79 9. 7 -7"^ 

2. ^ r55- . 10. } 9455 

3. 5 792 11. 3 ; 8624 

^- 2 195 • ' - 12. 5 ; 9620 

J 3/ r 3 • i4o4 •v-3» 

5,. .7 ) 920 . -13. 6 ; 8427 ) 

6. 8,7123 « ^ ' .-lit. .8 ) 9^534, 



> 



7.- 6 ; 1334 ,v 15. - 4 ). 26547 



8.^ 9 rrirr 



Note that remainders^ are written "by the 
quotients, only because the work is not 
shown. . Whenever pup£ls shoft 'their work, the 
remalndep shoiad be fotind in the usual 
■position in the algorism. - ■ , 

■ . ' -In most exercises, the 'pupils ' work, 
should appear 'in this fashion. 

• , > . • . 54 . • 

•30' 

- •• ' • 150 



120 ^ • • ' (■ 
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USING SHORTER FORMS V/HEN DIVISORS ARE MULTIPLES OP TEN 



Teaching Suggestions: 



This exploration closely parallels -the 
prededing one in which -the work with 
divisors less than 10 was* shortened. 
Again you may find it desirable to Hork and 
compare some examples on the chalkboard. 
The following is a suggestion. 



Example: 
Form A 

211 

^0 ) 847$ 
8000 

~m 

^ — 75 

^ 

— J9 



Form B' 



. 211 
';o ) «.'i79 
8o • 

— 7^ 



40 

3^ 



" Form C 
■ 211 

8o 
' — 79 

40 



Questiofis such as the following should 
I5e a?ked" ^ . ^ ' 

How,^do we use place ' value ^ to shorten 
the, writing of BOOO? 

H<S»-^ we use place value to shorten 
the writing of 400? 

\fliy is 46 . written the same way in * ^ 
• both forms^ ^ 

:>lain how we use these' "helpers", 
along »vfi.th place value, to work the 'example. 

WherJ^-diJuiding the* hundreds, think: ' 
8—4. The quotient is 2. 

Wheri^dividing the tens, think: 

4 4r"4^'. The "quotient is 1. 



V/hen dividing the ones,, ^hink: 

7 -T-' 4. The quotient J^-O^^^^^ 

^ In Form C, why do we v;rite in the work 
just 47 rather than .479? - ' 
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USING SHORTER FORMS WHEN DIVISORS ARE MULTIPLES OP TEN 

* * * * 

Exploration ^ • 

*• • 

Here are some of the ways we can shorten our work when 
'we divide 8469 by 50. 



A. * . B. 

282 282- 



C. 

282 

^ §o_ 60 



l ' ' ■* N-^ 



' ' 2469-.> 2469 ■ . /246 

* 2400 ^ 240_' , , * 'ai)^ 

69 ■ ' ^69 ' • 69 

-Jo 60 "60 



•9 



•9 



Here are some'lfe' the ways ■ we 'can shorten our ^work when 

we divide 9382 by 70. . • 

A. B. C. 

, ^ 134 . 154 

J0^-> 938? ■ 70 r93^ • 70 

' 7000 • ■ 70 . 70 

• 2382 ' 2382 , 238 

4 2100 210 r ' 210 

282 • - 282 , . . , - 282 

280 * . 280- ^ / ■ 280 ' 

. ■ 2, ■ ' 2 '2 
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Study carefully each Tset of examples on the preceding 

page. 



• What is the quotient and remainder when 8469. is divided 

(in) ' ■ . 

by 30?' Write a mathematical sentence that tells this. ^ 

What is the quotient and remainder when 9382 is divided 
by 70f Write a mathematical sentence that tells this. ' 

. When dividing' 8469 by 30, how could you use each 
^ .of these as "he]^ers"? 

^ 8^3 : 24 -r 3 • 6 3 

When dividing 9382' by JO, how could you use each of 
these as '"helpers^*? 

' 9^7/ • 23 -r 7 • * 28 -f; 7 ■ 



Which form do'you "TiQderstand best for working each 
ample? ^ 



If you ^an use a shorter form than the ones given on 

the preceding page, use the chalkboard to show ^d explain 

i 

it to* otHer pupils ^in.the claas. ' * - ^ 



* . .435 ■ 
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Exercise Set 7 



Divide, use the shortest form that you can. 



• S4 r i 
1. 30 rT55F. 



7- " 50 ) 7'i$6 • 



9V r i 
2. 70 ; 6586 



8. 90 } 38642 



23/ r J-i 
,3. ^0 ) sijh ^ 



32C r if 
9. 20 ; 653 « . 



'^. 8o ; 9000 , 



10. So rte"- 



5. 6o ; 8563 



' J3 r <JJ 

11. 70 ; 5872 



6. 20 rr^ 



l9i r V f 

12. 90 ) 88429 ' 
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WORKING WITH DIVISORS BETWEEN 10 AND 100 

Exploration " 

We have been working with divisors that are multiples of 
10. We have used "helpers" to find paints of the quotient. We 
can use the same kind of "helper" when working with divisors 
between 10 and 100. 

Here is an example for us to try: 975 -r 25. 

Our quotient must be between 10 and 100*. .Why?'.>^ \ 
Is 25 nearer. to 20 or to 50? L:^^) 
Since -23 is nearer Jbo 20, let us use 94-2 
as a "helper" to try to find the firs.t part -of' 
the qtf&tient. For 9-=- 2, we think "4"^ 



25 TW5 



5-5'. y 



Does the h written- above the 7 tell us that 
the first part of 'the quotient is 40? . Why? 
Can the remaining part of the quotient be as 
great as 10? Explain.^/^''** - ^ios-s- 

7 ' 

Now let us use 5-5-2 as a "helper" to find the 
remaining part of the quotient. For 5*5" 2, we 
think "2". Why Is tjie 2 written aboAffe the . 



% 

920 . 
55 



5? What Is the quotient wherf we divide 975 by 
23? What is the remainder? Is the remainder 



less than the divisor? 



4'2 

920 ' 

. 55- 
46 



/ 
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Does 975 = (42 X 23) + 9? 

The check at the right will tell us. 

\ 
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Cheftk 

23 
X 42 

92 > 



1 



■'■9S6- 
+ .9 
■ 975 
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Now let us try this example 5 ^1959^68 

Our quotient must be between ^ 10 and loo'. 
Why? (i^'^^^^^^o ^ f0t> Ai9-''(^9cc iyo^jfsx 

Is 68 nearer, ,to*' 60^ or to 70? f 7oj 
Since 68 is nearer to 70> let. us uae 19*^7 
as a '"helper" *p try to find the'first part of 
• the quotient.. For 19 — 7, ''think "2", 

^ Does the 2 written above the 5 tell us that 
the first part of the quotient is 20^^\fhY^ 
Can the remaining part of the quotient be as 
•gWat as 10? Ex:9lalny( ^ j^^^.^^.^ 

Now leV us vise 574- 7 as a "helper" to find 
the^rgmalning part of the quotient. 
For 57-7-7,. think "8". 

H ^ written where it is?('i?.» 'ot 





What is the qufttient wlien we (Jivide 1959 * 
by 68f^^What is the remair^der.? (^^) • 
Is the remainder less than the divisor? (^) 




Write' the mathematical sentence that goes with thia 

Z. ^ 7 ^ 



Show the check for the work. 
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Exercise' Set 3 



Divide. Check your ansv;ers, 



1. 63 ) 2o42 8, k% 



2. 36 ) 2ol4 - > ■ ■ 9. 21 JTW 



V 

5. 29 ) i$62 ^0. 78 



US ' r X9 ' j4 - r S3 

k'. 88 r37^, 11.' 55 rs2j 



' 5. 67 ■ ) 5729 . ' 12. 84 ) bjbb \ 



6. . 73 ) ."■ 15. 49 ) 3419 ' 

37 rll 4f ^ 

7. 92/) 5425 . 14. 97 pr^BS 



4i ' 
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QUOTIENTS GREATER THAN 100 



^We will stud^hese examples together. 

How do we Imow the quotient will -be between 
loo and 1000? / $:it>o < szc^a 7 sys-'f ) 

Is 32 nearer to 30 or to 4o? ( 3o) 
Explain how we could use -each of these ^"helpers 
to find parts of the quotiient* 



875^ -r 32 



8-^3, 



234-3. 



11-^3. 




The first part- of the quotient is 200. 
How do we know that it coul^ not be as much ^ ' 
as 300? f 3^ x3i =: ?Co0 ^ y^aoy^isf^^.) 

The second part of the quotient is' 70. How " ^ 
do we know that^it could not be as much as 80*?/ 90 xst.^ ^^^^^o/s. 

Explain why each digit of the^ quotient numeral 'Is pla(?e<! 
where it is. * 

^ V/hat is the quotient? (0?73j, 



What is the remainder? \iSl) 



'? {^) 



Is the remainder less than the divisor 

\ 

Write the' mathematical sentence for this example. 



th 



Show the check for your work. 
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How do we know the quotient will be 
bet\-jeen 100 and 1000? /j-7<» < /ft-^/i" ^'7<x« > /^-o/yTv 
Is 57 nearer to 50 ,o,r to" 6o?('^<sj 
How can we use eacli. of' these "helpers" to 
ijAi^ofithe quotienjt? * " 

15^;^. 36 -i- '6. 19-^6. 



15014 -r'57 




263 

57 ) 15014 
11400 
3614 
3420 



19^ 
171 



23 



How -can we know that the first part of the . 
quotient is not as greats 300? (^oo\s7 -.irico *^ ni>cy/s-<" 



How can we knd^J that the second part of , _ 

the quotient is not as great as 70? ^si-sftc — / yi<^''^). 



* BxplalrTv/hy each digit of the quotient numeral is placfed 
where it is. . 

. What is the quotient? (^^^} 
. What\s' the remainder? 

Is the remainder less than the divisor? 6^) 

• V ' 

Write the mathematical sentence for this example* 
^ ShdW the check for your woVk-. 
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^ ExjJlaln the .work for these exanples. * ' 

Be sure to tell why a zero had to be written in each 
quotient numeral. ' ' - ' 



17286 -r 5k 



18576 -rSg't- 





For each,^aihple : 



- ^ Write the mathemS^cal sehtence. ln2»L^(s'f\3io)i. C \ 



,Show a ch6ck for the workr 




Exercise Set 9 



■> 



Divide. Use the shortest form that you can. 
1. 38 ) 7091 ' ' 9..^15 ) 3^2h9 



2. 82 ) 11752 ^ ■ 10. 21 )'9687 



3. 65 ) 8446 , ' 11.' 89 ) 82«10 



■ 4. ' 93 ) 91405 , 12 . 53 .) 23055 



5'. ) 15554 " 13. 27 jl. 12050 



6;- 56 ) 22342 ■ ^ 14.-32 ) 7S40 

7. 74 ) 60026 . , 15. ' 67.) 44o46 



8. 18 ) ,16t)61 
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. use mathematical sentences to help solve the following^* 
problems. Expres^s eax:h answer in a conjplete, Sentence'. »^ ' 



16. A cattle rancher has 9,792 acres of land. He estimates 
that it takes 58 acres of land to provide grass for one 
cow. * What is the largest number of cows he can hive on 
his ranch? /V, 7 f ^ - r JM ^ jL^ 

17. There are .,51 rows of seats on one side of a foo^tball- ' 

^ ^ field. . There are seats for 6,572 people. If e^ch 

row has the. same number of seats, how many seats are in 
feach row. U^""^-? = (5 / ^ ^ ^ r- a/< 5 / j .o*-^ V'* ' 



iS/ A machine made 9>503 pencils In miriUtes.. How 

manv pencils did it make in -1 minute? \ ^ 

19. ^ A b<^k company ,can pack 58 books in each box. - How 

boxes will be needed to pack 39^018 books . 

20. There were 50;902 visitor^ to a park in "62 days. If 
the same number of people Visited the park each day, how 
many .people visited the park each day? 



MORE ABOUT USING HELPERS V/HEN DIVIDING 



Teaching Suggestions: 



The exploration in the pupil texx: is 
for the Durpose of indicating to pupils that 
'''helpers''^ not alv^ays lead to correct 
partial quotients. As you discuss this*v;ith 
pupils, you may find it necessary to raise 
other questions which are pertinent to your 
particular classroom discussion. 

Although it seems inadvisable to. include 
more examples in the pupil text, the teacher 
niay wish to use additional ones to the extent 
that chilQT.en need them. A procedure similar 
to that of "'the pupil exploration is recom- 
mended. 

Appropriate examples: 



261 p 12 
-23.) 60I5 



415 r 4 
27)yll26$ 



68 

55 r^w 



-2^6 r 12 



65^ J' 19252 
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455 
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MORE rABOUT USING HELPERS V/HEN DIVIDING 



Exploration 



The "helpers" we use when dividing will not always 
lead us to -a correct p^rt of the quotient. 



v;e will see this in an exaniple, such as: 



905 4- 2^;. 



^ To try to find the first part of the quotient 
we can use 97- 2 ' a\ a^ "helper," and 
think "^." / 

Is iiO the first part of the quotient? r>ij 
How can you tell that Uo too great? (ua>9f~s-) 



960 



Let us"now-nse 50 as the flrsfc part of 
the qacfftlent . , " , 

Elxplain the v;ork in the 'box. 



rw 

720 
. 185 




kk6 



45(i 
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r 



To tiy^ to find the remaining part of the 

quotient we can use l8 -f" 2 as a "helper/'. 

and think "9." , . \ 

Is 9 the remaining part of the quotient? 

How can you tell that f9 is tQo great? (;^i> >^^^) 



59 ^ 
- TgO 
216 



Let us nov; use 8 as the remaining 
part of the quotient. \ ' i 

How do we know that 8 is too great? (l9^y^^^) 



58 

' 720 

185 
192 




Is 7 the remaining part of the quotient? 

How does the work in the box show this>^/^^ < 7**^ 

/ 7.< ? V 

V/e divided 905 hy 24. * 
V/hat is the*<iuotient? [Sl) 
Vihat* is the remainder? in) 
Is the remainder less tharx^the divisor? {}^*^ 




ERIC 



447 
457 



P251 



Now let us v/ork with the example; ^1915 -i- 36. 

To try to find the first part of the quotient, 
we use 19-4-^ as a.",helper," and think 
Look carefully at the work in the box., 
How can we know that ho ^ is not the greatest 
nailtiple of 10 we can use as the first 



part the quotient? 



yc7 * 36 




,Let us now use 50 as the first part of^the 



quotient. Is this the greatest multiple , ^ 
To try to find the remaining part of the 



of 10 we can use? * Explain. / 



.quotient, we can use ll.-f- 
and think 
How can -we tell ^ that 2 is hot the 



as a "helper" 

. r 



greatest number to use for the remaining 

part Of the quotient^.^^ jdiM^. V3>Jr/' 



Let us use 



3 as the remaining part of 
the quotient, is this the greatest 
number v/e can use? Explain^L:^^*^ ^ ^wU^ . 7<:3C.J 
We divided 1915 by 36. ' 
Waat la the quotient? (S3) 
V/hat is the* remainder? (?) ' 



1800 • 
115 ■ 



52 

1800 
-115 
72 



53 

36" 

1800 

■ 7' 



"Helpers", do not alvjays lead us to correct" parts of 
the quotient. 
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Divide , 



Exercise Set 10 



i. 75 riTBF . 



95 rw^ 



n 

2. .18 ) 1656 



10. 



57 n55^ 



5. . 



I U1 r 5'^ 
54 ) 9160 



3^ »-< 

11. 14 riTT 



4. -58 )'/46'45 \' 



12. 58 ) 58918 . 



4f r a? 

5. 57 ) 2559 



n 

6. 28 y^ss^ 



15. 75 ) 52651 
14. 92 ) 19780 



. y it 

i^. 21" ) 1428 



15. 94 )• 58270 



8. 81 ) 54.91 



16. 75 ) 54149' 
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Use mathematical sentences to help solve the following 
problems ♦ Express each answef* in a complete sentence. 



r 



17* A machine produces -3^8 spoons an hour. How many* \ 
dozen will it produce in 8 hours of continuous 



18. An auditorium is to be used for a meeting of 958 



roxvs will be needed?/ 



persons. If each rov/ seats 21 persons, how many 



r 



19* Robert reads apprpximately 96 words a minute. How 
many minutes will it take hjjfn to read a story of I056 
words? / „ ^ V/ 



20. A grapefruit 6rchard has S6^\ trees in. 3^2 rows. 
Jiow ,many trees are 'there in each /row? 



1 > 
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SHORTENING OUR ,WORK 



Exploration 



We can use place value to shorten our wprk with division 
ex^plea v/hen dTvisors sire between 10 and 100. 

'.' • Think of dividing I7856 by 45. 



B. 



596 

45 ) 17836 
■ 1?500 

4050 

■ 286.. 
'270- 



596 

45 ) 17856 
135 . 



4336 

405 
286 
270 



1^ 



396 

45 ') 17836 
• 135 



^33 ; 

4o5 '; 
.286 
270 
16 



Does- 17836 = (3^ X 45) + 1^6? ^'Oj^) 



^ixplain hov7 Pprm B Is shorter tharl^orm A. 
'•Explaii^ hQy;'Fom^C is shorter .than Form B. 



P255 



Exercl'fee Set 11 



pivlde. Use the shortest form you can. 



7 . r 

•1. 77 FSSS 



9. 58 ) 59092 



2. 52 ) 2176 



10. 28 ■) 152^8 



■ r 
5. 19 ) 7300 ^ 



r V<i 

11. 9^ ) 45310. . 



/a/ /? 



58 ) 7^+41 



5. -29 ).9365 



12. 14 ) 7116 

13. 25 ) 14545 



6. 86 ) lf568'8 ' 



9^0 r 

14. 73 ) 61566. 



3 7i 

7. 18 ) 6804 



15. 



3i£ r 
1'9 J 7330 



i\i r is' 
8. 86 )■ 27413 
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use mathematical sentences to help solve the following 
problems-.^_Express each. answer in a complete sentence. 



16. The committee has 685 -tickets for the school play. 

# 

They put 15 ^ tickets In each package. How, many 
packages of tickets did they have? Were there any 
• left over? If so, how man^^? 0 

17. Mr. Jones sold 32 television sets for $11,040. If 



these' were all of the same model, what was the price 
of one set? / yiiz^s' 'r=o ^ 

^ y ^ ^ ' 



^ 18. Ann wants to make 12 curtains,.^^ She needs 42 inches 

of material > for each curtain* How many yards of 
\ materia]/ does she need? | ^ £-04 n- 



' < 

19. The Boy .Scouts were haying a party. Their mothers ^ 
baked 134 cupcakes for the party. If each of the 67 
boys had the same number of 'cupcakes, how many would 
each boy eat? / m = 3. '^-=0 ) . ^ 

20. Jean packed 288 oranges into boxes; If each box 
holds 36 oranges,, how^many boxes did she fill? 
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